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ABSTRACT

In this paper we propose a notion of weak bisimulation for a class of weighted automata
with unobservable transitions where weights are taken from an idempotent semiring.
In particular the (max/+), (min/+) or (max/min) dioid are considered. The proposed
bisimulation is a natural extension of Milner’s well known weak bisimulation for un-
timed automata (i. e., weighted automata over the boolean semiring). It is shown that
weakly equivalent automata yield identical results with respect to the weights of ar-
bitrarily labelled paths. The basic steps of an algorithm for the computation of the
largest weak bisimulation relation for a given weighted automaton is outlined. Further-
more we present composition operations for weighted automata and prove that weak
bisimulation is a congruence according to the composition operations presented in this
paper.
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1. Introduction

One topic of automata theory considers conditions, criteria and circumstances un-
der which two automata can be considered equivalent. For instance, observing the
behaviour of an automata and to compare the traces or languages produced is one
possibility. In case of an interacting environment, more appropriate notions of equiv-
alence than trace-equivalence are necessary and established. Milner’s classical results
consider strong and weak bisimulation in the context of the process algebra CCS
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[21, 25]. If systems under study interact with an observer or other systems, the no-
tion of secretly performed, unobservable, so-called τ actions appears naturally for
those actions a system is able to perform independently of any environment. Apart
from the aspect of information hiding, τ actions also introduce a degree of freedom to
find minimal representations of an automaton. This is of even greater interest in case
of subsequent composition in order to reduce the complexity of analysis for the result-
ing overall model. A notion of equivalence that is stable under a set of composition
operators is called congruence, and congruences like Milner’s observation congruence
have been developed and successfully applied in functional analysis [10].

Equivalence results for untimed models have been subsequently extended to more
general models, especially to probabilistic [20] and stochastic systems [5, 17, 16].
In the context of probabilistic and stochastic process algebras it has been shown
that strong bisimulation as a natural extension of Milner’s strong bisimulation is a
congruence and preserves the probabilistic and timed behaviour of a system. The
extension of weak bisimulation to more general models is much more complex, than
the relatively straightforward extension of strong bisimulation. The major problem
is that unobservable transitions in probabilistic or stochastic systems still may have
effects on the observable behaviour of a system by modifying the timed or probabilistic
behaviour of observable transitions. To the best of our knowledge no notion of weak
bisimulation exists for stochastic systems, if unobservable transitions may require time
like observable transitions. For probabilistic systems a few extensions of weak and
branching bisimulation exist [4, 1]. However, the problem of these extensions is that
they are not preserved under parallel composition which is an important operation in
process algebras and networks of automata.

In the context of weighted automata [11, 19] probabilistic and stochastic automata
can be interpreted as an extension of untimed automata which results from using
another semiring to define transition weights. Recently it has been shown that strong
bisimulation can be easily extended to weighted automata and is preserved by the
common operations to compose automata [8]. To the best of our knowledge no gen-
eral extension of weak bisimulation has been proposed for this general class of models.
In this paper we go one small step in defining weak bisimulation for a class of weighted
automata. We present a definition of weak bisimulation for a class of weighted au-
tomata defined over idempotent and commutative semirings. The boolean semiring
is an example for such a semiring and, consequently, our definition extends weak
bisimulation to more general models and is identical to the well known definition of
weak bisimulation when applied to automata with weights taken from the boolean
semiring. We show that for this class of weighted automata weak bisimulation is
preserved under various composition operations and preserves the relevant results of
system analysis.

The class of weighted automata over idempotent and commutative semirings in-
cludes, apart from the boolean case, additionally several very interesting semirings like
max /+, min /+ or min / max systems resulting in different automata models which
have been used for a variety of analysis problems related to performance analysis of
discrete event systems, combinatorial optimization or language processing [3, 13, 22].
Typical idempotent semirings are used Rmax = (R ∪ {−∞}, max, +,−∞, 0), Rmin =
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(R ∪ {∞}, min, +,∞, 0), Rmax,min = (R ∪ {±∞}, max, min,−∞,∞) and their com-
pleted versions Rmax = (R∪{±∞}, max, +,−∞, 0), Rmin = (R∪{±∞}, min, +,∞, 0).

The class of automata we consider does not include probabilistic or stochastic
automata which are defined over a non-idempotent semiring. Idempotency of the
semiring is sufficient to assure preservation of weak bisimulation under parallel com-
position. Nevertheless, our definition of weak bisimulation can in principle be applied
to automata over general semiring and yields for probabilistic automata a definition
which is identical to the one presented in [4] for probabilistic processes.

The paper is structured as follows. In Section 2, we fix some basic definitions.
Section 3 presents the main result of the paper, the weak bisimulation for a class of
weighted automata. The congruence property of the proposed equivalence is proven
in Section 4. In Section 5 we consider weak bisimulation under a choice operator. Sec-
tion 6 illustrates the approach by several small application examples and we conclude
in Section 7.

2. A Class of Weighted Automata

Weighted automata are a well established extension of classical automata [19] which
are applied in various variants for different application areas like performance analysis
of discrete event systems [13], language processing [22] or image compression [18] to
mention only a few application areas. Transition weights in weighted automata are
defined over a semiring.

Definition 2.1 (Semiring) A semiring (K, +̂ , ·̂ ,
�

, � ) is a set K with binary op-
erations +̂ and ·̂ defined on K such that the following axioms are satisfied:

1. +̂ , ·̂ are associative,

2. +̂ is commutative,

3. right and left distributive laws hold for +̂ and ·̂ ,

4.
�

and � are the additive and multiplicative identities with
�

6= � ,
5. for all k ∈ K k ·̂

�
=
�

·̂ k =
�

holds.

To make the notation simpler we use sometimes K for the whole semiring. For no-
tational convenience often ab is used for a ·̂ b. If multiplication is also commutative,
then the semiring is commutative and if addition is idempotent, then the semiring is
idempotent. The semirings of the max /+ family mentioned in the introduction are
commutative and idempotent whereas the semiring for the definition of probabilistic
automata, using the normal addition and multiplication operations, is commutative
but not idempotent.

Matrices and vectors can be naturally defined using the elements and operations
of a semiring K. Let A,B ∈ K

n,n be two matrices, then

C = A +̂ B with C ∈ K
n,n and C(i, j) = A(i, j) +̂ B(i, j),

D = A ·̂ B with D ∈ K
n,n and D(i, j) =

∑̂n

k=1 A(i, k) ·̂ B(k, j),



190 P. BUCHHOLZ, P. KEMPER

where
∑̂n

k=1 ak = a1 +̂ · · · +̂ an. For A ∈ K
n,n and B ∈ K

m,m the Kronecker product
and sum are defined as

C = A ⊗̂B ∈ K
nm,nm with C =




A(1, 1) ·̂ B . . . A(1, n) ·̂ B
...

. . .
...

A(n, 1) ·̂ B . . . A(n, n) ·̂ B


 ,

D = A ⊕̂B ∈ K
n,n with D = A ⊗̂ Im +̂ In ⊗̂B.

where In is the identity matrix of order n over semiring K which is a matrix with �
at the main diagonal and

�
elsewhere.

Lemma 2.1 If multiplication is commutative, then
(
A ⊗̂B

)
·̂
(
A ⊗̂B

)
= (A ·̂ A) ⊗̂ (B ·̂ B) .

For commutative and idempotent semirings we have additionally
(
A ⊗̂ I +̂ I ⊗̂ B

)2
= A2 ⊗̂ I +̂ A ⊗̂B +̂ I ⊗̂B2.

By induction this can be extended to the relation

(
A ⊗̂ I +̂ I ⊗̂ B

)k
=

k∑̂

l=0

Al ⊗̂Bk−l.

For idempotent semirings also

∞∑̂

k=0

Ak =

∞∑̂

k=0

Ak ·̂

∞∑̂

k=0

Ak

holds.

Proof. The first three statements can be proven by definition of the algebraic
operations and induction, the proof is straightforward. For the final statement,

we can transform
∑̂∞

k=0 Ak ·̂
∑̂∞

k=0 Ak =
∑̂∞

k=0 Ak +̂
∑̂∞

k=1 Ak ·̂
∑̂∞

k=0 Ak =∑̂∞

k=0 Ak +̂
∑̂∞

k=1 Ak +̂ · · · +̂
∑̂∞

k=n Ak ·̂
∑̂∞

k=0 Ak for some n ∈ N, n > 1 by distribu-

tivity. Note that idempotency ensures that
∑̂∞

k=0 Ak +̂ An =
∑̂∞

k=0 Ak for all n ∈ N,

such that also
∑̂∞

k=0 Ak +̂
∑̂∞

k=n Ak =
∑̂∞

k=0 Ak for all n ∈ N. Hence by applying

idempotency to
∑̂∞

k=0 Ak +̂
∑̂∞

k=1 Ak +̂ · · · +̂
∑̂∞

k=n Ak ·̂
∑̂∞

k=0 Ak =
∑̂∞

k=0 Ak. 2

Observe that the conditions of the lemma are necessary conditions. I. e., for non-
commutative semirings the first identity does not hold, the fourth identity does not
hold for semirings that are not idempotent and for semirings that are not commutative
or not idempotent, the second and third identity do not hold.

Definition 2.2 (K-automaton) A finite K-automaton over a finite alphabet L in-
cluding symbol τ is a quadruple A = (S, α, T, β) where S is a finite set of states and
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α, T, β are maps α : S → K, T : S × L × S → K, β : S → K, denoted as initial-,
transition- and final-weights, respectively. If K is idempotent and commutative, we
denote the automaton as a Ki-automaton.

In the following, we restrict ourselves to Ki-automata. For finite sets S and L,
map T has a representation by a set of matrices Ml ∈ K

S×S , one for each l ∈ L
with Ml(s, s

′) = T (s, l, s′). Maps α, β have an equivalent representation as row and
column vectors4 a,bT ∈ K

S with a(s) = α(s),b(s) = β(s) for all s ∈ S.

Definition 2.3 (Paths in K-automata) A path π of length n in a K-automaton
is a sequence s0, l1, s1, . . . , ln, sn with si ∈ S, lj ∈ L, and T (si−1, li, si) 6=

�
. Let

σ = l1, . . . , ln denote a sequence of labels in L∗. P(A) is the set of all paths of
automaton A and P(A, σ) is the set of all paths observing transition labels σ. The
weight of a path π is defined as

w(π) = α(s0) ·̂

( n∏̂

i=1

T (si−1, li, si)

)
·̂ β(sn) (1)

and the weight of sequence σ equals

w(σ) =
∑̂

π∈P(A,σ)

w(π) = a ·̂

n∏̂

i=1

Mli ·̂ b. (2)

As usual empty products are � and empty sums are
�

. Transitions labelled with τ
are not visible by an observer. Following the idea proposed in [2, 21], we can transform
our original transition system into a new one where τ -labelled transitions are skipped.
Let P(A, s, σ, s′) be the set of all paths which start in state s, end in state s′ and with
a sequence of labels σ. Let τ∗ denote a set of sequences that consist of τ transitions
only, including the empty sequence as usual. We define

T (s, τ∗, s′) =





� +̂

∞∑̂

n=1

∑̂

π∈P(A,s,(τ1,...,τn),s′)

( n∏̂

i=1

T (si−1, τ, si)

)
if s = s′,

∞∑̂

n=1

∑̂

π∈P(A,s,(τ1,...,τn),s′)

( n∏̂

i=1

T (si−1, τ, si)

)
otherwise,

(3)

and T (s, τ∗lτ∗, s′) =
∑̂

s1,s2∈S T (s, τ∗, s1)T (s1, l, s2)T (s2, τ
∗, s′). For notational con-

venience, we extend some definitions to sets. For a set of states C ⊆ S, let

T (s, l, C) =
∑̂

c∈C T (s, l, c), Ml(s, C) =
∑̂

c∈C Ml(s, c), α(C) =
∑̂

c∈C α(c), and

β(C) =
∑̂

c∈C β(c).

Definition 2.4 (Automaton A∗) For a given K-automaton A = (S, α, T, β), au-
tomaton A∗ = (S, α, T ′, β′) is defined over alphabet L′ = L\{τ}∪{ε} with T ′(s, l, s′) =

T (s, τ∗lτ∗, s′) and β′(s) =
∑̂

s′∈S T (s, τ∗, s′)β(s′). For ε, T ′(s, ε, s′) = T (s, τ∗, s′).
Furthermore, T ′(s, ε, s) = � for a state s if s has no outgoing τ -transitions in A.

4
K

S is the set of row vectors over S with elements in K.
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Observe that ε in A∗ substitutes τ∗ in A, which abbreviates sequences of τ tran-
sitions but still allows one to identify unobservable transitions in A∗. The existence
of T (s, τ∗, s′) depends on the infinite sum in (3) which is crucial for the existence of
A∗. If there are no cyclic paths of τ -labelled transitions, it is achieved by a finite
summation. If such cycles exist, the semiring needs to be closed to ensure that in-
finite addition is defined and behaves like finite addition, e. g., cycles of τ -labelled
transitions with positive weights yield weight ∞ in T (s, τ ∗, s′) for semiring Rmax and
can not be computed in Rmax.

The notion of T (s, τ∗, s′) can be equivalently described for all s, s′ ∈ S by a matrix

M
′

ε = M∗
τ =

∑̂∞

i=0 Mi
τ . Note that in matrix terms, the definition of T ′ yields M

′

l =
M∗

τ ·̂ Ml ·̂ M∗
τ and the definition of β′ yields M∗

τb.
Similar to [21], we define for σ ∈ L∗, σ̂ ∈ L′∗ as the sequence which results from σ

by deleting all occurrences of τ .

Definition 2.5 For a K-automaton A∗ and σ̂ ∈ L′∗, the weight of σ̂ is defined as

w∗(σ̂) =
∑̂

ς∈L∗:ς̂=σ̂

w(ς) = a ·̂

n∏̂

i=1

(M∗
τ ·̂ Mli) ·̂ M∗

τ ·̂ b.

For idempotent semiring path weights can be computed by composing the corre-
sponding values of T ′, e. g., for l, l′ the concatenation yields M∗

τ ·̂ Ml ·̂ M∗
τ ·̂ M∗

τ ·̂
Ml′ ·̂ M∗

τ = M∗
τ ·̂ Ml ·̂ M∗

τ ·̂ Ml′ ·̂ M∗
τ . If the semiring is not idempotent, then paths

weights in general can not be computed by concatenation of T ′ because M∗
τM

∗
τ 6= M∗

τ .

Lemma 2.2 If A contains no cycles of τ -labelled transitions, then A∗ can be com-
puted with an effort in O(n3) where n = |S| the number of states. 2

The lemma follows from standard results in max /+-algebra (e. g., [3, 14]). For
automata with non-negative weights, a computation of shortest paths between states
in case of Rmin and a computation of A∗ for Rmax is possible in O(n3) as well. For
the latter, cycles in the graph are considered and yield weight ∞. In the general
case, treatment of cycles makes computation of A∗ more complex. Algorithms for the
removal of τ -transitions can be found in the software library for weighted transducers
[23] where τ is denoted as ε. These algorithms can be extended to be used for
the computation of T ′. For several semirings like the tropical semiring (i. e., K =
(N∪ {+∞}, min, +,∞, 0)) shortest path algorithms are the most efficient approaches
to compute M∗

τ , for other semirings the well known Floyd-Warshall algorithm can
be applied as a generic algorithm for the computation of the transitive closure of
τ -transitions. Consequently, in several cases, computation of M∗

τ requires less than
O(n3) effort.

3. Weak Bisimulation for Weighted Automata

After the definition of weighted automata and the introduction of a transformation
to skip τ -transitions, we now consider equivalence of automata. In [6, 8], the notion
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of strong bisimulation has been extended to weighted automata. This equivalence,
like strong bisimulation for automata over the boolean semiring [21], assures that
every transition labelled with a in one automaton has to be matched by one or more
a-labelled transitions with the same weight in an equivalent automaton. This con-
dition is required even for τ -labelled transitions. Here, we relax the requirement by
not observing τ -labelled transitions. However, unobservable transitions may still in-
duce cost which is different from the boolean semiring where only the existence or
non-existence of a connection by unobservable transitions has to be considered. In
this section, we extend the definition of weak bisimulation to our class of weighted
automata and prove several properties of weak bisimulation. The following defini-
tion introduces weak bisimulation for the states of one automaton as well as weak
bisimulation for two automata, but requires some notation prerequisites.

For the definition of weakly equivalent automata we need the direct sum of two au-
tomata which is defined formally in Definition 4.1. The direct sum A1 +A2 generates
a new automaton A with S = S1 ∪ S2. We implicitly assume throughout the paper
that S1 ∩ S2 = ∅. Let S/R denote the set of equivalence classes for an equivalence
relation R over S and for any class C ∈ S/R, let Ci = C ∩ Si for some set Si ⊆ S.

Definition 3.1 (Weak bisimulation of K-automata) An equivalence relation
R ⊆ S × S is a weak bisimulation relation, iff for all (s1, s2) ∈ R, all l ∈ L′ and all
equivalence classes C ∈ S/R

α(s1) = α(s2), β′(s1) = β′(s2), and T ′(s1, l, C) = T ′(s2, l, C).

Two states s1 and s2 are weakly bisimilar denoted as s1 ≈ s2, if a weak bisimulation
relation R with (s1, s2) ∈ R exists.

Two automata A1 and A2 are weakly bisimilar denoted as A1 ≈ A2, if for A =
A1 +A2 with state space S = S1 ∪ S2, a weak bisimulation relation R ⊆ S ×S exists
such that

α(C1) = α(C2) for all C ∈ S/R. (∗)

The idea behind weak bisimulation is that in weakly bisimilar automata those
paths that have the same sequence of observable labels li 6= τ shall have the same
weights. The conditions might seem too restrictive due to the required identity of α
and β′ which is not explicitly available in the definition of weak bisimulation for CCS.
However, in CCS and related process algebras states are unobservable and paths are
only observed through transitions. This viewpoint can be adopted in our automata
model, which yields β(s) = � for all states. Thus, β′(s) = β′(s′) is observed if
T ′(s, ε, C) = T ′(s′, ε, C) for all equivalence classes C of some weak bisimulation R.
The condition (∗) on the identity of α values for two automata allows us to consider
automata with several initial states with possibly different weights; it is used in the
proof of Theorem 3.1 below. The additional condition of identical values α(s) for
all states in an equivalence class is for instance required if the automaton is used as
second automaton in a direct product as defined in the next section or if initial weights
are required for the computation of path weights. If initial weights are not used in a
model, their values can be appropriately set to make them irrelevant, e. g., α(s) can
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be set to � for all states such that the condition of identical values is observed for
all states; in case of an idempotent semiring, this then also fulfills (∗) if sets C1, C2

are non-empty. The conditions for weak bisimulation given in Definition 3.1 can be
equivalently expressed using the matrices and vectors that define A. Let R be some
weak bisimulation, then we have for all (s, s′) ∈ R and for all equivalence classes
C ∈ S/R

a(s) = a(s′), a ·̂ (eC1)
T = a ·̂ (eC2)

T , (4)

esM
∗
τb = es′M∗

τb, (5)

esM
∗
τMlM

∗
τ (eC)T = esM

′

l(eC)T = es′M
′

l(eC)T = es′M∗
τMlM

∗
τ (eC)T , (6)

esM
∗
τ (eC)T = esM

′

ε(eC)T = es′M
′

ε(eC)T = es′M∗
τ (eC)T , (7)

where es is a row vector of length |S| with � in position s and
�

elsewhere and eC is
a row vector of length |S| with � in all positions s ∈ C and

�
elsewhere.

The following theorem states that weights of observable sequences are equal for
weakly bisimilar Ki-automata.

Theorem 3.1 If A1 ≈ A2 for Ki-automata A1,A2, then w∗
1(σ̂) = w∗

2(σ̂) for all
σ̂ ∈ L′∗ (L′ = L′

1 ∪ L′
2), where w∗

i (σ̂) is the weight of sequence σ̂ = l1, . . . , ln in
automaton Ai.

Proof. The proof is done by induction on n, the length of sequences σ̂ with respect
to labels in L′. So, n accounts only for labels 6= τ .

For a sequence with n = 0, i. e., an empty sequence or a sequence of τ transitions,
the result is immediate by definition of β′. For a sequence with n = 1, the hypothesis
is ensured by the definition of weak bisimulation.

We consider a sequence with n > 1. By definition of weak bisimulation, all elements
s, s′ of an equivalence class C ∈ S/R have the same values α(s) = α(s′) and β′(s) =
β′(s′). We define a sequence of vectors v0,v1, . . . ,vn by vn = b′ and vi = M′

l ·̂ vi+1

for i = 0, 1, 2, . . . , n − 1. By definition vn(s) = vn(s′) for all s, s′ of an equivalence
class C. Property T ′(s1, l, C) = T ′(s2, l, C) in Def. 3.1 preserves this condition for
vector vn−1 = M′

ln
·̂ b′. To check this in detail, we consider states (s1, s2) ∈ R and

values vn−1(s1),vn−1(s2).

vn−1(s1) =
∑̂

s′∈S

M′
ln(s1, s

′) ·̂ vn(s′)

=
∑̂

C∈S/R

∑̂

s′∈C

M′
ln(s1, s

′) ·̂ vn(s′)

=
∑̂

C∈S/R

∑̂

s′∈C

T ′(s1, ln, s′) ·̂ vn(s′)

=
∑̂

C∈S/R

∑̂

s′∈C

T ′(s2, ln, s′) ·̂ vn(s′)
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=
∑̂

s′∈S

M′
ln(s2, s

′) ·̂ vn(s′)

= vn−1(s2).

Note that the equality between the 3rd and 4th line requires that T ′(s1, ln, C) =
T ′(s2, ln, C) and that all s′ ∈ C have the same value vn(s′), which is the case here.

We apply the same argumentation to vectors vn−2,vn−3, . . . ,v0, and see that for
any equivalence class C, all s ∈ C have the same value v0(s).

So
∑̂

C∈S/R

∑̂
s∈C1

α1(s) ·̂ v0(s) =
∑̂

C∈S/R

∑̂
s∈C2

α2(s) ·̂ v0(s) holds, if α1(C1) =

α2(C2), which is the case by definition of A1 ≈ A2. Hence for l1, . . . , ln holds w∗
1(σ̂) =

w∗
2(σ̂). 2

The following lemma shows that compositions of different weak bisimulations yield
new bisimulations such that new bisimulations can be constructed from known bisim-
ulations.

Lemma 3.1 If R1,R2 ⊆ S × S are weak bisimulations for some automaton A, then
the following relations are all weak bisimulations:

1. id which is the identity,

2. R1 ∪∗ R2,

where ∪∗ is defined to be the transitive closure of R1 ∪ R2.

Proof. We prove 2, the proof of 1 is trivial. Let R0 = R1 ∪∗ R2, which is an
equivalence relation since R1,R2 are equivalence relations. Let (s, s′) ∈ R0, then
either

1. (s, s′) ∈ Ri (i = 1, 2), or

2. states s0, . . . , sK exist such that s = s0, s′ = sK and (sk−1, sk) ∈ Rik
(1 < k ≤

K and ik ∈ {1, 2}).

For a weak bisimulation, we have to show that α(s) = α(s′), β′(s) = β′(s′) and
T ′(s1, l, C) = T ′(s2, l, C). In Case 1, the conditions are observed for s and s′ since
R1 and R2 are weak bisimulations. In Case 2, the conditions are observed for each
pair sk−1, sk and consequently also for s0, sK . 2

Theorem 3.2 For any finite Ki-automaton, a largest weak bisimulation exists that
is unique up to renumbering of equivalence classes.

The largest weak bisimulation is the one that has the smallest number of equivalence
classes of all weak bisimulations of the Ki-automaton.

Proof. Using the previous lemma, ≈ is the union of all weak bisimulations of the
automaton. 2

Clearly, the largest weak bisimulation is the most relevant, because it contains the
smallest number of equivalence classes and it can be used to generate the smallest



196 P. BUCHHOLZ, P. KEMPER

equivalent automaton by substituting each equivalence class by a single state. The
smallest equivalent automaton is unique up to the ordering of states.

Lemma 3.1 gives a characterization of weak bisimulation that characterizes the
equivalence classes from below, i. e., small classes are combined to yield larger classes.
For the development of algorithms to compute the largest bisimulation for a given
automaton or to decide weak bisimilarity of automata, it is often more appropriate to
characterize weak bisimulation from above. In this case, a coarse equivalence relation
is refined until it is a weak bisimulation. Then computation of the largest weak
bisimulation corresponds to a fixed point computation.

Definition 3.2 Define a function F : R → R over equivalence relations R ⊆ S × S
as follows: (s1, s2) ∈ F(R) iff α(s1) = α(s2), β′(s1) = β′(s2), and T ′(s1, l, C) =
T ′(s2, l, C) holds for all l ∈ L′ and all equivalence classes C ∈ S/R.

Lemma 3.2 1. F is monotonic; that is, if R1 ⊆ R2, then F(R1) ⊆ F(R2),

2. R is a weak bisimulation iff R ⊆ F(R).

Proof. 1. follows directly from the definition of F(R). 2. is a simple reformulation of
the definition of weak bisimulation. 2

According to [21], we can formulate the following lemma to characterize ≈.

Lemma 3.3 Relation ≈ is the largest fixed point of F .

Proof. The proof follows the proof of Milner [21, Proposition 16]. 2

The previous lemma introduces a simple framework for an algorithm to compute
relation ≈. Start with relation R such that (s1, s2) ∈ R for all s1, s2 ∈ R and
compute F(R) until the fixed point has been reached. For finite automata, this
process terminates after finitely many steps. Moreover, relation ≈ is computed with
an effort in O(nm), where n is the number of states and m is the number of transitions.
The corresponding algorithm for the boolean semiring is described in [10], its extension
to the semiring of real numbers with + and · is proposed in [7]. An extension to more
general semirings is straightforward. Whether more efficient algorithms like the one
for the boolean semiring [12, 24] with an effort in O(n log m) can be extended to more
general semirings and whether such an extension yields a more efficient algorithm for
practical applications is an open problem. Before ≈ can be computed, A∗ has to be
generated from A. If this requires an effort in O(n3) then the time is dominated by
this computation. However, as already mentioned at the end of section 2, A∗ can
often be generated more efficiently such that an efficient generation of ≈ becomes
important.

4. Composition of Weighted Automata

The notion of weak bisimulation is of great value, if it is a congruence. In that case,
automata can be replaced by equivalent ones that have smaller sets of states to achieve
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minimal representations. We first introduce some composition operations namely di-
rect sum, direct product and synchronized product for automata and show afterwards
the congruence property. For instance, direct sum and product are introduced in [9]
for stochastic automata. Since the direct product allows one to compose automata
sequentially, one may denote it as cascading product as well. Our definition of direct
product differs slightly from the one in [9] that merges automata by replicating and
redirecting existing transitions while our definition connects automata by additional
τ -labelled transitions. We believe that our definition is as natural and useful as the
other one but in addition makes the bisimulation a congruence. Free and synchronous
product are considered in [2].

Definition 4.1 (Composition of Ki-automata) Let A1 = (S1, α1, T1, β1) and
A2 = (S2, α2, T2, β2) be two finite Ki-automata.

The direct sum of automata is defined as an automaton A = A1 + A2 with

S = S1 ∪ S2, L = L1 ∪ L2,

α(s) = α1(s) if s ∈ S1 and α(s) = α2(s) otherwise,

β(s) = β1(s) if s ∈ S1 and β(s) = β2(s) otherwise, and

T (s, l, s′) =





T1(s, l, s
′) if s, s′ ∈ S1,

T2(s, l, s
′) if s, s′ ∈ S2,�

otherwise.

The direct product of automata is defined as an automaton A = A1 · A2 with

S = S1 ∪ S2, L = L1 ∪ L2,

α(s) = α1(s) if s ∈ S1 and α(s) =
�

otherwise,

β(s) = β2(s) if s ∈ S2 and β(s) =
�

otherwise,

T (s, l, s′) =





T1(s, l, s
′) if s, s′ ∈ S1,

T2(s, l, s
′) if s, s′ ∈ S2,

β1(s) ·̂ α2(s
′) if s ∈ S1, s′ ∈ S2, l = τ,

�
otherwise.

The synchronized product over a set Lc ⊆ {L1∪L2}\{τ} is defined as an automaton
A = A1||Lc

A2 over a label set L = L1∪L2 and state space S = S1×S2. Let s = (s1, s2)
and s′ = (s′1, s

′
2), α(s) = α(s1) ·̂ α(s2) , β(s) = β(s1) ·̂ β(s2), and

T (s, l, s′) =





T1(s1, l, s
′
1) if l ∈ L1 \ {Lc}, s1 6= s′1, s2 = s′2,

T2(s2, l, s
′
2) if l ∈ L2 \ {Lc}, s1 = s′1, s2 6= s′2,

T1(s1, l, s
′
1) +̂ T2(s2, l, s

′
2) if l ∈ (L1 ∪ L2) \ {Lc}, s = s′,

T1(s1, l, s
′
1) ·̂ T2(s2, l, s

′
2) if l ∈ Lc,�

otherwise.

The free product results from a synchronous product with Lc = ∅.
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The composition operations are defined by means of the functions T , α and β.
Note that the role of α and β in the direct product is to indicate states that can be
used to connect automata. β(s) 6=

�
indicates possible end states of A1 to which

starting states (α(s) 6=
�

) of A2 can be connected. It is also possible to influence the
weight of a path through a connection between A1 and A2 by the chosen element of
Ki. However, this is an option that need not be used; � and

�
as boolean indicators

are sufficient to allow or deny a connection.
Alternatively, one can define the operations using vectors and matrices as follows.

Let a(i), b(i) and M
(i)
l (i = 1, 2) be the vectors and matrices describing automata A1

and A2. Let � also denote a vector or matrix with all elements
�

. The representation
of A = A1 + A2 in terms of vectors and matrices is given by

a =
(
a(1), a(2)

)
, b =

(
b(1)

b(2)

)
, Ml =

(
M

(1)
l �
� M

(2)
l

)
.

where b(1), b(2) denote column vectors, a(1), a(2) row vectors. For A = A1||Lc
A2, we

obtain the following representation.

a = a(1) ⊗̂ a(2), b = b(1) ⊗̂ b(2),

Ml = M
(1)
l ⊗̂M

(2)
l if l ∈ Lc and Ml = M

(1)
l ⊕̂M

(2)
l otherwise.

Matrices for A = A1 · A2 are defined as

a =
(
a(1),
� )

, b =

(
�

b(2)

)
,

Ml =

(
M

(1)
l �
� M

(2)
l

)
(l 6= τ) and Mτ =

(
M

(1)
τ b(1)a(2)

� M
(2)
τ

)
.

It is straightforward to prove that both definitions of the composition operations
are identical. Furthermore, the direct product A = A1 · A2 also has a concise matrix
description of M∗

τ and M′
l.

M∗
τ =

(
M

(1)∗
τ M

(1)∗
τ b(1)a(2)M

(2)∗
τ

� M
(2)∗
τ

)
, (8)

M′
l = M∗

τMlM
∗
τ =

(
M

(1)′

l M
(1)′

l b(1)a(2)M
(2)∗
τ +̂ M

(1)∗
τ b(1)a(2)M

(2)′

l

� M
(2)′

l

)
. (9)

where M
(i)′

l = � if l is not present in automaton Ai for i ∈ {1, 2}. Matrix M′
l covers

both cases, namely that l is present in the first or the second automaton. The result
follows directly from M∗

τMlM
∗
τ . Matrix M∗

τ is a special case of the following lemma.

Lemma 4.1 Let M ∈ Kin×n be a block-structured matrix with M =

(
A B
� D

)
then

for i ∈ N, i > 0 holds

Mi =

(
Ai

∑̂i−1

j=0 AjBD(i−1)−j

� Di

)
and M∗ =

(
A∗ A∗BD∗

� D∗

)
.
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Proof. We begin with Mi and prove it by induction on i. For i = 1,

M1 =

(
A1

∑̂0

j=0 AjBD0−j

� D1

)
=

(
A B
� D

)

since A0,D0 are identity matrices. For some i > 1,

Mi = Mi−1M =

(
Ai−1

∑̂i−2

j=0 AjBD(i−2)−j

� Di−1

)(
A B
� D

)
=

(
Ai Bi

� Di

)

with Bi = Ai−1B +̂
∑̂i−2

j=0 AjBD(i−2)−jD by induction assumption and matrix mul-

tiplication. Obviously, Bi = Ai−1BD0 +̂
∑̂i−2

j=0 AjBD(i−1)−j . Since Ai−1BD0 =

AjBD(i−1)−j for j = i − 1, we obtain Bi =
∑̂i−1

j=0 AjBD(i−1)−j and complete the

induction step. It remains to consider M∗. By definition M∗ =
∑̂∞

i=0 Mi. By help
of the aforegoing result and M0 = I we obtain

M∗ = I +̂

∞∑̂

i=1

(
Ai

∑̂i−1

j=0 AjBD(i−1)−j

� Di

)

=

(∑̂∞

i=0 Ai
∑̂∞

i=1

∑̂i−1

j=0 AjBD(i−1)−j

�
∑̂∞

i=0 Di

)
=

(
A∗ B∗

� D∗

)

with B∗ =
∑̂∞

i=1

∑̂i−1

j=0 AjBD(i−1)−j . By reordering the terms in the summation, we
obtain

B∗ =

∞∑̂

j=0

∞∑̂

i=0

AjBDi =

∞∑̂

j=0

AjB

∞∑̂

i=0

Di =

∞∑̂

j=0

AjBD∗ = A∗BD∗,

which gives the desired result. 2

The lemma allows us to immediately obtain M∗
τ for the direct product of automata.

The following theorems introduce the main result of this section, namely the con-
gruence property of weak bisimulation according to the composition operations.

Theorem 4.1 If A1 ≈ A2 and A3 are finite Ki-automata, then

1. A1 + A3 ≈ A2 + A3,

2. A1 · A3 ≈ A2 · A3,

3. A3 · A1 ≈ A3 · A2.

Proof. In the following proofs, A1 ≈ A2 holds and R12 is a weak bisimulation relation
assuring ≈ according to Def. 3.1. We define a relation by R123 ⊆ S123 × S123 with
S123 = S1 ∪ S2 ∪ S3 and (s, s′) ∈ R123 iff (s, s′) ∈ R12 or s = s′, i. e., R123 =
R12 ∪

∗ id = R12 ∪ id.
The fact that R123 is an equivalence relation is straightforward to prove. We

prove that R123 is a weak bisimulation for the different composition operations, i. e.,
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∀(s1, s2) ∈ R123 : (α(s1) = α(s2)) ∧ (β′(s1) = β′(s2)) ∧ (T ′(s1, l, C) = T ′(s2, l, C)) for
all equivalence classes C ∈ S123/R123. Let (s1, s2) ∈ R123.

Direct sum: If (s1, s2) ∈ R12, then the conditions are satisfied because R12 is a weak
bisimulation. If (s1, s2) 6∈ R12, then s1 = s2 and the conditions are trivially fulfilled.

Direct product, first part : The condition α(s1) = α(s2) for all (s1, s2) ∈ R123 follows
directly from the definition of R123. If s1, s2 ∈ S1 ∪S2, then the condition is observed
since R12 is a weak bisimulation. In the remaining cases, s1 = s2 and the condition
is trivially observed.

By definition of direct product, (8), and (9) we obtain matrices

M(13)∗
τ =

(
M

(1)∗
τ M

(1)∗
τ b(1)a(3)M

(3)∗
τ

� M
(3)∗
τ

)
,

M(23)∗
τ =

(
M

(2)∗
τ M

(2)∗
τ b(2)a(3)M

(3)∗
τ

� M
(3)∗
τ

)
,

M
(13)′

l =

(
M

(1)′

l M
(1)′

l b(1)a(3)M
(3)∗
τ + M

(1)∗
τ b(1)a(3)M

(3)′

l

� M
(3)′

l

)
,

M
(23)′

l =

(
M

(2)′

l M
(2)′

l b(2)a(3)M
(3)∗
τ + M

(2)∗
τ b(2)a(3)M

(3)′

l

� M
(3)′

l

)
.

Let ei
S be row a vector of length Si for i ∈ {1, 2, 3} and ei

S(s) = � if s ∈ S ∩ Si and�
otherwise. For a singleton S = {s}, we write es and omit superscript i if it is clear

which Si is considered.

Condition ∀(s1, s2) ∈ R123 : β′(s1) = β′(s2) is observed for (s1, s2) ∈ R12 since

β′(s1) = (es1 , � ) ·̂ M(13)∗
τ ·̂

(
�

b(3)

)

= es1 ·̂ M(1)∗
τ ·̂ b(1) ·̂ a(3) ·̂ M(3)∗

τ ·̂ b(3)

= β′
1(s1) ·̂ a(3) ·̂ M(3)∗

τ ·̂ b(3)

= β′
2(s2) ·̂ a(3) ·̂ M(3)∗

τ ·̂ b(3)

= es2 ·̂ M(2)∗
τ ·̂ b(2) ·̂ a(3) ·̂ M(3)∗

τ ·̂ b(3)

= (es2 , � ) ·̂ M(23)∗
τ ·̂

(
�

b(3)

)

= β′(s2)

for s1, s2 ∈ S1 ∪ S2 where β′
i (i = 1, 2) denotes function β′ in automaton i and β′ is

the function in the automaton resulting from composition. For s1, s2 ∈ S3, s1 = s2

has to hold by definition of R123 and β′(s1) = β′(s2) is immediate.

It remains to show the condition on the transition weights, i. e. T ′(s1, l, C) =
T ′(s2, l, C) for any s1 ≈ s2 and C ∈ S123/R123. By definition of S123/R123, C is
either a subset of S3 or S1 ∪ S2, such that we consider four cases.
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Case 1: s1, s2 ∈ S1 ∪ S2 and C ⊆ S1 ∪ S2.
This case retains within A1,A2 and holds by (s1, s2) ∈ R12. Formally, for l = ε,

T ′(s1, l, C) = (es1 , � )M(13)∗
τ (e1

C , � )T = es1M
(1)∗
τ (e1

C)T and

T ′(s2, l, C) = (es2 , � )M(23)∗
τ (e2

C , � )T = es2M
(2)∗
τ (e2

C)T

are equal due to (s1, s2) ∈ R12.

For l 6= ε,

T ′(s1, l, C) = (es1 , � )M
(13)′

l (e1
C , � )T = es1M

(1)′

l (e1
C)T and

T ′(s2, l, C) = (es2 , � )M
(23)′

l (e2
C , � )T = es2M

(2)′

l (e2
C)T

are equal due to s1, s2 ∈ R12.

Case 2: s1, s2 ∈ S1 ∪ S2 and C ⊆ S3.
Due to R123, C contains only a single state which is denoted by s3 ∈ S3. For l = ε,
we have

T ′(s1, ε, s3) = (es1 , � ) ·̂ M(13)∗
τ ·̂ ( � , es3)

T

= es1 ·̂ M(1)∗
τ ·̂ b(1) ·̂ a(3) ·̂ M(3)∗

τ ·̂ (es3)
T

= β′
1(s1) ·̂ a(3) ·̂ M(3)∗

τ ·̂ (es3)
T

= β′
2(s2) ·̂ a(3) ·̂ M(3)∗

τ ·̂ (es3)
T

= es2 ·̂ M(2)∗
τ ·̂ b(2) ·̂ a(3) ·̂ M(3)∗

τ ·̂ (es3)
T

= (es2 , � ) ·̂ M(23)∗
τ ·̂ ( � , es3)

T

= T ′(s2, ε, s3).

For l 6= ε, we distinguish two cases, namely the occurrence of l in A1 or A2 and the

occurrence of l in A3. This simplifies matrices M
(13)′

l and M
(23)′

l accordingly. We
start with the former case and have

T ′(s1, l, s3) = (es1 , � ) ·̂ M
(13)′

l ·̂ ( � , es3)
T

= es1 ·̂ M
(1)′

l ·̂ b(1) ·̂ a(3) ·̂ M(3)∗
τ (es3)

T

= es1 ·̂ M
(1)′

l ·̂ b(1)′ ·̂ a(3) ·̂ M(3)∗
τ (es3)

T .

We can replace b(1) by b(1)′ above because idempotency of the semiring ensures

that M
(1)∗
τ = M

(1)∗
τ M

(1)∗
τ such that M

(1)′

l ·̂ b(1) = M
(1)∗
τ M

(1)
l M

(1)∗
τ ·̂ b(1) =

M
(1)∗
τ M

(1)
l M

(1)∗
τ M

(1)∗
τ ·̂ b(1) = M

(1)′

l ·̂ b(1)′ . We can distinguish among the dif-

ferent classes C ′ ∈ S/R12, let b
(i)
C′ be a vector of length |Si| with b(i)(s) in posi-

tion s ∈ Si if s ∈ C ′ ∩ Si, otherwise the value in position s is
�

. Consequently,

b(i) =
∑̂

C′∈S/R12
b

(i)
C′ . We exploit that c′ = b

(1)
C′ (s) = b

(2)
C′ (s′) is the same for any

s ∈ C ′ ∩ S1, s′ ∈ C ′ ∩ S2. Now, let x(1) = M
(1)′

l ·̂ (e1
C′)T and x(2) = M

(2)′

l ·̂ (e2
C′)T ,

then R12 ensures that x(1)(s) = x(2)(s′) for any (s, s′) ∈ R12. Note that x(1), x(2)
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and c′ depend on the considered C ′.

T ′(s1, l, s3) =

( ∑̂

C′∈S/R12

es1 ·̂ M
(1)′

l ·̂ b
(1)
C′

)
·̂ a(3) ·̂ M(3)∗

τ (es3)
T

=

( ∑̂

C′∈S/R12

es1 ·̂ M
(1)′

l ·̂ (e
(1)
C′ )

T ·̂ c′

)
·̂ a(3) ·̂ M(3)∗

τ (es3)
T

=

( ∑̂

C′∈S/R12

es1 ·̂ x(1) ·̂ c′

)
·̂ a(3) ·̂ M(3)∗

τ (es3)
T

=

( ∑̂

C′∈S/R12

es2 ·̂ x(2) ·̂ c′

)
·̂ a(3) ·̂ M(3)∗

τ (es3)
T

=

( ∑̂

C′∈S/R12

es2 ·̂ M
(2)′

l ·̂ b
(2)
C′

)
·̂ a(3) ·̂ M(3)∗

τ (es3)
T

= es2 ·̂ M
(2)′

l ·̂ b(2)′ ·̂ a(3) ·̂ M(3)∗
τ (es3)

T

= (es2 , � ) ·̂ M
(23)′

l ·̂ ( � , es3)
T

= T ′(s2, l, s3).

For the case that l is a transition in A3, we have

T ′(s1, l, s3) = (es1 , � ) ·̂ M
(13)′

l ·̂ ( � , es3)
T

= es1 ·̂ b(1)′ ·̂ a(3) ·̂ M
(3)′

l ·̂ (es3)
T

=

( ∑̂

C∈S/R12

es1 ·̂ b
(1)′

C

)
·̂ a(3) ·̂ M

(3)′

l ·̂ (es3)
T

=

( ∑̂

C∈S/R12

es2 ·̂ b
(2)′

C

)
·̂ a(3) ·̂ M

(3)′

l ·̂ (es3)
T

= es2b
(2)′ ·̂ a(3) ·̂ M

(3)′

l (es3)
T

= (es2 , � ) ·̂ M
(23)′

l ·̂ ( � , es3)
T

= T ′(s2, l, s3)

where b
(1)′

C ,b
(2)′

C are defined analogously to b
(i)
C .

Case 3: s1, s2 ∈ S3 and C ⊆ S1 ∪ S2.

For l = ε, T ′(s1, l, C) = ( � , es1)M
(13)∗
τ (e1

C , � )T = es1 � (e1
C)T =

�
= T ′(s2, l, C).

For l 6= ε, T ′(s1, l, C) = ( � , es1)M
(13)′

l (e1
C , � )T = es1 � (e1

C)T =
�

= T ′(s2, l, C).

Case 4: s1, s2 ∈ S3 and C ⊆ S3.
Since s1 = s2 by definition of R123, we obtain for l = ε, T ′(s1, l, C) =

( � , es1)M
(13)∗
τ ( � , e3

C)T = es1M
(3)∗
τ (e3

C)T = es2M
(3)∗
τ (e3

C)T = T ′(s2, l, C). For
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l 6= ε, T ′(s1, l, C) = ( � , es1)M
(13)′

l ( � , e3
C)T = es1M

(3)′

l (e3
C)T = es2M

(3)′

l (e3
C)T =

T ′(s2, l, C).

Direct product, second part : By definition of direct product, we obtain for this
construction the matrices

M(31)∗
τ =

(
M

(3)∗
τ M

(3)∗
τ b(3)a(1)M

(1)∗
τ

� M
(1)∗
τ

)
,

M(32)∗
τ =

(
M

(3)∗
τ M

(3)∗
τ b(3)a(2)M

(2)∗
τ

� M
(2)∗
τ

)
,

M
(31)′

l =

(
M

(3)′

l M
(1)′

l b(3)a(1)M
(1)∗
τ + M

(3)∗
τ b(3)a(1)M

(1)′

l

� M
(1)′

l

)
,

M
(32)′

l =

(
M

(3)′

l M
(3)′

l b(3a(2)M
(2)∗
τ + M

(3)∗
τ b(3)a(2)M

(2)′

l

� M
(2)′

l

)
.

Condition ∀(s1, s2) ∈ R123 : α(s1) = α(s2) is observed for s1, s2 ∈ S3 because in this
case s1 = s2. For s1, s2 ∈ S1 ∪ S2, by definition α(s1) =

�
= α(s2).

We consider the condition for β′. We have b(3i)′ = M
(3i)∗
τ b(3i) for i ∈ {1, 2},

but due to b(3i) = ( � ,b(i)) the expression gets simpler. For s1, s2 ∈ S1 ∪ S2, we

obtain b(31)′(s1) = M
(1)∗
τ b(1) and b(32)′(s2) = M

(2)∗
τ b(2) which are equal due to

(s1, s2) ∈ R12. For s1, s2 ∈ S3, we have s1 = s2, but need to apply the definition and
consider the impact of each equivalence class C ∈ R12:

b(31)′(s1) = es1M
(3)∗
τ b(3)a(1)M(1)∗

τ b(1)

= es1M
(3)∗
τ b(3)

∑̂

s∈S1

a(1)(s) ·̂ b(1)′(s)

= es1M
(3)∗
τ b(3)

∑̂

C∈S1/R12

∑̂

s∈C

a(1)(s) ·̂ b(1)′(s)

︸ ︷︷ ︸
where for s∈C1, s′∈C2:

a
(1)(s)=a

(2)(s′), b
(1)′ (s)=b

(2)′ (s′)

= es1M
(3)∗
τ b(3)

∑̂

C∈S2/R12

∑̂

s∈C

a(2)(s) ·̂ b(2)′(s)

= es1M
(3)∗
τ b(3)

∑̂

s∈S2

a(2)(s) ·̂ b(2)′(s)

= es2M
(3)∗
τ b(3)a(2)M(2)∗

τ b(2) = b(32)′(s2).

For the proof of the condition on the path weights, we can proceed similarly to the
proof of Theorem 4.1.2.
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Case 1: s1, s2 ∈ S1 ∪ S2 and C ⊆ S1 ∪ S2.
For l = ε,

T ′(s1, l, C) = ( � , es1)M
(31)∗
τ ( � , e1

C)T = es1M
(1)∗
τ (e1

C)T

and

T ′(s2, l, C) = ( � , es2)M
(32)∗
τ ( � , e2

C)T = es2M
(2)∗
τ (e2

C)T

are equal due to (s1, s2) ∈ R12.

For l 6= ε,

T ′(s1, l, C) = ( � , es1)M
(31)′

l ( � , e1
C)T = es1M

(1)′

l (e1
C)T

and

T ′(s2, l, C) = ( � , es2)M
(32)′

l ( � , e2
C)T = es2M

(2)′

l (e2
C)T

are equal due to (s1, s2) ∈ R12.

Case 2: s1, s2 ∈ S1 ∪ S2 and C ⊆ S3.

For l = ε, T ′(s1, l, C) = ( � , es1)M
(31)∗
τ (e3

C , � )T = es1 � (e3
C)T =

�
= T ′(s2, l, C).

The same holds for l 6= ε, the reason is that matrices M
(31)∗
τ ,M

(32)∗
τ ,M

(31)′

l , and

M
(32)′

l all have a block of
�

entries for transitions from S1 ∪ S2 to S3.

Case 3: s1, s2 ∈ S3 and C ⊆ S1 ∪ S2.
Again, we need to consider l = ε and l 6= ε. We start with the latter and distinguish
whether the l-transition takes place in A3 or in A1, resp. A2. s1 = s2 holds due

to (s1, s2) ∈ R123 . We start with l in A3. Let x(1) = M
(1)∗
τ ·̂ (e

(1)
C )T and x(2) =

M
(2)∗
τ ·̂ (e

(2)
C )T , then R12 ensures that x(1)(s) = x(2)(s′) for any (s, s′) ∈ R12 due to

T ′(s, ε, C) = T ′(s′, ε, C). This is helpful to show

T ′(s1, l, C) = (es1 , � )M
(31)′

l ( � , e1
C)T

= es1 ·̂ M
(3)′

l ·̂ b(3) ·̂ a(1)M(1)∗
τ ·̂ (e1

C)T

= es1 ·̂ M
(3)′

l ·̂ b(3) ·̂
∑̂

C′∈S/R12

∑̂

s∈C′

a(1)(s)x(1)(s)

= es1 ·̂ M
(3)′

l ·̂ b(3) ·̂
∑̂

C′∈S/R12

∑̂

s∈C′

a(2)(s)x(2)(s)

= es1 ·̂ M
(3)′

l ·̂ b(3) ·̂ a(2)M(2)∗
τ ·̂ (e2

C)T

= es2 ·̂ M
(3)′

l ·̂ b(3) ·̂ a(2)M(2)∗
τ ·̂ (e2

C)T

= T ′(s2, l, C).

If the l-transition takes place in the second automaton we have an analogous situation.

Now, let x(1) = M
(1)′

l ·̂ (e1
C)T and x(2) = M

(2)′

l ·̂ (e2
C)T , then R12 ensures that
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x(1)(s) = x(2)(s′) for any (s, s′) ∈ R12 due to T ′(s, l, C) = T ′(s′, l, C).

T ′(s1, l, C) = (es1 , � )M
(31)′

l ( � , e1
C)T

= es1 ·̂ M(3)∗
τ ·̂ b(3) ·̂ a(1)M

(1)′

l ·̂ (e1
C)T

= es1 ·̂ M(3)∗
τ ·̂ b(3) ·̂

∑̂

C′∈S/R12

∑̂

s∈C′

a(1)(s)x(1)(s)

= es1 ·̂ M(3)∗
τ ·̂ b(3) ·̂

∑̂

C′∈S/R12

∑̂

s∈C′

a(2)(s)x(2)(s)

= es1 ·̂ M(3)∗
τ ·̂ b(3) ·̂ a(2)M

(2)′

l ·̂ (e2
C)T

= es2 ·̂ M(3)∗
τ ·̂ b(3) ·̂ a(2)M

(2)′

l ·̂ (e2
C)T

= T ′(s2, l, C).

It remains to consider l = ε for this case. We use again the observation for x(1),x(2)

with x(1) = M
(1)∗
τ ·̂ (e

(1)
C )T , x(2) analogously. The argumentation only differs in the

different matrices that result from using M
(3i)∗
τ instead of M

(3i)′

l , i = 1, 2.

T ′(s1, ε, C) = (es1 , � )M(31)∗
τ ( � , e

(1)
C )T

= es1 ·̂ M(3)∗
τ ·̂ b(3) ·̂ a(1)M(1)∗

τ ·̂ (e
(1)
C )T

= es1 ·̂ M(3)∗
τ ·̂ b(3) ·̂

∑̂

C′∈S/R12

∑̂

s∈C′

a(1)(s)x(1)(s)

= es1 ·̂ M(3)∗
τ ·̂ b(3) ·̂

∑̂

C′∈S/R12

∑̂

s∈C′

a(2)(s)x(2)(s)

= es1 ·̂ M(3)∗
τ ·̂ b(3) ·̂ a(2)M(2)∗

τ ·̂ (e
(2)
C )T

= es2 ·̂ M(3)∗
τ ·̂ b(3) ·̂ a(2)M(2)∗

τ ·̂ (e
(2)
C )T

= T ′(s2, ε, C).

Case 4: s1, s2 ∈ S3 and C ⊆ S3.

Considering matrices M
(3i)∗
τ and M

(3i)′

l for i = 1, 2, it is immediate that T ′(s1, ε, C) =

T ′(s2, ε, C) since s1 = s2 due to R123 and M
(31)∗
τ and M

(32)∗
τ contain the same block

M
(3)∗
τ for S3, matrices M

(31)′

l and M
(32)′

l contain the same block M
(3)′

l for S3.

We finally have to prove that relation ≈ holds between the composed automata,
i. e., that the condition of equal sums of initial weights according to the second part of

Definition 3.1 are observed. It remains to show that R123 fulfills
∑̂

s∈C∩(S1∪S3)
α(s) =

∑̂
s∈C∩(S2∪S3)

α(s) for all C ∈ S123/R123. The definition of initial weights assures
that states receive initial weights that are either zero or are identical to the initial
weights in the automaton before composition. If A3 is the first automaton in the
composition, then only states from S3 have initial weights which are not zero. Since
each class C ∩ S3 equals {s3} or ∅, the condition holds. If A1 and A2 are the first
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automata in the composition, then only states from S1 ∪ S2 have non-zero initial
weights. We have

∑̂

s∈C∩(S1∪S3)

α(s) =
∑̂

s∈C∩S1

α(s) =
∑̂

s∈C∩S2

α(s) =
∑̂

s∈C∩(S2∪S3)

α(s). 2

The previous theorem shows that weak bisimulation is a congruence for direct
sums and products of automata for commutative and idempotent semirings. The
next theorem proves the same for the synchronized product of Ki-automata.

Theorem 4.2 If A1 ≈ A2 and A3 are finite Ki-automata, then

A1||Lc
A3 ≈ A2||Lc

A3 and A3||Lc
A1 ≈ A3||Lc

A4 .

Proof. (synchronized product)
Define relation by R123 ⊆ S123 × S123 with S123 = (S1 × S3) ∪ (S2 × S3) and
((s1, s2), (s

′
1, s

′
2)) ∈ R123 iff (s1, s

′
1) ∈ R12 and s2 = s′2. We prove that R123 is

a weak bisimulation for A1||Lc
A3 and A2||Lc

A3 and A1||Lc
A3 ≈ A2||Lc

A3, more
precisely, we need to show that

1. R123 is an equivalence relation: it is reflexive, symmetric, transitive. This follows
directly from R12 being an equivalence relation and using the identity relation for A3.

2. R123 is a weak bisimulation, i. e., ∀(s, s′) ∈ R123 : (α(s) = α(s′)) ∧ (β′(s) =
β′(s′)) ∧ T ′(s1, l, C) = T ′(s2, l, C)) for all C ∈ S123/R123. Condition ∀(s = (s1, s3),
s′ = (s2, s3)) ∈ R123 : (α(s) = α(s′)) follows directly from the definition of R123

using R12 and identity and the definition of α in the synchronized product, since for
(s1, s2) ∈ R12 holds α(s1) = α(s2), so α(s1) ·̂ α(s3) = α(s2) ·̂ α(s3) .

To prove β′(s1, s3) = β′(s2, s3) with (s1, s2) ∈ R12 we have to consider the compu-
tation of the final weights. Due to commutativity and idempotency of the semiring

we can apply Lemma 2.1 and matrix M
(13)∗
τ of the automaton composed of A1 and

A3 can be represented as

M(13)∗
τ =

∞∑̂

k=0

(
M(1)

τ ⊗̂ I +̂ I ⊗̂M(3)
τ

)k

=

∞∑̂

k=0

k∑̂

l=0

(
M(1)

τ

)l
⊗̂
(
M(3)

τ

)k−l

=

∞∑̂

k=0

(
M(1)

τ

)k
⊗̂

∞∑̂

l=0

(
M(3)

τ

)l
= M(1)∗

τ ⊗̂M(3)∗
τ .

Similarly the matrix M
(23)∗
τ of the automaton composed of A2 and A3 equals M

(2)∗
τ ⊗̂

M
(3)∗
τ . For some state (si, s3) with si ∈ Si, i = 1, 2, β′(si, s3) is given by

esi
⊗̂ es3 ·̂

(
M(i)∗

τ ⊗̂M(3)∗
τ

)
·̂ b(i) ⊗̂ b(3)

= esi
M(i)∗

τ b(i) ⊗̂ es3M
(3)∗
τ b(3) = β′

i(si) ·̂ β′
3(s3).
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The above identity holds since the two vector matrix vector products describe a
scalar and the Kronecker product of two scalars equals the ordinary product. Since
β′

i(si) is identical for all weakly bisimilar states, equal final weights for states from an
equivalence class of C ∈ S123/R123 are given.

Let us consider condition T ′(s, l, C) = T ′(s′, l, C). To prove the result, we use

the matrix identities described above, in particular the representation of M
(0)∗
τ =

M
(i)∗
τ ⊗̂ M

(3)∗
τ is relevant. All states of a C ∈ S123/R123 are of the form (s′i, s

′
3) for

some fixed state s′3 and states s′i are in a class D ∈ S12/R12.

Now assume that l ∈ Lc, then each relevant path consists of a sequence of τ labelled
transitions in both automata, followed by one synchronized l-labelled transitions. The
corresponding weights can be expressed as

T (s, l, C)

= (esi
⊗̂ es3) ·̂

(
M(i)∗

τ ⊗̂M(3)∗
τ

)
·̂
(
M

(i)
l ⊗̂M

(3)
l

)
·̂
(
M(i)∗

τ ⊗̂M(3)∗
τ

)

·̂
(
(eC)T ⊗̂ (es′

3
)T
)

=
(
esi

·̂ M(i)∗
τ ·̂ M

(i)
l ·̂ M(i)∗

τ (eC)T
)
⊗̂
(
es3 ·̂ M(3)∗

τ ·̂ M
(3)
l ·̂ M(3)∗

τ ·̂ (es′

3
)T
)

= T ′(s1, l, C) ·̂ T ′(s3, l, s
′
3).

The first value is identical for all states from equivalence class D and the second part
is unique for each equivalence class of R123.

For l /∈ Lc we have to substitute matrix M
(i)
l or matrix M

(3)
l by an identity

matrix. For l = ε M
′

ε = M
(i3)∗
τ = M

(i)∗
τ ⊗̂ M

(3)∗
τ as shown above. Since R12

is a weak bisimulation (for i = 1, 2) and D consists of a single state (for i = 3),

the values esi
M

(i)∗
τ (eC)T = T ′(si, ε, C) are identical for weakly bisimilar states si.

Consequently, also the products T ′(s1, l, C) ·̂ T ′(s3, ε, s
′
3), T ′(s1, ε, C) ·̂ T ′(s3, l, s

′
3)

and T ′(s1, ε, C) ·̂ T ′(s3, ε, s
′
3) are identical for all states from an equivalence class.

3. It remains to show that R123 fulfills
∑̂

s∈C∩(S1∪S3)
α(s) =

∑̂
s∈C∩(S2∪S3)

α(s)

for a class C ∈ S123/R123. By definition of R123, we obtain
∑̂

s∈C∩(S1∪S3)
α(s) =

∑̂
(s1,s3)∈C∩(S1∪S3)

α(s1) ·̂ α(s3) and analogously for (s2, s3) ∈ C. However all

(s1, s3), (s2, s3) ∈ C vary only by s1, s2, since s3 is fixed per equivalence class. Hence
α(C1) = α(C2) implies the required property.

The proof for the second part, namely the synchronized product with A3 in the
first position is completely analogous, because the Kronecker sum observes some form
of pseudo-commutativity which means that A ⊗̂ B and B ⊗̂ A are identical up to a
symmetric permutation of rows and columns [15]. 2

The proofs of the above theorem are based on the idempotency of addition in
the considered semiring. So the theorem holds for semirings like max /+. For non-
idempotent semirings, as it is the case for probabilistic or stochastic automata, we do
not provide results.
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5. Equivalence under Choice

It might be surprising that our notion of weak bisimulation is a congruence whereas
weak bisimulation for the boolean semiring is not a congruence for the process algebra
CCS. The congruence property of weak bisimulation for CCS is destroyed by the
choice operator, for all other operators it is a congruence. This is the motivation
for defining weak congruence in [21] that achieves a congruence relation for CCS. If
weights are introduced into a process algebra like for instance in GPA [8], again the
choice operator causes similar problems as in Milner’s approach.

However, for the composition of automata, the choice operator is not common and
it depends on its definition whether weak bisimulation is a congruence or not. In
this section, we define a choice operator that appears natural for automata and that
also makes weak bisimulation a congruence. If two automata A1,A2 are composed
by choice, denoted by ∨ (not + to avoid confusion with direct sum of automata), we
believe that the resulting automaton should make an either-or decision whether the
future behaviour should be that of A1 or A2. Hence, the composed automaton A1∨A2

starts in a state where it can either perform transitions of the initial state of A1 or
A2. This form of choice differs from the choice operator in CCS because it combines
initial states, whereas the choice operator of CCS assures that the initial state of the
composed system is left after the first transition and the composed system behaves like
one of the systems that have been composed. To notice the difference, one can consider
the composition of two automata with a single state and one transition labelled with
a and b, respectively. Our definition of choice would result in a composed automaton
with one state and one a- and one b-labelled transition. In CCS, the resulting system
would have three states, the initial state with outgoing a- and b-labelled transitions
that ends in a state with one cyclic transition labelled with a or b, respectively.

Definition 5.1 Let A1,A2 be K-automata with unique initial states s0
1, s

0
2 with

α(s0
1) = α(s0

2) = � , β(s0
1) = β(s0

2) and, for all other states si ∈ S1 ∪ S2 \ {s0
1, s

0
2},

α(si) =
�

.

A0 = A1 ∨ A2 results from A1 and A2 by gluing together the initial states s0
1 and

s0
2 to a new state s0

0 such that all transitions leaving s0
i in Ai leave s0

0 in A0 and
all transitions entering s0

i in Ai enter s0
0 in A0. All remaining transitions remain

unchanged. α(s0
0) = � and β(s0

0) = β(s0
1).

Consequently, for the state space the relation S0 = {s0
0} ∪ S1 ∪ S2 \ {s0

1, s
0
2} holds.

Weak bisimulation is also a congruence for the choice operator that we defined for
automata. Ahead of any formal considerations, we consider the classical example in
concurrency theory that illustrates the compositionality defect of choice in the context
of a process algebra like CCS. Let A1 be an automaton that only performs a single
transition with label a and then stops. Let A2 be an automaton that only performs
a sequence of a single τ transition followed by a transition a and then stops. Finally,
let A3 be an automaton that only performs a single transition b and then stops.
According to the definition of weak bisimulation ≈CCS in CCS, A1 ≈CCS A2 but a
composition with A3 by choice, yields automata that are not weakly bisimilar. In our
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case, A1 6≈ A2 from the beginning if A1, A2 fulfill the restrictions of choice. A1 6≈ A2

then holds because the unique initial states are the only ones with α(s0
1) = α(s0

2) = �
and the state reached by the τ transition in A2 is not weakly bisimilar to any state
in A1. So in our case, the definition of choice prevents that known difficulty.

The following theorem states the congruence property with respect to choice.

Theorem 5.1 Let A1,A2,A3 with unique initial states such the choice operation ∨
is defined and A1 ≈ A2, then A1 ∨ A3 ≈ A2 ∨ A3.

Proof. Let A13 = A1 ∨ A3 and A23 = A2 ∨ A3. Definition of ∨ implies that initial
states are unique and α(s0

1) = α(s0
2) = α(s0

3) = α(s0
13) = α(s0

23) = � and
�

for all
other states of A1,A2,A3,A13,A23. Consequently, for any weak bisimulation, the
initial states must be the only elements in their classes, i. e., R12(s

0
1, s

0
2) are the only

elements in their class. Since only initial states are merged, it is sufficient to prove
that choice does not destroy R1323(s

0
13, s

0
23) to show that R1323 = R12 ∪∗ id3 is a

bisimulation. We need to prove the 3 conditions according to the definition of weak
bisimulation:

1) By definition, α(s0
13) = α(s0

23) = � .
2) We need to prove that β′(s0

13) = β′(s0
23). We assume that T ′

13(s
0
13, ε, s

0
13) =

T ′
23(s

0
23, ε, s

0
23). With this assumption, it is straightforward that

β′(s0
13) =

∑̂

s∈S13

T ′
13(s

0
13, ε, s

0
13) ·̂ T ′

13(s
0
13, ε, s) ·̂ β(s)

=
∑̂

s∈S1

T ′
13(s

0
13, ε, s

0
13) ·̂ T ′

1(s
0
1, ε, s) ·̂ β(s)

+̂
∑̂

s∈S3

T ′
13(s

0
13, ε, s

0
13) ·̂ T ′

3(s
0
3, ε, s) ·̂ β(s)

= T ′
13(s

0
13, ε, s

0
13) ·̂ (β′(s0

1) +̂ β′(s0
3))

= T ′
13(s

0
13, ε, s

0
13) ·̂ (β′(s0

2) +̂ β′(s0
3))

= T ′
13(s

0
23, ε, s

0
23) ·̂ (β′(s0

2) +̂ β′(s0
3)) = β′(s0

23).

To prove T ′
13(s

0
13, ε, s

0
13) = T ′

23(s
0
23, ε, s

0
23) we have to consider the possible paths from

s0
i3 to s0

i3 via τ transitions only. Each path consists of k subpaths which visit states
in one of the automata only and each of these subpaths can visit arbitrarily often the
initial state. By help of Lemma 2.1, T ′

i (s
0
i , ε, s

0
i ) = (T ′

i (s
0
i , ε, s

0
i ))

2 and idempotency
of addition, the weights of the paths can be computed as follows.

T ′
i3(s

0
i3, ε, s

0
i3) =

∑̂∞

k=0

(
T ′

i (s
0
i , ε, s

0
i ) ·̂ T ′

3(s
0
3, ε, s

0
3)
)k

=
∑̂∞

k=0

(
T ′

i (s
0
i , ε, s

0
i )
)k

·̂
∑̂∞

l=0

(
T ′

3(s
0
3, ε, s

0
3)
)l

= T ′
i (s

0
i , ε, s

0
i ) ·̂ T ′

3(s
0
3, ε, s

0
3).

Since T ′
1(s

0
1, ε, s

0
1) = T ′

2(s
0
2, ε, s

0
2) by A1 ≈ A2, the assumption holds.



210 P. BUCHHOLZ, P. KEMPER

3) It remains to prove that T ′
13(s

0
13, l, C) = T ′

23(s
0
23, l, C).

T ′
13(s

0
13, l, C) = T ′

13(s
0
13, ε, s

0
13) ·̂ T ′

1(s
0
13, l, C1) +̂ T ′

13(s
0
13, ε, s

0
13) ·̂ T ′

3(s
0
13, l, C3)

= T ′
13(s

0
13, ε, s

0
13) ·̂ T ′

2(s
0
23, l, C2) +̂ T ′

13(s
0
13, ε, s

0
13) ·̂ T ′

3(s
0
23, l, C3)

= T ′
23(s

0
23, ε, s

0
23) ·̂ T ′

2(s
0
23, l, C2) +̂ T ′

13(s
0
23, ε, s

0
23) ·̂ T ′

3(s
0
23, l, C3)

= T ′
23(s

0
23, l, C),

since we have T ′
1(s

0
13, l, C1) = T ′

2(s
0
23, l, C2) according to A1 ≈ A2, T ′

3(s
0
13, l, C3) =

T ′
3(s

0
23, l, C3) by construction, and T ′

13(s
0
13, ε, s

0
13) = T ′

23(s
0
23, ε, s

0
23) according to the

argumentation for β′(s0
13) = β′(s0

23) above. 2

6. Examples

In this section, we consider different examples for Ki-automata to show the wide
applicability of this class of models. Further applications of Ki-automata can be
found in the textbook [3] which gives a comprehensive overview of the modelling of
discrete event systems by means of max/+ -systems and related models. These models
are a subclass of our weighted automata model.

6.1. A Small Automaton with Different Interpretations

We begin with a very simple model to show how corresponding bisimilar automata
differ if different semirings are used for the valuation of transitions. The example
automaton is shown in Figure 1. We present the example in a graphical manner,

1

1

τ,1

b,1

a,1

τ,1

τ,1
τ,1τ,1

τ,1

τ,1

1

1

1

1

τ,1

τ,1
τ,1

4

5

b,2

a,2

3

2

10

Figure 1: Example automaton A1

which is often easier to understand than a matrix representation. States are numbered
consecutively 0 through n − 1 and arcs between states describe transitions. Arcs are
annotated with a symbol from L and a weight from K. All connections that are not
drawn are implicitly weighted with

�
. For a state s, we visualize α(s) 6=

�
by a

dashed arc that points to s and that is annotated by α(s). An arc for α(s) =
�

is
omitted. Similarly, outgoing dashed arcs visualize β(s), those arcs are annotated by
β(s) 6=

�
. For states without outgoing dashed arc the value of β equals

�
. In our

example, the alphabet includes symbols a, b, τ and weights are real numbers. We will

analyze the example for different semirings to illustrate the differences. Matrix M
(1)
τ
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and M
(1)∗
τ have the following structure

M(1)
τ =




� ����� ������ ��� ������ ��� ���� � ���������������� ���������� �




, M(1)∗
τ =




������� ���� ����� ���� ����� ���� ����� ���������� ������������ �




where the concrete values for
�

and � depend on the semiring.
First, we consider the automaton over the semiring (R ∪ {±∞}, max, +,−∞, 0).

For this semiring, all arcs that are not drawn have weight −∞. The largest bisimu-
lation for this semiring includes the equivalence classes {{0, 1, 2, 3}, {4, 5}}, a weakly
equivalent automaton A2 with only two states is shown on the left side of Figure 2.
For the semiring (R ∪ {∞}, min, +,∞, 0), the largest weak bisimulation contains 3

2’

1
a,2

b,2
0’ 1’

1 1

τ,1

a,2

b,2
τ,1

1’

τ,1

1

a,1

b,1

1

τ,1

τ,1

τ,1 0’

Figure 2: Weakly bisimilar automata A2 for max /+ and A3 for min /+

classes, namely {{0, 1, 2}, {3}, {4, 5}}. A weakly bisimilar automaton A3 with 3 states
is shown on the right side of Figure 2.

For the semirings (R∪{±∞}, min, max,∞,−∞) and (R∪{±∞}, max, min,−∞,∞)
the largest bisimulations consist of the equivalence classes {{0, 1, 2, 3}, {4, 5}} and
{{2}, {0, 1, 3}, {4, 5}}, respectively. Minimal weakly bisimilar automata for these
semirings are shown in Figure 3.

2’

1
a,2

b,2
0’ 1’

1 1

τ,1

a,1

b,1
τ,1

1’

τ,1

τ,1

1

a,1

b,1

1

τ,1

τ,1 0’

Figure 3: Weakly bisimilar automata A4 for min / max and A5 for max / min

6.2. Shortest Paths

For the computation of the shortest path from one city to another, Ki-automata
over the semiring (R ∪ {∞}, min, +,∞, 0) are commonly applied [3]. The states of
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an automaton correspond to cities and an arc with weight k between states i and
j describes the length of the path between city i and j. For the computation of
the shortest path between i and j, α(i) = � (i. e., in the min/+ semiring � = 0)
and β(j) = � , all remaining values for α and β are

�
(i. e., in the min/+ semiring�

= ∞). Without further constraints, all transitions of the automaton are labelled
with τ and the length of the shortest path from i to j is given by

aM∗
τb = a

( n−1∑̂

k=1

(Mτ )k

)
b.

The latter equality holds since in a graph with n nodes and non-negative arc weights,
the shortest path can not contain more than n − 1 arcs and a(Mτ )kb describes the
shortest path from i to j via k−1 intermediate cities. Since summation preserves the
minimum, after at most n − 1 iterations the result is the length of the shortest path.
Using the results of Theorem 3.1, the length of the shortest path is preserved by weak
bisimulation such that the automaton describing the connection can first be reduced
and the shortest path can be computed afterwards. Since bisimulation is a congruence
according to our composition operators, it can be applied in a compositional way. For
shortest path problems, direct sum and product are common composition operations.
The direct sum of two automata is usable for specifying alternative sets of routes,
where first a decision among a set of routes has to be taken and then the shortest
path in the set is found. The direct (or cascaded) product describes the concatenation
of paths through a single node. The node through which all paths go, is used as only
end node in the first automaton (i. e., the final weight is set to � ) and it is used as only
initial node in the second automaton (i. e., the initial weight is set to � ). Afterwards,
the automaton A1 ·̂ A2 is built to describe the concatenated paths.

Usually all paths are labelled with τ , since there are no specific constraints defined.
However, one can think of extending the problem by using weights for durations and
labels from some alphabet to represent means of transport. Label τ might be used to
represent connections with means of transport that are not relevant for travelling deci-
sions. A small example can be found in Figure 4. In this example apart from τ -labelled
internal transitions, transitions with labels s (ship) and p (plane) exist. Automaton
Amap describes the original plan with 5 cities. The relation {{0}, {1, 2, 3}, {4}} is a
weak bisimulation for this automaton and one possible weakly bisimilar automaton
Amap′ is shown. Travelling decisions can then be made by defining schedulers which
are composed via the synchronized product with the automaton describing the paths.
For the small example two different schedulers are presented in Figure 4. The first
scheduler allows for an arbitrary use of ship or plane, whereas the second scheduler
allows the use of one plane and one ship. In both cases, the scheduler Asched is com-
posed with the automaton Amap describing the path length via Amap‖{s,p}Asched.
Since weak bisimulation is a congruence for the parallel composition and minimal
paths are preserved by weak bisimulation, both automata can be first reduced by
weak bisimulation before composition.
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Figure 4: Automaton Amap and weakly bisimilar automaton Amap′ and two possible sched-

uler for min /+

6.3. Performance Evaluation of Discrete Event Systems

Performance evaluation of discrete event systems using (max, +)-automata is intro-
duced in [13]. The class of models considered in that approach corresponds to our
automata model over the semiring (R ∪ {±∞}, max, +,−∞, 0). This class of models
combines two approaches that are commonly used for the analysis of discrete event
systems, namely conventional automata for the description of the logical behaviour
and max /+-systems for the quantitative analysis of so called timed event graphs
[3]. The use of (max, +)-automata allows one to describe very general models with
nondeterminism and concurrency, which are made deterministic by an appropriate
scheduler. The use of weak bisimulation is very helpful in this context since it defines
naturally equivalent behaviour and it is usable in compositional modelling.

An example of a workshop with two machines that process three types of parts
under two working regimes a and b are shown in Figure 5. At working regime a, a

a,0a,0

2

1

0

a,5
b,0

a,3

0

0

21 a,6
0

b,0

b,10

τ,1 τ,1
τ,1

τ,1
b,0

b,0

a,0a,0

3

2

1

0

τ,1 τ,1

Figure 5: Workshop and two weakly bisimilar schedulers

part is processed on machine 2 during 5 units of time, then it is sent to machine 1
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which takes 1 unit of time. Machine 1 processes first one part in 3 units of time and
combines this part with the part sent by machine 2. Under working regime b machine
1 processes one part requiring 10 units of time and machine 2 is idle. The example
is taken from [13]. The system is driven by some scheduler that generates sequences
of a and b values specifying sequences of working regimes. In addition to [13], we
also allow the scheduler to perform some τ action, which describes indeterminism
or some external delays. In the example, both schedulers are weakly bisimilar and
accept the language a∗b∗. However, observe that the language of an automaton with
transition weights does not describe the behaviour completely, since weights have
to be considered in addition. A scheduler is composed with the automaton by the
synchronized product of automata that is described by the Kronecker product of the
automata matrices. The fact that a Kronecker operation describes the composition is
already noticed in [13]. The resulting automaton can afterwards be analyzed according
to the worst case and best case behaviour under allowed schedules. For details about
the corresponding analysis methods, we refer to [13] and the references therein.

6.4. Analysis of Timed Event Graphs

Timed event graphs are a class of timed Petri Nets with synchronization but without
choices. For timed event graphs, max /+-algebra can be used to determine perfor-
mance measures like mean cycle times. Here, we only give a brief example how timed
event graphs can be analyzed as linear max /+-systems and how this analysis profits
from the use of weak bisimulation. We refer to [3] for a comprehensive overview of
the analysis of timed event graphs by methods from max /+-algebra.

We assume in the sequel that the reader is familiar with basic terminology of Petri
nets. The class of nets that we consider associates time with places, transitions fire
instantaneously if they are enabled. Consequently, a token that arrives at a place is
frozen there for some time and when this time is over, the token is available to be
absorbed by transitions in the post-set of the place. Since the nets are timed event
graphs there is no choice between transitions for a token at a place: each place has
at most one transition in its post set. First, we assume that times are constant.

A simple example net is shown in Figure 6. For an analysis via max /+, we asso-

t’1t1 t’2

2

3

t2 t3

2 2

3 1

Figure 6: Two weakly bisimilar timed event graphs

ciate a variable with each transition and assign an index to each variable as for its
corresponding transition. For the small system shown on the left side of Figure 6, we
obtain 3 variables. Let x(k) be the state vector that describes the times of the k-th
firing of transitions. Thus, x(k)(1) contains the time of the k-th firing of transition



Weak Bisimulation for (max /+) Automata and Related Models 215

t1. It is easy to prove that the following recurrence relations between the firing times
exist where ·̂ equals + and +̂ equals max

x(k)(1) = 3 ·̂ x(k−1)(2),

x(k)(2) = 2 ·̂ x(k)(1) +̂ 2 ·̂ x(k)(3),

x(k)(3) = 1 ·̂ x(k−1)(2).

It is interesting to note that only recurrences to the k-th and the k−1-th firing occur
in the equations. We collect recurrences to k-th firing in matrix M0 and recurrences
to k− 1 in matrix M1. This yields the following matrices where Mi(u, v) denotes the
time that a token is frozen after the k − i-th firing of transition u which is used for
the k-th firing of transition v.

M0 =




−∞ 2 −∞
−∞ −∞ −∞
−∞ 2 −∞


 and M1 =




−∞ −∞ −∞
3 −∞ 1

−∞ −∞ −∞


 .

The dynamics of the net is then given by the following relation (for details see
[3, Chapter 2]).

x(k) = x(k) ·̂ M0 +̂ x(k−1) ·̂ M1 = x(k−1) ·̂ M1 ·̂ M∗
0

where x(0) is the zero vector.
Although timed event systems do not contain labelled transitions, we can interpret

the transitions in M0 as τ -labelled which means that we only observe transition t2
explicitly. However, this observation is enough to determine the cycle time of the net.
Matrix M∗

0 has the structure

M∗
0 =




0 2 −∞
−∞ 0 −∞
−∞ 2 0




such that {{t1, t3}, {t2}} is a weak bisimulation and the net on the right side of
Figure 6 is weakly bisimilar to the original net.

We presented the approach by means of a very simple example. It can, of course,
be extended. Labelling of transitions can be made more explicit by labelling tran-
sitions of the net. Furthermore, we can consider more general classes of nets where
conflicting transitions are labelled with different labels and conflicts are explicitly re-
solved by some scheduler similar to the example presented before. In this case, weak
bisimulation is used to reduce the complexity of the net and the reduced model is
afterwards composed with a scheduler via synchronized composition.

We have considered constant durations in our example. The theory also applies
to stochastic holding times in the places described by random variables and FIFO
ordering of tokens in a place. The definition of weak bisimulation can be extended
to stochastic systems if the maximum of random variables X1, . . . , XK can be char-
acterized by some random variable Y , i. e., max(X1, . . . , XK) = Y which is possible
if Y = Xk for some k ∈ {1, . . . , K} like for constant durations. However, for general
distributions the definition of Y is much more complex and often impossible.
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7. Conclusion

In this paper, we introduced an extension of weak bisimulation to weighted automata
over commutative and idempotent semirings. The weak bisimulation is shown to be
a congruence for several composition operators defined for automata, namely direct
sum, direct or cascaded product, synchronized product and a specific choice operator.
For the boolean semiring, which is included in the class of semirings we consider, our
definition of weak bisimulation corresponds to the usual definition of weak bisimula-
tion for untimed automata or process algebras. It has been shown that the largest
weak bisimulation can be defined as a fixed point of a partition refinement. Therefore
an algorithm to compute the largest bisimulation is easy to realize.

There are several topics for future research. It would be interesting to consider
weak bisimulation for more general semirings that are not necessarily idempotent.
There is existing work [4] with a very similar definition of weak bisimulation for
fully probabilistic processes, where the semiring is not idempotent. However, the
interesting aspect for more general semirings is, which properties are preserved by
weak bisimulation, in particular after composition of automata. As mentioned in
[4], weak probabilistic bisimulation is not preserved by synchronized products (i. e.,
parallel composition in the context of probabilistic processes). The proofs we present
in this paper often use properties that are specific to commutative and idempotent
semirings and are therefore not valid for more general structures.

There exists a variety of analysis algorithms for max /+-systems that are available
and commonly used for analysis of those systems. These algorithms compute eigen-
vectors of matrices or solution of sets of linear or nonlinear equations in the max /+
semiring (see [3] for details). By means of weak bisimulation, it is possible to reduce
transition matrices for those systems while preserving their behaviour. It is an in-
teresting issue for further research to investigate which results are preserved by weak
bisimulation in the analysis of those systems.
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