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Abstract

Queueing theory has been extensively used since 70’s to carry out performance evaluations of complex computer systems.
However, handling the complexity of modern computer networks with thousands of servers and millions of customers is
still a challenge. Indeed, although the identification of product-form queueing networks has promoted the development
of computationally tractable exact solution techniques, the dimensionality of “very large” models makes it difficult to
meet the requirements of either exact and approximate algorithms. In this paper we focus on the bottleneck analysis
as a technique that may provide answers to many capacity planning questions (e.g., “which is the maximum number of
transactions per second the computer system is able to process?” or “which is the minimum response time that can be
achieved per transaction?”) for “very large” computer installations with a limited complexity. The problem to be solved
with this technique is the identification of the set of resources that may saturate among the thousands of components. We
show some results concerning the application of the theory of convex polyhedra to bottleneck analysis that can sensibly
reduce the complexity of the analysis. The connections between this technique and the behavior of closed and open models
are also investigated.

1. Introduction

The success of the Internet in the last decade and the evolution of new technologies, like intranets and middlewares, have
increasingly shifted the attention of performance engineers to the evaluation of complex distributed architectures. While
in the 70’s and in the 80’s most enterprises had mainframe-based or client-server systems, often with a fixed and limited
number of terminals, actual architectures frequently involve a large number of devices, that should process heterogeneous
workloads, multiclass in nature. The intranet of a large company can involve thousands of geographically distributed
servers, including file servers, email servers, application servers, firewalls and Web servers, hosting a variety of applica-
tions accessed by thousands of clients. It is clear that the execution patterns of these applications are usually diversified,
and this naturally results in the presence of different classes of loadings. An example of the complexity of actual enterprise
networks is given by the Intel computing infrastructure: in 2001 it comprised over 3.000 servers and 100.000 client PC’s
[27] and the prevision was to double the number of servers within 18 months.
Beyond the difficulty of modeling different applications, we have to deal with additional factors of complexity, like load
balancers, VPNs or Web caching techniques, that worsen the problem of creating a simple, but effective, performance
model. Nevertheless, the role of capacity planning and performance optimization is emphasized by the dimension of the
architecture, which makes scaling a primary requirement, and this is relevant also for emerging distributed technologies,
like grid computing and peer-to-peer file sharing, since a larger number of system can be involved.
Since the number of requests of each customer to corporate servers is potentially unbounded, open queueing networks are
a natural choice for modeling large Internet-based networks. An accurate modeling, however, should take in account also
the load imposed by batch processes or transaction-based software, which can be studied using mixed queueing network
models. As a consequence, understanding the behavior of large scale open and closed queueing networks is relevant to
the analysis of large systems. Furthermore, the development of specialized techniques to handle the computational com-
plexity of solving such models is desirable.
In the following, we will refer to models with thousands of servers, millions of customers that belong to several classes as
“very large models”. In this paper we investigate on the applicability of bottleneck analysis technique to understand scal-
ability problems in “very large” computer infrastructures. It is known that the resources that limit the overall performance
of a system (independently of its dimensions) are the saturated ones, referred to as bottlenecks. While the identification of
the bottleneck in a simple network with a single class of customers is a straightforward task, for “very large” networks this
task is very hard to accomplish in a reasonable amount of time. In this paper we present a technique based on the theory of
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convex polyhedra for the identification of the potential bottlenecks of a very large network with tens of thousands servers,
unlimited customers and up to seven customers classes. This strategy is shown to be a valuable optimization scheme for
the asymptotic analysis of closed models.

The outline of the paper is as follows. Section 2 summarizes existing exact and approximate techniques for product-form
queueing networks. Section 3 describes a technique based on the theory of convex polyhedra for the identification of
the potential bottlenecks of very large open and closed models. Section 4 describes the bottleneck analysis of multiclass
closed models and presents a new optimization scheme. Section 5 introduces the bottleneck analysis of “very large” open
models.

2. Review of analysis techniques

This section briefly reviews product-form queueing networks and gives a survey of exact and approximate techniques
available for solving open, closed and mixed networks of queues. Most of the described methods were developed for
product-form queueing networks; nevertheless some of them have been extended to non product-form networks (e.g.
[9, 21]).
Product-form (or separable) queueing networks were introduced for open models by J. Jackson in 1963 [28], who estab-
lished a simple closed-form expression of the steady state probability distribution. The validity of the result is ensured
under several conditions, like single customer class, Poisson arrivals, exponential service times and FCFS service dis-
ciplines. Jackson’s theorem is referred to as the first major breakthrough in separable queueing system theory. In 1967
Gordon and Newell extended Jackson’s work to closed models [24]. Their theorem states that the probability distribution
of the system at the equilibrium can be computed if the value of thenormalization constantis known. A further general-
ization was introduced in 1975, when F. Baskett, K.Mani Chandy, R.R. Muntz and F.G. Palacios proved the well-known
BCMP theorem [8]. This extends the product-form solution to a wider class of networks including servers with non-
exponential service times, different queueing disciplines, load-dependent service rates, population-dependent arrivals and
multiple job classes. Further researches have found new cases in which the product-form solution is preserved [5], e.g.
some networks with finite capacity queues [1, 39].
All these developments were of great interest for the definition of new solution techniques, since product-form queueing
networks are computationally tractable. From an historical perspective, the development of efficient analytical techniques
for computing the normalization constant was limited at the beginning by the dimensionality of the state space. Enumer-
ation schemes are applicable only to trivial cases. A limited availability of computational capacity raised the problem of
finding efficient solution techniques for queueing systems. These issues were first addressed in 1973 by J.P. Buzen [10]
with the definition of theconvolution algorithm, which uses a recursion on the number of servers, rather than on the num-
ber of states, to iteratively compute the normalization constant. The procedure was then extended to multi-class networks
by M. Reiser and H. Kobayashi [42]. The convolution algorithm reduces the complexity of computing the normalization
constant, but its complexity depends on the product of class population sizes. Some variants of the convolution algorithm
that handle models with specific characteristics are available, likeTree convolution[32], for large models with many
sparse routing chains,DAC [20] andRECAL[15] whose computation times grow as a polynomial function of the number
of classes. Other techniques for computing the normalization constant areLBANC[11], CCNC[11], Polya enumeration
of polynomials[30], matrix geometric[38, 48] and thepartial fraction method[37].
The normalization constant gives a full description of the steady-state system behavior. However, mean values of per-
formance measures are often enough for estimating performance of complex models.Mean Value Analysis(MVA) [43],
based on thearrival theorem[33, 36], avoids a direct computation of the normalization constant using recursive ex-
pressions to calculate the mean performance indices. While MVA has higher storage requirements than the convolution
algorithm and the same time complexity, its implementation is simpler in most cases.
A number of specialized methods have been derived from exact MVA.Tree-structured MVA[44, 26] uses the concepts
introduced by the Tree convolution algorithm and the aggregation techniques of theflow equivalent server method(FES)
[13] to define an MVA recursion that has to be preferred for large models with sparse routing chains. MVAC [16] is spe-
cialized for networks with few stations and many customer classes. Further researches has also extended MVA to handle
mixed models with single server nodes [49].
The complexity of exact methods grows exponentially in most cases, and this prevents their use in the evaluation of very
large models. A valuable alternative arelocal approximation techniques, which are less expensive in time and space
requirements, but yield just an “estimate” of performance indices. Well-known local approximation methods are Chow
[14], Schweitzer-Bard [7, 46], Linearizer [12], and AQL [51]. The rationale behind these methods is finding a suitable
approximation of the classr mean queue lengthQir(N) (or of the aggregated queue lengthQi(N)) at thei-th node with
population vectorN . This value is then used to express MVA recursive equations for mean queue lengths in fixed-point
form. TheChow algorithmassumes that in the neighborhood of a given populationN0 the queue sizeQi(N − 1r) can



be substituted withQi(N). Its time complexity does not depend strongly on the total populationN0. However, the ap-
proximation employed is accurate only for a large number of customers, since it does not scale with the population, i.e.∑

i Qi(N − 1r) 6= N − 1. TheSchweitzer-Bard(SB) algorithm was the first local approximation scheme. SB yields
better results than Chow, at the cost of a small increase in the computational complexity. The adopted approximation for
classr queue length is given by:

Qir(N0 − 1s) ≈
Nr − 1r=s

Nr
Qir(N0)

whereNr is classr population size, and1r=s is one only whenr = s, zero otherwise. The SB approximation does not
depend strongly onN0, but scales with the population achieving better precision. For each iteration of MVA equations in
fixed-point form the computational complexity of SB algorithm isO(MR2), whereM is the number of nodes andR the
number of job classes. A different trade-off between time requirements and accuracy is provided by theLinearizer[12],
that approximates the queue lengths considering the network after the removal of two customers. This allows to achieve
better precision than SB, while the computational complexity becomesO(MR5). TheAggregated Queue Length(AQL)
method, instead, uses an approximation that resembles that of Linearizer, but applied to the aggregated queue lengths
Qi(N). The method suffers a decrease in the accuracy compared to the other techniques, but the overall time complexity
is improved.
A new analytical framework, theinterpolation-matching technique(IMT), has been proposed in [17] as a generalization
of existing local approximation strategies. Any IMT algorithm can be specified by fixing the interpolating functions that
approximate the queue lengths and the population vectors on which the MVA recursion is evaluated. The choice of these
parameters affects the trade-off between computational complexity and accuracy. IMT yielded the definition of a new
strategy, namelyLinearizer++, which shows better accuracy than Linearizer, with an increased computational cost of
O(MR8).
A different kind of approximated strategy is provided byPANACEA[35, 41]. This is a package for large open, closed
and mixed queueing models that implements an efficient approximation scheme to calculate the normalization constant.
The approximation is obtained by expanding an integral representation of the normalizing constant in power series. The
asymptotic expansion is possible for networks under not heavily loaded conditions (under ”normal usage”, i.e. with
utilizations below80 ÷ 85%). PANACEA is numerically stable and provides analytical bounds for the errors incurred
from the truncation of the expansion. The main attractive of this technique is its computation time that grows as a
polynomial in the number of classes and is independent from the population vector.
Another popular class of approximation techniques isbottleneck analysis[45], which is based on the observation that the
stations with the highest utilization are usually the main sources of delay. Thus identifying bottleneck stations is a simple
way to optimize real systems, since improving their performances usually yields a sensible performance gain. This is in
particular valuable when it is possible to forecast the a posteriori behavior of the upgraded system, since the identification
of the new bottleneck after a modification can be dangerous. A distinguishing advantage of bottleneck analysis over other
solution techniques is its limited computational complexity. For instance, bottleneck analysis of single class networks
is straightforward, since the primary bottleneck is simply the one with the maximum loadingLmax [18]. However, this
approach is unsatisfactory in saturated networks, where we must take in account that part of the incoming load is masked
by bottleneck stations, and this could be done by means of a non-linear functional equation [23]. However, the most
interesting application of bottleneck analysis relies in the analysis of large models with multiple customer classes. When
considering finite populations, heuristics models can be used. A general approach to decompose any fixed point model by
guessing the bottleneck set is described in [47]. A way to perform the bottleneck analysis of models subject to variable
workload is discussed by J.Luthi and G.Haring in [34]. Due to the difficulty in studying these models, existing results
have mainly focused on the asymptotic condition of the network when the population size goes to infinity. In this case
the performance indices of the models can be obtained using the techniques presented in [3, 4]. Recently [25] have
shown a new technique for computing the normalization constant of closed models, which can help in understanding the
asymptotic behavior of the network.
Bound analysisis another popular technique that shares with bottleneck analysis the small computational requirements.
In capacity planning and in other fields, computing an upper or a lower bound for the performance indices of a large
model can be enough to understand if the system satisfies some design requirements. Previous work on bound analysis
have addressed the problem for both single and multiple class models: [18] gives a survey on basic results for single class
models, [50, 31] presents balanced job bounds for single and multiclass closed models, [22, 29] introduce techniques
specific to multiclass models, and [19] studies the connections between the performance indices of multiclass models and
those of single class models.



3. Potential bottlenecks identification

In this section we present a method for the identification of the resources that can saturate, under an appropriate workload,
in a multiclass model. We show how the concept of convex hull [40], which is of primary importance in combinatorial
optimization and computational geometry, can help in determining whether or not a station can ever saturate with a
given workload. The method is shown to be sufficient for identifying the sets of resources that can saturate together.
The technique is based on the analysis of the loading matrix only, while all the information concerning arrival rates or
populations of the different classes are not required. Sections 4 and 5 show how this additional knowledge can help in
analyzing the actual behavior of the network. The results presented here hold for open, closed and mixed product-form
queueing networks.
Let us consider a queueing network with customers partitioned inR classes according to their service demand patterns.
We consider networks composed only by constant-rate queueing centers. LetR = {1, 2, . . . , R} denote the set of class
indices andM = {1, 2, . . . ,M} the set of station indices. The termsLir are the service demands of class-r jobs at station
i1, grouped in aM ×R loading matrixL. The stationi with maxi(Lir) for a givenr is thenatural bottleneckof classr.
We consider the general case of systems withmultiple bottlenecks, i.e. natural bottlenecks placed on different stations. It
is clear that networks with the same natural bottleneck for all classes, thecommon bottleneckmodels, are a specialization
of the former case.
Resources that never saturate are classified in two groups, namelydominated stationsandmasked-off stations. A station
i is said to be dominated if there exists another stationj such that

Ljr > Lir ∀r. (1)

A descending ordering ofL, according to the values of any component, say class1 loadings, can help in excluding such
stations from the analysis, since many dominated stations are in a row below that of the lowest natural bottleneck2.
The masked-off class, instead, is composed of stations that, while not dominated, are prevented by other stations from
becoming a bottleneck. In Theorem 1 we show a sufficient condition for identifying masked-off stations.
We now show how to determine the potential bottlenecks through the convex hull problem. Let us consider the loading
matrix L: this is basically a set of row-vectors ofR components, which describe a collection ofM points in a space.
Thinking at the loading factorsLir as coordinates, we can map each stationi to a vectorli in RR (henceforth theloadings
space). We denoteP(L) = {li : i ∈ M} the set of points in the loadings space induced by matrixL.
Now, let us consider a generic vectorli ∈ P(L). We denoteΠ(li) the set of all possible projections ofli, i.e. the set of
all vectors derived byli by setting to zerok of its components, for all possiblek = 1, ..., R. Since a member ofP(L) can
have some coordinate set to zero, it is possible that the projection of a point is again a member ofP(L). For example,
the projection ofl2 = (0, 50) on the class-2 axis is againl2. We defineΠ(L) as the set of all projections of the points in
P(L) that are not members ofP(L) itself:

Π(L) =
M⋃
i=1

Π(li)− P(L) li ∈ P(L)

According to this definition, the stations of the network are all members ofP(L), while the points inΠ(L) are not mapped
from any real resource. In the rest of the section the terms station and point ofP(L) are used without distinction. This
definition ofΠ(L) allows us to know whether or not a point is mapped from a real station.
We now give an introductory definition:

Definition 1. Characteristic polytope 1. LetL be the loading matrix of a multiclass queueing network withM queueing
centers andR classes. The characteristic polytopeCL of L is the convex hull of the setA = P(L) ∪Π(L) .

Theconvex hullof a set of pointsA is the smallest convex set containingA. Once computed,CL yields a list of faces and
vertices that can be used to determine the set of potential bottlenecks. The complexity of existing algorithmic approaches
for solving the convex hull problem is discussed at the end of the section. Henceforth we will use the notationV (CL) to
denote the set of vertices of the characteristic polytope. The coordinates of a vertex are in capital letters (e.g.Li or Li).
A simple example of convex hull for a three class queueing model with the loading matrix of Figure 1 is presented in
Figure 2. Each boxed valueLij of the loading matrixL indicates that stationi is the natural bottleneck for classj. The
most interesting properties of the characteristic polytope are shown in the following theorems:

1Unless otherwise specified, in the rest of the paper the resource indicesi,j andk will be implicitly assumed to range from1 to M . Similarly r and
s, the class indices, will range from1 to R.

2The domination conditionLjr > Lir ∀r can be relaxed toLjr ≥ Lir if Ljr = Lir = 0. For instance,(0, 10, 50) dominates(0, 5, 45), since
the number of class-1 jobs does not affect the utilization of the two stations.



L =



905 499 707

846 629 217

200 930 410

186 353 952
378 476 482
92 215 573
26 100 16


Figure 1. Loadings on the different resources for a queueing model with seven stations and three customer classes

Figure 2. Characteristic polytopeCL of the queueing model of Figure 1

Theorem 1. Masked-off stations.The stations mapped to an internal point ofCL are masked-off.

Proof. Let lk be a internal point ofCL. This implies that for any pointl of the loadings space there exists aε > 0 such
that the pointv = lk +λl is in CL for all λ ∈ R : 0 ≤ λ < ε. In particular, this holds true whenl = lk ∈ CL. If λ = 0 we
have triviallylk = v, otherwise we can always find a pointv ∈ CL such thatlk < v. Since we are working with a convex
set, we can expressv as a convex combination of at mostd + 1 (affinely independent) vertices [40], whered is the affine
dimension of the set (i.e. 0 for a point, 1 for a line, ...), thus:

v = α1V 1 + α2V 2 + . . . + αd+1V d+1,
d+1∑
i=1

αi = 1, αi ≥ 0

whereV i ∈ V (CL). SinceCL is the convex hull ofP(L) ∪ Π(L), each vertexV i belongs only to one betweenP(L)
andΠ(L). Considering that each vertexV i ∈ Π(L) is the projection of a point inP(L), we can always find a vector
Li ∈ P(L) such that

Li ∈ P(L) : V i ≤ Li, ∀i : 1 ≤ i ≤ d + 1, V i ∈ CL

where the strict inequality holds ifV i ∈ Π(L). With this result we now get

lk < v ≤ α1L1 + α2L2 + . . . + αd+1Ld+1,
d+1∑
i=1

αi = 1, αi ≥ 0

Summing the components of each vector and using the basic relation:

Uir =
Lir

Ljr
· Ujr (2)

we find

Uk < α1U1 + α2U2 + . . . + αd+1Ud+1,
d+1∑
i=1

αi = 1, αi ≥ 0



that is meaningful sinceLi ∈ P(L) guarantees that all the points are associated to a real station. InsertingUi ≤ 1 in the
previous inequality, it follows that

Uk < α1U1 + α2U2 + . . . + αd+1Ud+1 ≤
d+1∑
i=1

αi = 1, αi ≥ 0

which proves the theorem.

Theorem 1 suggests that finding the characteristic polytopeCL can be an effective way for excluding a considerable
number of stations from the candidate bottleneck set. The reason why we introducedΠ(L) is to ensure that all the
dominated and masked-off stations are included in the characteristic polytope as internal points. We now try to understand
whether a point on a face ofCL can saturate. It is clear that all the natural bottlenecks are vertices ofCL, since on the
dimension corresponding to the class for which they are natural bottlenecks they must be an extreme point of the convex
hull. Moreover, it is possible that some points on the boundary faces are dominated (e.g. the origin) and thus cannot
saturate. The second theorem we prove clarifies whether or not the points lying on a boundary face can saturate.

Theorem 2. Boundary faces.If there exists a set ofd + 1 affinely independent stations that are in saturation and lie on
the samed-dimensional faceF of CL, then also the other stations onF saturate.

Proof. We recall that the dimension of a faceF is the maximum number of affinely independent vectors of the smallest
affine spaceS that contains it. Thus we can express any pointLk ∈ F ⊂ S as an affine combination ofd + 1 affinely
independent vectors:

Li =
p∑

i=1

ailk,
d+1∑
k=1

ai = 1 (3)

This hold true, in particular, when thelk ∈ P(L) are the saturating stations. Then, summing the components and using
relation (2), we get:

Uk =
p∑

i=1

αiUi =
k+1∑
i=1

αi = 1

that proves the theorem.

The affine independence condition of Theorem 2 rules out degenerate cases like collinear saturating stations on the same
face of dimension2 (e.g., on a polygon). A first consequence of Theorem 2 is that the saturation ofd + 1 vertices on
a d dimensional face can extend the saturation to a larger number of stations, since also the internal stations ofF must
saturate. To understand the consequences of this, let us consider the characteristic polytope of a three-class network. For
now we assume that only the vertices can saturate. Theorem 2 allows the following types of saturations for the vertices of
a face:

1. a single vertex saturates in isolation;

2. two adjacent vertices saturate with their common edge;

3. two non-adjacent vertices saturate with the internal points of the segment that connects them;

4. three or more vertices saturate, yielding the saturation of the whole face;

The first and the last case are straightforward. For the second case, instead, we note that if there exists an edge with
its vertices in saturation, then also its internal stations saturate, but they do not yield the saturation of the whole face
because three or more points on a line are not affinely independent. The third case, instead, is quite complex and deals
with the case where the face is non-simplicial, i.e. its vertices are not independent (e.g., a square or a pentagon in three
dimensions). This degenerate case can be ruled out removing the rows of the loading matrix that are not independent or
doing a triangulation [40] of the non-simplicial faces. In the latter case, each of these faces is partitioned in a simplicial
complex, i.e. a set of faces with the same dimension and with independent vertices only, and the analysis can be performed
considering each face of the complex as a distinct face of the characteristic polytope. However, the dependency between
vertices must be traced to ensure that the saturation of a single face of the simplicial complex yields the saturation of all
the other faces of the complex. For instance, a square is decomposed in a set of two trianglesA andB, but the saturation



of A yields also that ofB. To avoid unnecessary complexity3, in the rest of the section we will assume that everyd-
dimensional face with all its vertices inPL has onlyd + 1 affinely independent vertices.
We now relax the assumption that only the vertices can saturate. The following theorem investigates whether an internal
station of a boundary face can saturate in isolation.

Theorem 3. Internal points of the boundary faces.If an internal station of ad-dimensional faceF saturates andF has
all its d + 1 affinely independent vertices inPL, then all stations onF saturate.

Proof. Let lk be the internal point of ad-dimensional faceF . It can be expressed as a convex combination ofd + 1
vertices:

lk = α1L1 + α2L1 + . . . + αd+1Ld+1,
d+1∑
i=1

αi = 1, αi ≥ 0

Since the point is internal and all faces have been assumed to have only independent vertices, the conditionαi > 0 ∀i
holds. Then the equality

Uk = α1U1 + α2U2 + . . . + αd+1Ud+1 = 1,
d+1∑
i=1

αi = 1, αi > 0

impliesU1 = . . . = Ud+1 = 1 since all termsUi range in[0, 1]. Then we haved + 1 affinely independent stations in
saturation and from Theorem 2 all stations on the face saturate.

Therefore, working with simplicial faces only we are sure that the potential bottlenecks are the vertices of the characteristic
polytope.
We have not yet considered the case of the internal stations of a face with some vertices inΠ(L). Since the stations in
Π(L) are all dominated, there must exist at leastd+1 stations to have ad-dimensional face in saturation. While Theorem
2 still holds in this case, the extension of Theorem 3 is not easy, mainly because there is no relationship between the sum
of the components of the vertices inΠ(L) and the utilization of the stations inP(L). However, the points of the face that
are members ofP(L) can be grouped in a simplicial complex applying a triangulation on their convex hull. Using the
simplicial complex, instead of the whole face, we can again apply Theorem 3.
The consequences of Theorems 2 and 3 are interesting, since they prove that the behavior of the vertices and the topology
of the faces are enough to identify the set of potential bottlenecks for the system. The following section discusses how
additional informations on the workload let us determine the set of actual bottlenecks.
Let us finally give a brief look at the computational complexity of the convex hull problem. Solving the problem forn
points inR dimensions has a variable complexity depending onR, n and on the sizeh of the output (i.e. the number of
vertices). At present time the algorithm of choice for computing convex hulls is Quickhull [6], which performs well from
2 to 8 dimensions. The conjectured complexity isO(n log(h)) whenR ≤ 3 and up toO(n1+bR/2!c/(h bR/2!c)) in higher
dimensions. Actually, with a usual PC it is possible to compute in few minutes a convex hull ofn = 3 · 106 points in6
dimensions,n = 3 · 104 points in7 dimensions orn = 2 · 103 points in8 dimensions. While this cardinality can appear
excessive for real models, it must be reminded thatn is the cardinality ofA = P(L) ∪ Π(L) which can be very large
since the cardinality ofΠ(L) can be up toM(2R − 1). A simple way to reduce the size ofΠ(L) is grouping the points by
the strictly positive components, and then excluding the dominated stations from each group4. In general, the size of the
reduction depends on the number of distinct natural bottlenecks and on their relative position to the origin of the loadings
space. The best-case is when the model has a common bottleneck station, which trivially dominates all the others. The
worst-case is when the network hasR different natural bottlenecks that lie close to the origin. This is the case of a system
with a strongly unbalanced distribution of the loadings. Considering this, in the worst case we can study models with
tens of thousands of non-dominated stations with six customer classes, hundreds of stations with seven classes, while
with eight classes the technique becomes unfeasible since only small models with tens of stations can be processed. For
a comparative description of existing convex hull algorithms see [2]. While the convex hull approach to the identification
of potential bottlenecks does not allow to study models with tens or even hundreds of customers classes, for models with
up to seven classes it can be an interesting technique. Indeed the most interesting application of this approach, namely the
definition of an optimization scheme for studying actual bottlenecks in multiclass closed networks, will be shown in the
next section.

3Actually, in most cases the triangulation is not unique and this is usually sufficient to exclude the saturation of non-adjacent vertices. However, for
the general case it is quite difficult to rule out the presence of convex sets with a unique triangulation between the boundary faces of the characteristic
polytope.

4This can be formulated again as a convex hull problem in lower dimension and thus it is very efficient on the groups with up to three strictly positive
components



4. Actual bottlenecks identification of multiclass closed networks

We now focus our attention on multiclass closed queueing networks. The aim of this section is to review existing tech-
niques for the bottleneck analysis of this type of models [3, 4] and to introduce an optimization scheme based on the
potential bottleneck identification scheme presented in Section 3.
In what follows we will use the same notations and we will briefly present the results described in [4]. Consider a closed
queueing network with the number of customers for each class specified by the population vectorN = {N1, N2, . . . , NR}.
We denoteN =

∑
r∈R Nr the total number of customers. We define thepopulation mixas the vectorβ = {β1, β2, . . . , βR}

whose components are given by

βr =
Nr

N
,

∑
r∈R

βr = 1

The loading matrixL, the population vectorβ and the total number of customersN give a full specification of the model.
To avoid unnecessary complexity we assume that the rows ofL are linearly independent. According to Theorem 2 of
Section 3 this is sufficient to study the behavior of all the bottlenecks. Because of the complexity of describing multiclass
queueing networks, we concentrate on the asymptotic behavior of the system; then we assumeN to be always a large
fixed number. We denoteUij the class-j utilization of stationi when we keep constant the population mixβ and let the
total number of customerN tend to infinity. We call this type of growthproportional growth, opposed to theunbalanced
growthwhere only a single population class is increased.
Consider the case of a network withR classes in which the conditions

Lrr > Lir, ∀r ∀i i 6= r (4)

and
Lrr > (L1r, . . . , Lir, . . . , LRr) > Lj1, ∀r ∀i i 6= r, j = R + 1, . . . ,M (5)

hold. Condition (4) simply states that distinct classes have distinct natural bottlenecks which are the firstR stations of the
loading matrix. This avoids the case where two or more classes have the same station as natural bottleneck, which can be
addressed as an intermediate case between the one we are considering and that of a common bottleneck model [3]. This
also implies that only networks withM ≥ R will be considered. Condition (5), instead, requires that the set of natural
bottlenecks dominate all other stations, which therefore have no chance of saturating. Thus, for now, we do not consider
networks with masked-off stations.
The simplest inspection we can take to analyze the system is to study the utilization of the potential bottlenecks as the
components ofβ vary, keeping fixed the populationN . We refer to the set of all feasible population mixes as theβ
space. In general this inspection leads to the evidence that in several cases distinct resources saturate together. Let us call
B = B(β) the set of bottleneck stations for a given mixβ5. In addition, limited changes in the components ofβ may
affect the set of bottleneck stations, while others do not, thus suggesting that theβ space can be partitioned in adjacent
regions, thesaturation sectors, each characterized by a different set of saturating stations.
While the general rules that describe the migration of the bottlenecks have been identified, they are quite difficult to prove.
The behavior of the bottleneck set has been conjectured in [4] as follows:

1. when the population mixβ yields the saturation of only one station, the class-r asymptotic utilization of the bottle-
neck is given byUir(β) = βr

2. when the population mixβ∗ yields the saturation of a setB of stations, their asymptotic mean queue lengths grow
all to infinity while satisfying the relation

lim
N→∞

nt(N)∑
b∈B

nb(N)
= γt(β∗) ∀t ∈ B,

∑
t

γt = 1 (6)

3. when the population mixβ∗ corresponds to the edge between a saturation sector where stationi saturates and a
sector where it does not saturate, thenγi(β∗) = 0

4. in all cases the non-bottleneck stations have limited queue lengths

5The indicesb andt will be assumed to range between1 an the cardinalityB ≤ R of B



Thebottleneck relative strengthsγ represent the relative speed of the queue length growth for a bottleneck station com-
pared to that of the other bottlenecks. Henceforth we will denoteβ∗ a population mix within a common saturation sector.
These assumptions are sufficient to derive from the MVA equations of the per-class utilization the following expression
of the population mix as a function of theγ’s:

β∗r =
U∗

ir(β
∗)

Lir

∑
b∈B

γbLbr, i ∈ B (7)

Since the edges of the saturations sector are identified by values of theγ’s equal to zero, their coordinates in theβ space
can be found from equation (7) if the per-class utilizationUir(β∗) are known. We therefore use the following system of
linear equations based on the basic relation (2) to derive the information:∑

r∈R

Ubr(β∗) = 1, ∀b ∈ B

Ubr =
Lbr

Lrr
· Urr, ∀b ∈ B, r ∈ R

(8)

This is at most a system ofR2 equations inR2 variables, because no more thanR independent stations can saturate
together [4]. A solution using a Gaussian-Elimination algorithm can be found in a time complexity ofO(R6) which is
independent from the number of stations. However, in the general case of a system with masked-off stations the cardinality
of M can dramatically affect the number of possible saturation sectors; then, the number of linear systems we must solve
to perform the bottleneck analysis can be of the order of1010 systems for a system with100 non-dominated stations and
7 classes. We will discuss in the next paragraphs a possible approach to reduce the complexity of this problem.
Using system (8) we can find the vertices of the saturation sector considering theR cases where there exists a stationb
such thatγb 6= 0, γt = 0 ∀t 6= b. The regions in whichR′ < R stations saturate are called thepartial saturation sectors,
opposed to theglobal saturation sectorwhere the maximum number of stations saturates. Several partial saturation sectors
can be found by analyzing the system when there is asegregated class, i.e. a class for which the number of customers
is equal to zero. Considering that the existence of a saturation sector forR′ stations requires the existence of the partial
saturation sector for all possible subsets ofR′ − 1 stations, is is possible to use the information gathered when analyzing
the system with one segregated class to exclude some infeasible partial saturation sectors when looking at sectors with
two bottlenecks. A similar argument applies for saturation sectors with more than two bottleneck. Thus, searching for the
vertices of the saturation sectors in the case of a segregated class and then look for sectors with more saturating stations
can reduce the number of systems to be solved.
While this optimization can be sufficient to perform an analysis of a complex system without masked-off stations, it is
reasonable that real models can involve a large number of masked-off stations. In this case the analysis is quite similar;
the main difference is that also masked-off stations can be involved in the saturation and so more than a single global
saturation sector can exist. This fact can dramatically increase the number of systems (8) to be solved. Even a small
system with4 classes and10 non-dominated stations can have over600 distinct saturation sectors; a bigger system with7
classes and500 non-dominated stations can have up to3 · 1015 different saturation sectors.
Since the dimensionality of this problem makes intractable the bottleneck analysis even for medium-sized networks, an
effective optimization scheme is clearly required. We sketch a simple optimization based on the results of Section3.
If one knows the vertices and the topology of the faces of the characteristic polytope, the set of all possible saturating
stations is easily determined. Hence, this minimizes the number of linear systems to be solved. Moreover this allows to
compute easily whether two saturation sectors are adjacent and this information could be used to minimize the number of
coordinatesβr to be computed.
To show the quality of the optimization we show some preliminary results on100 randomly generated multiclass closed
models. Table 1 shows the effectiveness of the optimization scheme: even for small models we have a strong reduction in
the number of systems to be solved. We also tried to estimate the entity of the reduction on a large problem with100.000
stations and6 classes: the new optimization scheme required4 · 106 linear systems to be solved, which can be easily
computed in few minutes on a typical PC, while determining the number of systems to be computed with the old strategy
took to computational effort to be computed. Therefore, it is conceivable the entity of the reduction increases with the
complexity of the model.

5. Actual bottleneck identification of multiclass open networks

In this section we consider the bottleneck analysis of multiclass open queueing networks. Usually the workload of these
models is specified in terms of the arrival rateλr for each classr. We denoteλ = {λ1, λ2, . . . , λR} the arrival rate vector.
Using the job flow balance assumption [18] this means that in a time periodT the number of completed jobsCr equals



R = 3 R = 4
M Old New ∆ Old New ∆
10 108.72 42.50 −60.56% 297.78 114.82 −61.44%
100 1914.88 173.06 −90.96% 33299.83 1123.02 −99.66%
1000 9712.82 390.56 −95.98% 384068.5 3954.01 −98.97%

Table 1. Mean number of linear systems to be solved for100 randomly generated multiclass closed models with3 and 4 classes for the cases
M = 10, M = 100 and M = 1000 stations.

the number of arrived jobsNr. Thus, using the basic relationCr = λrT we can define the population mixesβr for open
models as:

βr =
Nr

N
=

Cr

C
=

λr

λ
,

∑
r∈R

βr = 1 (9)

whereλ =
∑

r∈R λr is the global arrival rate to the system,C =
∑

r∈R Cr is the global number of completed jobs, and
N =

∑
r∈R Nr is the global number of jobs arrived to the system during the time intervalT .

In this section we limit the bottleneck analysis to systems where the workload does not grow beyond the value where a
station becomes saturated.
While a description of the behavior of open models in theβ space is possible, we can take advantage of the direct relation
between the input workloadλ and the utilizationsUi(λ). Thus, it is more natural to describe the behavior of the system in
the space of theλi’s rather then in theβ space. We will discuss later in the section the relation between these two spaces.
Looking at the bottleneck analysis of closed systems a number of questions on the bottleneck analysis of open models
naturally arise. First, we are interested in identifying bottlenecks as a function of the arrival rate vectorλ. Second, we
want to understand whether partial and global saturation sectors exists also in open models. Finally, we should consider
the computational complexity of the procedure.
The identification of the bottlenecks in theλ space is quite simple. Let us consider the feasible region in theλ space
defined by theM constraints

Ui(λ) = λr · Lir ≤ 1 ∀i ∈ M (10)

It is clear that a stationi becomes saturated if the equalityUi(λ) = 1 holds, i.e. the constraint is active. Therefore for
a givenλ the set of bottleneck stations is simply the set of stations whose utilization constraint is active. As from basic
optimization theory, any set of active constraints defines a faceF of the convex hull of (10). Thus we can associate to the
set of bottleneck stations a faceF of the convex hull of (10). This operation can be carried out using any software for
solving the convex hull problem (e.g., Qhull [6]). Moreover, there is a correspondence between the faces of the character-
istic polytope defined in Section 3 and the faces of the convex hullP of system (10), since a set of stations that saturate
together must lie on the same face both inP and in the characteristic polytopeCL.
A first interesting consequence of working in theλ space is that, if the rows of the loading matrix are all linearly indepen-
dent, then only a point in theβ space can yield a global saturation of a set of stations. This because inR dimensions a set
of R independent hyperplanesUi(λ) can intersect in at most a single pointλ∗ = (λ∗1, . . . , λ

∗
R), and from (9) we have that

βk

βj
=

λk

λj
,

∑
r∈R

βr = 1 (11)

which implies that a single point in theλ space is mapped to a single point in theβ space. This proves that a global
saturation cannot occur in a region of theβ space with dimensions greater than that of a point. A similar argument can
be applied to partial saturation sectors withR′ < R saturating stations, which are the intersection ofR′ hyperplanes
in theλ space: under the assumption of independence for the rows of the loading matrixL, this region has dimension
R′. For instance, a three class network can have a partial saturation sector with two saturating stations on a line in theλ
space. In theβ space this corresponds again to a line, since according to relation (11) a constant ratio betweenλj andλk

yields a constant ratio betweenβj andβk. A similar argument applies to faces in higher dimensions, since a change of
coordinates to theβ space is simply a projection on the hyperplane

∑
r∈R βr = 1 which is equivalent to

∑
r∈R λr = λ

in theλ space: hence a decrease on the dimension of the partial saturation sector can happen only if the face is orthogonal
to

∑
r∈R λr = λ, but this is impossible6. According to this, the information gathered in theλ space and the ones on the

β space are equivalent and a characterization of the convex hull of (10) is enough to perform a full bottleneck analysis.
The computational complexity of determining the convex hull of given a set of hyperplanes is the same of computing it

6This is due to the fact that any active constraintLi1λ1 + ... + Lirλr = 1 is orthogonal toλ1 + ... + λr = λ only if Li1 + ... + Lir + λ = 0
which has no feasible solutions.



from a set of points. Hence, in the case of open models we have no gains in considering the characteristic polytope instead
of the convex hull in theβ space. Therefore determining the convex hull in theλ space is preferable.
As a concluding remark, we note that results of the bottleneck analysis of open models are more general than those for
closed models, since they give full information about the bottlenecks under all possible workloads. Suppose that the
utilization of bottleneck stations isUb = 0.60, then applying the arguments described in this section to the system

Ui(λ) = λr · Lir ≤ 0.6 ∀i ∈ M (12)

allowa us to prove that the saturating stations are the same of the original system (10) when considering the same popu-
lation mix β of system (12). Indeed the value0.6 is just a scale factor for the dimension of the convex hull and does not
affect its projection on

∑
r∈R λr = λ. Therefore the analysis of the‘beta space derived from the convex hull of (10) is

enough to fully characterize the behavior of the bottlenecks under all possible workloads.

6. Summary and conclusions

In this paper we have presented a technique for the identification of bottlenecks, either potential and actual, in very large
models. We investigated the relationship between bottleneck analysis and the convex hull problem, showing that for open
models these problems are equivalent. We also introduced an effective optimization scheme, based on usual algorithms
for solving the convex hull problem, that allows bottleneck analysis of closed queueing networks in a very efficient way.
Our preliminary analysis showed that very large closed models with up to several tens of thousands stations and six classes
can be solved.
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