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Abstract

In this paper we presenta new methodto reconstructre�ectancefunctionsfor image-basedrelighting. A re-
�ectancefunctiondescribeshowa pixel in a photograph is observeddependingon the incidentillumination on
thedepictedobject.Additionallywepresenta compactrepresentationof thereconstructedre�ectancefunctions.
There�ectancefunctionsare sampledfromreal objectsby illuminating theobjectfroma setof directionswhile
recording photographs.Each pixel in a photographis a sampleof there�ectancefunction.
Next, a smoothcontinuousfunctionis reconstructed,usingdifferentreconstructiontechniques,fromthesampled
re�ectancefunction.Thepresentedmethodmaintainsimportanthigh frequencyfeaturessuch as highlightsand
self-shadowingand ensuresvisually pleasingrelit images,computedwith incident illumination containinghigh
andlow frequencyfeatures.
The reconstructedre�ectancefunctionsand incident illumination can be expressedby a commonset of basis
functions,enablinga signi�cant speed-upof therelightingprocess.We usea non-linearapproximationof higher
order waveletsto preservethesmoothnessof thereconstructedsignalwhile maintaininggoodrelit image quality.
Our methodimproveson visualquality in comparisonwith previousimage-basedrelightingmethods,especially
whenanimatedincidentillumination is used.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.7[ComputerGraphics]:ThreedimensionalGraph-
ics andRealismI.4.1 [ImageprocessingandComputerVision]: DigitizationandImageCapture

1. Intr oduction

Image-basedrelighting is the visualizationof real objects
with novel incident illumination. This illumination can be
capturedfrom therealworld or from a virtual environment.

Over the recent years, several image-basedrelighting
methodshave beendeveloped,coveringa wide rangeof ap-
plicationssuchas specialeffects in movies and visualiza-
tions for archaeologyandforensics.Anotherimportantap-
plicationis illuminationdependenttextures,usedin thegam-
ing industrywherereal-timerelightingis required.

Existingimage-basedrelightingtechniquesproducevisu-
ally pleasingresultsfor static illumination but suffer often
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from poorvisualperformanceon renderinganimationswith
changingincident illumination, or restrict the re�ectance
propertiesof theobject,or theincidentillumination, to con-
tain only low frequencies.The subjectof this paperis to
overcometheseproblems.

We conducteda thorough analysison existing signal
reconstructiontechniquesapplied to re�ectance functions
for image-basedrelighting.A re�ectancefunctiondescribes
how a pixel in a photographis observed dependingon the
incidentillumination on thedepictedobject.Fromour anal-
ysis,we concludethata multilevel B-Splinetechniqueper-
formsbest,in termsof visualquality andtheability to rep-
resentall featuresin re�ectancefunctions.

To capturethe sampledre�ectancefunctions,the view-
point is �x edrelative to theobjectanda setof photographs
is recordedwhile theobjectis illuminatedby a light source
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positionedat a differentdirectionfor eachphotograph.This
approachis similar to previousimage-basedrelightingtech-
niques.

The reconstructedre�ectancefunctions,usingthe multi-
level B-Splinetechnique,canbe usedto computerelit im-
agesof theobjects,lit with all-frequency illumination. Fur-
thermore,changingtheincidentillumination resultsin a set
of relit images,visuallycoherentover time.

To enablefast relighting and minimize storagerequire-
ments,the re�ectancefunctionsand the illumination maps
can be approximatedby a commonset of basisfunctions.
The computationfor eachrelit pixel is reducedto multi-
plying correspondingcoef�cients of there�ectancefunction
andtheincidentillumination.Weproposeto useanon-linear
approximationof the re�ectancefunctionsusinghigheror-
der wavelets for this set of commonbasisfunctions.This
approximationintroducesan error of lessthan 1% during
relighting, andallows to computea relit imagewith a low
averagenumberof coef�cients perre�ectancefunction.

2. Previous Work

Relightinghasbeenwidely researchedover therecentyears.
We will restrict the following survey of previous work to
recentimage-basedrelightingtechniqueswhichdonotmake
any assumptioninvolving geometryor re�ectanceproperties
and samplethe re�ectancefunctionsdirectly by meansof
point samples.

Debevec et al. [DHT� 00] introduceda gantry, calledthe
Light Stage, whichenablesto illuminatearealobjectfrom a
regularsetof directions.Theresultingbasisimagesarelin-
earlycombinedto producean imageof theobjectlit by an
arbitrarylight map.Subsequentversionsof theLight Stage
improve on acquisitiontime [HCD01] or generalizeon a
non-regular samplingof directions[MDA02]. Matusik et
al. [MPN� 02, MPZ� 02] extendedtheLight Stagefor view-
point independentrelighting.

Wong et al. [WHON97] extendedexisting image-based
renderingtechniques[GGSC96, LH96] with controllableil-
lumination.For asingleviewpoint,asetof imagesof theob-
ject, illuminatedfrom differentdirectionsis renderedusing
a global illumination renderer. For eachpixel the apparent
BRDFat thatpixel is storedandcompressedusingspherical
harmonics.To visualizetherelit object,theapparentBRDF
of eachpixel is evaluatedfor a speci�c illumination direc-
tion. Theconceptof apparentBRDFswasalsousedto visu-
alizepanoramaswith variableillumination [WHF01].

Lin et al. [LWS01] also extended the Lumi-
graph [GGSC96] and Light Field Rendering [LH96]
methods,but to a tri-planartechnique.A point light source
is positionedon a grid andfor eachpositiona light slabis
recorded.Afterwards,the objectcanbe renderedfrom any
positionilluminatedwith a point light sourcepositionedon
theoriginalgrid.

PolynomialTextureMapping(PTM) [MGW01] is a tex-
turing techniquethatenableshardwarerenderingof illumi-
nationdependenttextures.A PTM is synthesizedby record-
ing a seriesof photographswith theview directionorthogo-
nal to thesurfaceplaneandilluminatedfrom differentdirec-
tions.For eachtexel, thesetof there�ectedintensitiesof the
differentlight sourcesare�tted to a biquadricpolynomial.

Thefollowing section(3) overviewsourmethodto obtain
point samplesof there�ectancefunctionsof thepixels.The
paperthensurveys our two maincontributions:reconstruct-
ingsmoothre�ectancefunctionsfrom thecaptureddata(sec-
tion 4) anda compactandef�cient representationfor these
reconstructedre�ectancefunctions(section5). Finally, we
concludethepaperandoutlinesomefuturework.

3. Sampling Re�ectanceFunctions

3.1. Relighting

Let Wbethespaceof all light directionsover a hemisphere
centeredaroundthe object to be illuminated.Angular de-
pendentincidentilluminationcanbeexpressedasa function
L in(w) of radiance,with w 2 W. Theviewpoint to theobject
is �x ed,sincewe areonly interestedin theeffect of chang-
ing theincidentilluminationon theobject,not changingthe
viewpoint.Theradiantilluminationthroughapixel (x;y) un-
derincidentilluminationL in canbeexpressedas:

Lout(x;y) =
Z

W
R(w;x;y)L in(w)dw; (1)

with R(w;x;y) representingtheamountof radiancefrom di-
rectionw that is re�ected into pixel (x;y) (Figure 1). This
function R, introducedby Debevec et al. [DHT� 00], is
calledthere�ectance�eld .

L in(w)

(x;y)

Lout(x;y)

Figure1: Anobject(shownin red)is illuminatedbyL in . The
re�ectedradiancetowardspixel (x;y) is Lout.

Oncethere�ectance�eld R(w;x;y) is acquired,theobject
canbevisualizedby evaluatingequation1 for all pixelswith
any incidentilluminationL in .

For a speci�c pixel, the re�ectance�eld R(w;x;y) is de-
notedby R(w) andis calledthere�ectancefunctionof that
pixel. Theimageof therelit objectcanbecalculatedby tak-
ing the inner productof the incident illumination, and the
re�ectancefunctionof eachpixel.
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3.2. Data Acquisition

There�ectancefunctionsR(w) needto becaptured,in order
to relight an object.A re�ectancefunction is a discontinu-
ousfunctionoverW, dueto self-shadowing boundaries.This
makes the exact measurementof R(w) dif�cult. However,
theobjectcanbeilluminatedfrom adiscretesetof directions
wi , while a High DynamicRange(HDR) imageis recorded
for eachdirection.Eachrecordedphotographresultsin one
samplevalueof the re�ectancefunction for eachpixel. We
denotea samplevalue resultingfrom positioningthe light
sourceat directionwi asswi . Notethatswi canincludemea-
surementerrors.

Usingthis setof samples,a discrete-to-continuousrecon-
structioncanbeperformedto obtainthere�ectancefunction
R(w) for eachpixel separately.

Figure 2: Thesetupfor our data acquisition.Thescene, a
setof stones,and the camera are placedon a turntable. A
semi-circularbracewith40light sourcesismountedoverthe
turntable. By rotating the turntable180degreesin 32 steps
andswitching on onelight source at a time, the objectcan
beilluminatedfrom64 � 20 regularly sampleddirections.

The data acquisition setup is similar to the one de-
scribedin [HCD01]. The objectandcameraareplacedon
a turntable.A semi-circularbracewith 40 light sourcesis
mountedover the turntable.The tilt angleof the light di-
rectionis de�ned by the light sourceused,the azimuthan-
gle canbechangedby rotatingtheturntable.Using40 light
sourcesandrotating the turntable180 degreesin 32 steps,
allows to illuminatetheobjectfrom 64 � 20 (= 1280)reg-
ular samplingdirectionsandrecorda HDR imagefor each
direction.Note,thatin thissetupthecameracanblockalight
source.An imageof thesetupcanbeseenin �gure 2.

4. ReconstructionMethods

Throughoutthe paper, we usea miniatureracecar to illus-
tratethediscussedmethods.Thisobjectwasespeciallycho-
senbecauseit containsmany specularsurfacesand�ne ge-
ometricaldetails,causingnumerousself-occlusionfeatures

2 4

3 1

Figure3: A miniature racecar featuringdiffuse, glossyand
specularmaterial propertiesalong with �ne detail in ge-
ometry. There�ectancefunctionsof this objectare sampled
at 1280illumination directionsandreconstructedusingthe
zero-order hold technique. Re�ectancefunctionsof the se-
lectedpixelsare shownin thetop left andbottomright.

(�gure 3). There�ectancefunctionsof thisobjectweresam-
pledfrom 1280directions.Fourpixelswereselectedandthe
accompanying sampledre�ectancefunctionsaredepictedas
well. To visualizea re�ectancefunctionde�ned on a hemi-
sphere,we projectit ontoadisk.

Thesefour re�ectancefunctionsincludea wide rangeof
features:a diffuseredpixel on thesideof thehelmetof the
driver, ascanbe seenin �gure 3.1. A yellow pixel on the
top of the helmetfeaturesa soft highlight (�gure 3.2). We
alsoselectedtwo pixelscontaininghigh frequency features:
a pixel on the sideof the car with a sharphighlight anda
pixel on the rearof thecarcomplexly occludedby the rear
wing (�gure 3.3 and3.4 respectively). At thebottomof the
re�ectancefunctions,a dark spot can be seen.This is the
cameraoccludingthelight sources.

Several techniqueswere analyzedto createa continu-
ous function on a hemispherefrom a discreteset of sam-
ples.In the following sectionswe review thesereconstruc-
tion techniques.Previously publishedtechniquescomprise
zero-order hold, �tting to a biquadricpolynomialandusing
sphericalharmonics. Additionally, interpolationof thesam-
pleddata, usingthewavelettransformandusingB-Splines
arepresentedin this paperas techniquesto reconstructre-
�ectancefunctions.An estimateof theerrorsof eachmethod
arediscussedandcomparedin section4.1. Someresultsare
discussedin section4.2.

Zero-order Hold

The set of illumination directionsusedduring dataacqui-
sition areplottedon a hemisphereandan angularVoronoi
diagramis createdusingtheanglesbetweendifferentdirec-
tionsasadistancemeasure.A piecewiseconstantre�ectance
function for eachpixel canbe foundby assigningthe sam-
pledre�ectancevalueof eachdirectionto thecorresponding
Voronoi cell. Similar methodswereusedby [DHT� 00] for
regularlysampleddirectionsandby [MDA02] for irregularly
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K

5/3LeGallWavelet,320samples

9/7 DaubechiesWavelet,320samples

BicubicB-SplineonLattice,320samples

Zero-orderHold, 1280samples

Zero-orderHold, 320samples

LinearInterpolation,320samples

IDW Interpolation,320samples

Fitting to aBiquadricPolynomial,320samples

25SphericalHarmonicsCoef�cients, 320samples

225SphericalHarmonicsCoef�cients, 320samples

625SphericalHarmonicsCoef�cients, 320samples

Figure 4: Re�ectancefunctionsof thepixelsselectedin �g-
ure 3, reconstructedusingdifferenttechniques.

sampleddirections.In �gure 4.A, the re�ectancefunctions
arereconstructedusingall 1280samplesandin �gure 4.B
usinga subsetof 320regularsamples.

Inter polation

By interpolatingthe recordedre�ectancevalues,a C0 con-
tinuousre�ectancefunctioncanbecreated.

A Delaunaytriangulation is constructedon the hemi-
sphereusingthesampleddirections.Eachpoint in a triangle
is interpolatedusingsphericalbarycentriccoordinates.The
resulting re�ectancefunctions are depictedin �gure 4.C.
They arevisuallysmootherthantheresultscomputedby the
zero-orderhold technique.

Inverse Distance Weighted interpolation (IDW), also
calledShepard's methodusesall samplesto reconstructthe
function in a singledirection.Again, theanglebetweendi-
rectionswasusedasa distancemeasureandtheweightsof
thevaluesof thesampleddirectionsareinverseproportional
to thedistanceof thesampleddirections.A variationon this
techniquecalculatesinterpolatedvaluesby only taking into
accountapre-de�nednumberof nearestneighbordirections.
In �gure 4.D a result is shown using only the 32 nearest
neighbors.

Fitting to a Biquadric Polynomial

The captureddatacan also be �tted to a single biquadric
polynomial. The resulting re�ectance functions, are C1

continuousandde�nedonaglobalsupport.This reconstruc-
tion methodsigni�cantly blurs out the high frequency fea-
turessuchashighlightsandself-shadowing boundaries.Re-
sultsof theselectedpixelscanbeseenin �gure 4.E.Usinga
biquadricpolynomialcanresultin negative valuesfor some
directions,whichareclampedto zeroin thevisualization.

The method is similar to Polynomial Texture
Maps[MGW01]. Althoughthis techniquewasintendedfor
illumination dependenttexture maps,it can be applied to
relight objectsas well. A major advantageis that only 6
coef�cients have to bestoredpertexel.

SphericalHarmonics

The sampleddatacan be �tted througha set of spherical
harmonicbasisfunctions.This resultsin a continuousap-
proximationof there�ectancefunction.However, spherical
harmonicsarede�ned on a sphere,posinga problemwhen
usingonly a hemisphere.We solved this by mirroring the
datato theotherhemisphere.

Wong et al. [WHON97] appliedthis techniqueon sam-
pledre�ectancefunctionsof syntheticscenesandused16or
25 coef�cients, correspondingwith four or � ve bandsof the
sphericalharmonicbasisfunctionsrespectively. The recon-
structedre�ectancefunctionsusingthe �rst � ve bands,are
very smoothbut do not captureall the details,similarly as
usinga biquadricpolynomial(see�gure 4.F).
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In �gure 4.G and 4.H, the re�ectancefunctionsare de-
picted using 225 and 625 sphericalharmoniccoef�cients,
for eachcolor channel.The reconstructedre�ectancefunc-
tionsareableto captureall featuresto someextent,but suf-
fer from severeGibbsringingor aliasingartefacts.Negative
valuesin thevisualizationsin �gure 4 areclampedto zero.

Wavelet Transform

Waveletsarea �e xible tool usedin many domainsinclud-
ing computergraphics.A good survey can be found in
[SDS96, SSC� 96].

A sampledsignal can be reconstructedto a continuous
signal using wavelets, by repeatedlyinserting additional
sampleshalfwaybetweeneachsamplepoint.Themagnitude
of eachnew samplepoint is characterizedby thescalefunc-
tion of the wavelet. Intuitively this canbeseenascompos-
ing a signalusingthewavelet transformin which theadded
waveletcoef�cients (highfrequency features)aresetto zero.

A logical choice would be to use spherical wavelets
[SS95]. Thehighly irregularly spacedsamplesin thespher-
ical domain are a disadvantageand require a resampling
step.The recordedsamples,however, are regularly spaced
in the latitude-longitudeparameterization,dueto thesetup.
We thereforeopt for using the wavelet transform in the
latitude-longitudeparameterization.An additional advan-
tageis that commonwavelet implementationscanbe used
withoutmuchtrouble.

We usetwo differenttypesof wavelets.The�rst wavelet
is the5=3 LeGall,or Integer5=3, which is theshortestsym-
metricalbiorthogonalwaveletwith two vanishingmoments.
Its scalingfunctionis a linearB-Spline.Thesecondwavelet
is the well known 9=7 Daubechieswavelet, which is the
shortestsymmetricalbiorthogonalwaveletof orderfour, and
is by constructiona cubic B-Spline.Both waveletsarepart
of theJPEG2000standard,andarethereforewidely imple-
mented.Traditionallythesewaveletaremirroredaroundim-
agesboundaries.However, in our implementationwe opted
for repeatingthesignalonverticalboundaries,sincethis �ts
betterto the original sphericaldomain.We still mirror the
waveletsonhorizontalboundaries.

Resultsof usingthesewaveletscanbe seenin �gure 4.I
and�gure 4.J.The5/3 LeGall waveletgivessimilar results
as linear interpolation.The 9/7 Daubechieswavelet, how-
ever, resultin a very smoothre�ection function,but suffers
from aliasingartefacts,which becomenoticeablewhenani-
matedincidentillumination is used.

B-Splines

Bicubic B-Splinescanbeusedto createa continuousfunc-
tion. Thesefunctionsarea goodtrade-off betweensmooth-
ness(C2 continuous)andtheability to representthefeatures
in the captureddata.The error analysisin section4.1 will

...

Numberof

1 (1 � 1)

64(8 � 8)

re�ectancefunction4� 4 supportmarked

256(16 � 16)

4096(64 � 64)

B-Splines
Latticewith asingle Resulting

Figure5: Thein�uenceof numberof B-Splinesonthecover-
age of a 4� 4 supportandtheresultingre�ectancefunction.
Thered dashedrectangleshowsthe sizeof a 4� 4 support
for each lattice.

show that reconstructionre�ectancefunctionsusingmulti-
levelB-Splinesperformsbestwith respectto theotherrecon-
structiontechniques.Therefore,wewill discussthis method
in moredetail.

B-Splinesarenoteasilyde�nedonasphere.Thereforewe
opt for representingthe sampleddatausingthe paraboloid
map parameterization[HS99]. This representationoffers
a continuousprojection of the hemisphere,in which the
boundariesareidenticalason a hemisphereandthepole is
de�ned in a single point. Furthermore,The solid angleto
projectedarearatio is closeto constant.

A bicubic B-Splinecanbe �tted on the databy creating
a 4� 4 grid of control pointson the projecteddata,ascan
beseenin the�rst row of �gure 5. Theresultingre�ectance
functionis poorly reconstructedbecausea singlebicubicB-
Splinecannotrepresentall features,similarly asusinga sin-
glebiquadricpolynomial(section4). A possiblesolutionre-
constructsthere�ectancefunctionusingasetof independent
B-Splines,eachde�ned on a different4� 4 grid of control
points,whicharede�ned onalatticeover theprojecteddata.
Figure5 demonstratesthe in�uence of theresolutionof the
lattice andthe resultingre�ectancefunction.Using few B-
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Splinesresultsin a goodglobal �t of the data,but with al-
mostno local detail (�gure 5, �rst threerows) while using
moreB-Splinesproducesa re�ectancefunctionwith a good
local �t but lacking global smoothness(�gure 5, last row).
This problemwasalsonotedby [LWS97].
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Figure 6: Theconstructionof themultilevel B-Splines.For
each level, the 4� 4 grid of control points is subdividedon
which a setof B-Splinesis de�ned.TheseB-Splinesare �t-
ted through the differenceof the alreadyreconstructedset
of B-Splinesand themeasured valuesswi . Thedifferenceis
displayeddark for negativeandbright for positivevalues.

Multilevel B-Splines,presentedby [LWS97], allows to
�t a smoothapproximationthroughthe projectedsamples
without theseproblems.Multilevel B-Splineinterpolationis
a hierarchicalmethodthat �rst tries to �t a setof globally
smoothB-Splinesthroughthesampleddataeachde�ned on
a distinct 4� 4 grid of control points with large coverage.
In eachsuccessive stepthe numberof control point in the
grid of eachB-Splineis doubledin eachdirectionandanew
set of B-Splinesis createdon the four smaller4� 4 grids
of controlpoints.Thesenew B-Splineson thesmallergrids
are �tted throughthe differenceof the sumof the already
computedB-Splinesandthemeasuredsamplevaluesswi , as
de�ned in section3.1. The methodis demonstratedin �g-

ure6. Thehierarchyof B-Splinesetscanthenbereducedto
asinglesetof B-Splinesde�ned on the4� 4 gridsof control
pointswith thesmallestcoverageused(i.e.highesthierarchy
level).

In our implementationwe usedfour startinggrids,which
producea smoothglobal�t of themeasureddataandwe re-
�ne to six levels in the hierarchy, which allows for a good
local �t. Thenumberof levels in thehierarchywasempiri-
cally determinedby themagnitudeof differencesof themea-
suredvaluesandthevaluesof thesampleddirectionsin the
alreadyconstructedre�ectancefunction.Usingsix levelsal-
lowsto �t thedatavalues,while not �tting noiseonthedata.
Thismethodresultsin asetof 64� 64B-Splines.Therecon-
structedB-Spline re�ectancefunctionscan be seenin �g-
ure4.K.

4.1. Comparison

Supposewe reconstructedthe re�ectancefunction RN(w)
using N samplingdirections.Reconstructinga re�ectance
functionby adiscrete-to-continuoustechniqueintroducesan
approximationerrorde�ned as:

E2
avg =

R
W(R(w) � RN(w))2 dw

R
W(R(w))2 dw

; (2)

with Eavg theaverageerroron thereconstructedre�ectance
function. Eavg cannot be exactly computed,since R(w)
is unknown. However this error can be approximatedby
sampling an additional large set of M (� N) directions
f w1;w2; :::;wMg. UsingtheM capturedsamples,denotedas
swi , E2

avg canbeapproximatedas:

E2
avg � å M

i= 1 (swi � RN(wi ))
2

å M
i= 1 swi

2
: (3)

We illuminated the objectsfrom 1280 (= M) regularly
sampleddirectionsandtake a subsetof 320(= N) samples
to estimatetheerroron eachreconstructedre�ectancefunc-
tion.

Eavg will mainly dependon theusedreconstructiontech-
niqueandthekindof re�ectancefunction.Mostof therecon-
structiontechniqueswill performwell if apixel representsa
diffuseun-occludedsurface,thusa low frequency function,
andconsequentlyresult in a low value for Eavg. However,
theerrorcanbehigh for somereconstructionmethodswhen
there�ectancefunctionfeaturesahighlightor complex self-
shadowing.

Insteadof comparingEavg for a singlere�ectancefunc-
tion, we computethe averageof Eavg over a setof pixels
with similar occlusionandmaterialproperties.We compare
theseerrorsfor differentreconstructiontechniques.
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5/3 LeGall Wavelet
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9/7 Daubechies Wavelet
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Diffuse occluded
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Figure7: Theaverage relativeerror of thereconstructedre-
�ectancefunctionsfor theobjectfrom�gure3 for fourdiffer-
entsetsof pixelsusingdifferentreconstructiontechniques.

We use four setsof pixels: a set of pixels representing
thecompleteobject,pixelsrepresentingdiffuseun-occluded
surfaces,pixels representingdiffusesurfaceswith complex
self-shadowing and pixels locatedon glossyand specular
materials.

TheaveragerelativeerrorsEavg of thesefour setsareplot-
ted in �gure 7. The four setsarevisualizedasa falsecolor
imagesin which theaccountedpixelsareshown in white.

In general,the error for un-occludeddiffuse re�ectance
functionsis low, while re�ectancefunctionsfeaturinghigh
frequency detailsresult in larger errors.Ramamoorthiand
Hanrahan[RH01] notedthat diffuseunblocked re�ectance
functionscanberepresentedby the�rst threesphericalhar-
monicsbands,yielding anerrorof lessthan1%. In our ex-
periments,we cometo a similar conclusion,having noisy
realdata(includingcameraocclusion)andusing5 bands.

Reconstructingthere�ectancefunctionsby �tting thedata
to a biquadricpolynomialor usingsphericalharmonicba-
sis functionsresultsin large errors.This is due to the loss
of high frequency featuresandthe useof a setof globally
smoothfunctions.Using thezero-orderhold reconstruction
techniqueproducesa mediocreresult.It preservesmostfea-
tures,but alsointroducesnew high frequency featuresin the
re�ectancefunctions.Ourproposedmethodshave relatively
low errors,becausethe resultingreconstructedre�ectance
functionsaresmoothwhile maintainingmostof thefeatures.

Thestandarddeviation on thecalculatederrorswassmall
for pixels representingdiffuseor occludedsurfaces.Pixels
representinga specularsurface produceda large standard
deviationwhichwasexpecteddueto thehighfrequency fea-
turesin there�ectancefunctions.

Althoughtheseerrorsgiveagoodindicationof theperfor-
manceof theintroducedreconstructionmethods,it is still the
effect of incident illumination on the objectwhich is most
important,not there�ectancefunctionitself. In �gure 8, the
miniatureracecaris illuminatedby a verticalsliver of light.
Using a line of illumination results in imagescontaining

both low frequency illumination featuressuchas long soft
shadows (alongthedirectionof theline of illumination)and
high frequency illumination featuressuchasvery shortsoft
shadows (orthogonalto the line). The re�ectancefunctions
werereconstructedusingseveral reconstructiontechniques
andusing1280sampleddirections.

B�Spline

Biquadric fitting 25 SH Coefficients

Zero�order Hold Linear Int.

9/7 Daubechies

Figure 8: Theminiature race car from �gure 3, relit with
a vertical sliver of light, usingdifferentreconstructiontech-
niquesfor there�ectancefunctions.

Using a zero-orderhold reconstructiontechniqueresults
in a pleasingimage,however, the shadows and highlights
move in a jitteredway whentheillumination is changed,as
canbeseenin �gure 12andtheaccompanying video.Fitting
the datawith a biquadricpolynomialor using25 spherical
harmonicscoef�cients doesnot resultin a satisfyingimage.
Theshadows,especiallycloseto theobject,aredistortedand
thehighlightsarecompletelylost.Thesealiasingeffectsare
dueto Gibbsringing. However, thesemethodsrequirevery
few coef�cients to representthedatawhich is of importance
for real time relighting. The linear interpolation,B-Spline
andwaveletreconstructiontechniquesdeliver a goodvisual
result(IDW interpolationperformedalmostidenticalto lin-
ear interpolation).The shadows are faithfully recreated,as
are the highlights.Multilevel B-Spline reconstructionout-
performslinearinterpolationandwaveletinterpolationwhen
consideringdynamicincidentillumination(�gure 12andthe
video).

Sincethe reconstructionof the re�ectancefunctionsis a
pre-processto theactualrelightingandneedsto bedoneonly
once,we did not includethepre-processingtime of thedif-
ferentreconstructiontechniquesin thecomparison.

Also notethatall reconstructiontechniquesexceptfor the
wavelet interpolationcanalsobe appliedon irregular sam-
pledmeasureddata.
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4.2. ReconstructionResults

The top left of �gure 11 displaysa set of stones,a scene
featuringa lot of self-shadowing effects.This canbenoted
in the re�ectancefunctionsdepictedaroundthe �gure. On
the bottom left of �gure 11, a set of coins, togetherwith
someselectedre�ectancefunctionsare shown. This scene
waschosenfor the highly specularmaterialproperties.As
canbeseen,thehighlightshaveall kindsof shapeswhichare
preserved in the reconstructedre�ectancefunctions.These
two scenesarealsoincludedon thevideo.

The right of �gure 11 shows a jadestatuette.A seriesof
selectedre�ectancefunctions,reconstructedusingthemul-
tilevel B-Spline techniquewith all 1280capturedsamples,
aredepictedon bothsides,containinga wholerangeof dif-
ferentre�ectancefeatures:specularhighlights(�gure 11.A),
diffuse re�ection (�gure 11.B), subsurface scattering(�g-
ure11.D) andcomplex occlusion(�gure 11.C, G andH).

In thesescenes,the multilevel B-Splinestechniquealso
performs best in terms of both error and reconstruction
smoothness.

5. FastRelighting

In this section,we assumethat there�ectancefunctionsare
alreadyreconstructedusingoneof thetechniquespresented
in theprevious section.Thereconstructedre�ectancefunc-
tionsareprovidedin analgebraicform. However evaluating
the re�ectancefunctionsusingthis algebraicform may re-
quirea signi�cant amountof processingtime. Additionally,
computinganimageof a relit objectrequiresto evaluate:

Lout =
Z

W
R(w)L in(w)d(w); (4)

for eachpixel (equation1). The time requiredto compute
this innerproductfor asinglepixel is proportionalto:

1. Thetime requiredto evaluatea re�ectancefunction.
2. Thenumberof samplesin L in .

The computationaleffort is large for denselysampledin-
cident illumination (such as high resolution environment
maps)andcanbeimpracticalfor real-timeor interactive ap-
plications.

In thefollowing subsectionswespeedupthiscomputation
by reducingtheweightof bothfactors.Thetimerequiredto
evaluatea re�ectancefunctioncanbereducedby expressing
thealgebraicform of there�ectancefunctionsandtheinci-
dent illumination in a commonsetof basisfunctions(sec-
tion 5.1). Furtherspeedupcan be attainedby a lossy ap-
proximationof L in and R using this samecommonsetof
basisfunctions(section5.2) andalso reducingstoragere-
quirement.

5.1. CommonBasisApproximation

The functionsL in (w) and R(w) can be expressedusing a
commonsetof basisfunctionsBi(w) anda dual setBi (w)
onW:

L in (w) = å i l iBi (w)

R(w) = å i r iBi(w);

wherel i andr i aretheprojectionsof thedualbasisfunctions
Bi (w) ontoL in (w) andBi(w) ontoR(w) respectively.

Equation4 canbe rewritten using theseapproximations
as:

Lout =
Z

W
R(w)L in(w)dw

=
Z

W

 

å
i

r iBi(w)

!  

å
j

l jBj (w)

!

dw

= å
i
å

j
r i l j

Z

W
Bi(w)Bj (w)dw:

This can be further simpli�ed using the de�nition of dual
basisfunctions(

R
WBi(w) Bj (w) dw = di; j ) to:

Lout = å
i

r i l i : (5)

This reducesthe inner productcomputationto multiplying
the correspondingcoef�cients from the re�ectance func-
tion andtheincidentillumination.Theincidentillumination
needsto beprojectedonly onceon thedualbasisfunctions
andtheresultingl i canthenbere-usedfor eachpixel. Note
thatboth the incidentillumination andthere�ectancefunc-
tions canbe expressedin the samebasiswhenBi is an or-
thonormalsetof basisfunctions.

Incidentillumination is usuallyrepresentedasanenviron-
mentmapwith a �nite resolutionof N samples.Therefore,
L in canbe representedby a �nite numberof N dual basis
functionsBi (i.e. N coef�cients l i ). Fromformula5 follows
that,if R is expressedusingtheN correspondingbasisfunc-
tions Bi , thenLout canbe exactly computedwithout intro-
ducinganapproximationerror.

In practice,a re�ectance function is �rst expressedin
a discreetrepresentation.The resolutionandparameteriza-
tion of this discreetrepresentationshouldbe equal to the
resolutionand the parameterizationof the incident illumi-
nation.This discreetrepresentationcan now be more eas-
ily expressedin a speci�c basis(e.g. sphericalharmonics,
wavelets,...). Thecoef�cients for eachre�ectancefunction
can be pre-computed,reducing the evaluation of the re-
�ectance functionsto a simple lookup operationinsteadof
evaluatingthealgebraicform.
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5.2. LossyApproximation

ExpressingR andL in in a commonsetof basisfunctions
doesnot reducethe numberof multiplicationsin the inner
productcomputation,which is equalto thenumberof sam-
ples in L in . A solution is to selecta commonbasisset in
which many coef�cients arenear-zero.A lossyapproxima-
tion is then appliedby leaving out thesenear-zero coef�-
cients,introducinga small error. Using a lossyapproxima-
tion methodmakesit possibleto reducethenumberof coef-
�cients dramaticallywithout introducingtoomucherror.

In the following sectionswe discusssphericalharmonics
andwaveletsasa candidatefor sucha commonsetof basis
functionsto beusedwith lossyapproximation.

SphericalHarmonics

Sphericalharmonicscan be usedto representre�ectance
functionsof a pixel in a compactway. The main ideais to
usea numberof low frequency bandsto representthedata,
leaving outhigh frequency “details”.

Low frequency re�ectancefunctionscanbewell approx-
imatedusingsphericalharmonics[RH01], if only thelower
bandsareused.Using morebandswill allow to addmore
detail in the resulting re�ectancefunctions.A signi�cant
drawbackof sphericalharmonicsis Gibbsringing or alias-
ing which occursaroundhigh frequency features,suchas
highlightsandself-shadowing boundaries.Theresultingre-
�ectance functionsare similar as when reconstructingthe
re�ectancefunctionsdirectly with sphericalharmonics(�g-
ure4.G and�gure 4.H).

Kautz et al.[KSS02] usedthe �rst 15 bandsto represent
syntheticre�ection propertieswithout taking into account
self-shadowing effects. Sloanet al.[SKS02] extendedthis
techniqueto includeself-shadowing for syntheticscenesby
usingtwo setsof sphericalharmonics,onefor there�ectance
propertiesandonefor theself-occlusionfeatures.Usingtwo
setsis only possibleif thegeometryis known in advance.

Wavelet Compression

Waveletsare well known for their use in imagecompres-
sionandhavealsobeenusedfor representingandcompress-
ing incident illumination. Ng et al.[NRH03] useda cube-
parameterizationanda non-linearHaarwaveletapproxima-
tion [DeV98] ontheincidentillumination in animage-based
relightingcontext. Usinga non-linearapproximationof the
incident illumination signi�cantly speeds-upthe computa-
tion of formula 5. However, it doesnot reducethe stor-
agerequirementsfor the re�ectance�eld. A more logical
choicewouldbeto usenon-linearwaveletapproximationon
the re�ectancefunctionsitself, reducingcomputationaland
storagerequirements.Furthermore,we do not restrictour-
self to only theHaarwavelet.Higherorder5=3 LeGall and
9=7 Daubechiesbiorthogonalwaveletsarealsoconsidered.
Thesewaveletshave betterpropertieswith respectto image
compression[UB03] thantheHaarwavelet.
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Figure 9: Sobolev H1-norm versusthe numberof wavelet
coef�cients.

Weperformedanon-linearapproximationin thesamepa-
rameterizationaswasusedfor thewaveletreconstructionin
section4 andaresolutionof 256� 64.An increasein resolu-
tion will not alter thecompressionratio much,sincethe in-
creasein informationis limited. For all examples,westarted
from the re�ectancefunctionsreconstructedwith the pro-
posedmultilevel B-Splinetechnique.

For errormeasurementswe usedthescenefrom �gure 3.
To includebothspatialaswell astemporalerrors,wecreated
animagein whicheachcolumnrepresentsthesamecolumn
in arelit imageof theminiatureracecarbut at differentmo-
mentsduringrelightingwith animatedincidentillumination
(asliver of light rotatingaroundtheobject(�gure 12)).

In �gure 9 therelativeSobolev H1-erroris plottedin func-
tion of thenumberof wavelet coef�cients. The relative L2-
error resultedin a simular graphand was thereforeomit-
ted. In general,the Haar wavelet needsmore coef�cients
to achieve the samerelative error. For example,4096Haar
waveletcoef�cients areneededfor a � 2%error, asopposed
to only 256 5=3 LeGall or 9=7 Daubechieswavelet coef�-
cients.The9=7 Daubechieswaveletslightly outperformsthe
5=3 LeGallwaveletin termsof error:for 256coef�cients the
Haarwaveletresultsin a7:05%relativeerror, the5=3 LeGall
wavelet in a 2:12% relative error and the 9=7 Daubechies
waveletin a 1:88%relativeerror.

Using the same number of coef�cients for each re-
�ectance function in the re�ectance �eld is not optimal.
Somere�ectancefunctions can be compressedusing less
coef�cients andstill resultin anacceptableerrorduringre-
lighting. To determinethenumberof waveletcoef�cients to
beusedfor a speci�c re�ectancefunction,ouralgorithmse-
lects the largestwavelet coef�cients suchthat the error on
theL2-normon thecompressedre�ectancefunctionitself is
boundedby an error-threshold.This L2-norm canbeeasily
computedby decomposingthe re�ectancefunction into the
primal anddualwavelet spaceandsummingthemultiplied
correspondingcoef�cients. TheL2-normis suf�cient for de-
terminingthenumberof waveletcoef�cients, althoughit is
only an indicationof the error on the inner productof the
re�ectancefunction and the (at processingtime) unknown
incidentillumination.
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It is importantthatthenon-linearapproximation,for both
�x edandvariablenumberof coef�cients, maintainsasmuch
aspossiblethesmoothnessof theoriginal re�ectancefunc-
tions.Introducingadditionaldiscontinuitieswill resultin vi-
suallydisturbingfeatureswhenanimatingthe incidentillu-
mination.Thiscanbeseenin thelastthreerows in �gure 12
andin the accompanying video,both relit from re�ectance
functionscompressedwith avariablenumberof coef�cients
(0:1% error-threshold).It is clear from this �gure and the
video that, althoughthe Haar wavelet achieves very good
compressionratios,it fails to maintainsmoothness.Therea-
son is the low numberof vanishingmomentsin the Haar
wavelet.The 5=3 LeGall and9=7 Daubechieswavelet per-
form muchbetterandstill have very goodcompressionra-
tios. See�gure 10 for a comparisonof the Sobolev H1-
normversusdifferenterror-thresholdvaluesandtherespec-
tivenumberof waveletcoef�cients. Thecorrelationbetween
thenumberof coef�cients for a speci�c waveletandtheer-
ror thresholdis hardto predict.Whenusinga variablenum-
berof coef�cients, morewaveletcoef�cients areassignedto
high-detail re�ectancefunctions,whereaslow-detail func-
tionsarecompressedusinglesswavelet coef�cients. These
detailscontribute little to the error, hencethe small differ-
encein errorbetweencompressingre�ectancefunctionsus-
ing a variablenumberof wavelet coef�cients and using a
�x ednumberof waveletcoef�cients.

In terms of error and smoothnessthe 9=7 Daubechies
wavelet is preferred(followed by the 5=3 LeGall wavelet),
achieving a compressionratio of 1 : 34 for a 0:2% error-
thresholdand a H1-error of less than 1% on a 256� 64
discretizationof a multilevel B-Splinereconstruction.Non-
linear approximationusing the Haar wavelet will only be
better suited when compressingre�ectancefunctions that
arenon-smoothlyreconstructed(e.g.zero-orderhold tech-
nique).

6. Conclusion

In this paper, we proposea setof techniquesto reconstruct
continuousre�ectancefunctionsfrom a setof measuredre-
�ectancesamples.Severalexisting methodsto reconstructa
continuousre�ectancefunction,suchaszero-orderhold,�t-
ting thesampleddatato a biquadricpolynomialor to spher-
ical harmonicbasisfunctionshave beencomparedto these
new techniques.

Interpolation of the sampleddata ensuresthat the re-
�ectance function goesthroughthe sampledvaluesat the
sampleddirections.Weanalyzedlinearinterpolation,inverse
distanceweightedinterpolationand wavelet interpolation.
Fitting thedatasamplesto a setof bicubicB-Splinesde�ned
on a lattice producesa C2 continuousre�ectancefunction
which maintainsall sampledfeaturessuchashighlightsand
self-shadowing andallows to changetheillumination while
the resultingimagesform a coherentseriesof imagesover
time.
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Figure 10: Sobolev H1-normversustheerror-thresholdon
theinnerproductfor non-linearapproximationusinga vari-
ablenumberof coef�cients per re�ectancefunction.

Fromourexperiments,we foundinterpolation,multilevel
B-Spline reconstructionand wavelets interpolationto per-
form betterthanexisting methods.In casethe incidentillu-
minationis animated,the resultingseriesof relit imagesis
mostcoherentwhenusing multilevel B-Spline reconstruc-
tion. However, multilevel B-Spline reconstructionmay re-
sult in small ringing effectsin caseof very high frequency
re�ectance functions. As an alternative, linear interpola-
tion techniques(linearinterpolationand5=3 LeGallwavelet
interpolation)guaranteeno ringing effects at the cost of
smoothness.

In order to relight the object faster, a commonbasisap-
proximationcan be created,introducingan approximation
error. This errorcanbereducedby selectinganappropriate
setof basisfunctionsandby increasingthe numberof ba-
sis functions.We found 9=7 Daubechieswaveletsusingan
averageof 481coef�cients reducestheapproximationerror
to lessthan1% percent.The 5=3 LeGall wavelet performs
well, but doesnot reachthesamecompressionratiosasthe
9=7 Daubechieswavelet.TheHaarwavelet introducednew
temporaldiscontinuitiesandshouldthereforenot beusedto
compresssmoothre�ectancefunctions.

As a conclusion,we proposeto reconstructa continu-
ous re�ectancefunction from a sampledre�ectancefunc-
tion, usingthe multilevel B-Splinetechnique.This enables
to preserve all featuresin the sampledre�ectance func-
tion andallows coherentrelighting whenthe incident illu-
mination varies.Using non-linearapproximationwith 9=7
Daubechieswavelets,there�ectancefunctionscanbestored
with a low averagenumberof coef�cients. This enablesfast
relighting,without loosingimagequality in therelit images
andminimizesstoragerequirements.

7. Futur eWork

Thecomputationaltime neededto generatea relit imageof
anobjectcanbe reducedby selectingan appropriatesetof
commonbasisfunctions.At the sametime, thedatais also
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compressed,enablingusto cacheall datasimultaneously. In
thenearfuture,we will researchhow relightingcanbeper-
formedongraphicshardware,enablingreal-timehighdetail
relighting.

Our proposedtechniqueallows to reconstructa continu-
ousre�ectance�eld from a setof samplesandrepresentit
in acompactway. Althoughwepresentedit for realobjects,
themethodcanalsobeappliedto syntheticobjectsfor rep-
resentingradiancetransfer.

In our work, we mathematicallycomparedthe different
techniquesby computingan error on the reconstructedre-
�ectancefunctionsanda visual comparisonwasconducted
on theresultingrelit images.However, thespatialandtem-
poral aliasingof the seriesof relit imagesshouldbe com-
paredwith a mathematicalerroraswell. This is a direction
for futureresearch.

The waveletsusedfor interpolatingare not necessarily
thebestchoice.We intendto look at otherwaveletsspecif-
ically designedfor interpolation.We alsointendto investi-
gatecompletelyotherreconstructiontechniquessuchasthe
push-pullmethod,asdescribedin [GGSC96].
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