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Abstract

We extend theETaQa approach, initially proposed for the efficient numerical solution of a class of quasi-birth—death
processes, to a more complex class of M/G/1-type Markov processes where arbitrary forward transitions are allowed but
backward transitions must be to a single state to the previous level. The new technique reduces the exact solution of this
class of M/G/1-type models to that of a finite linear system. We demonstrate the utility of our method by describing the exact
computation of an extensive class of Markov reward functions that include the expected queue length or its higher moments.
We also provide an algorithm that finds an appropriate state reordering satisfying our applicability conditions, if one such
order exists. We illustrate the method, discuss its complexity and numerical stability, and present comparisons with other
traditional techniques.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

We consider Markov chains on an infinite state space having an M/G/1-type structure. Such processes
are often the modeling tool of choice for modern computer and communication sydt8m#\s a
consequence, considerable effort has been placed into the development of exact analysis techniques fol
them. In the continuous-time case, the infinitesimal generator of such processes is upper block Hessenberc
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with a repetitive structure, and matrix-analytic methods have been proposed for their sidlG{iorhe

key in the matrix-analytic solution is the computation of an auxiliary ma@ixSimilarly, for Markov
chains of the GI/M/1-type, which have a lower block Hessenberg form, matrix-geometric solutions have
been proposefl4]. Again, the key is the computation of an auxiliary matfx,The traditional solution
algorithms compute the stationary probability vector with a recursive function basédfon the case

of M/G/1-type processes) &t (for the case of GI/M/1-type processes). Various iterative algorithms for
the efficient computation d& (e.g., the work of Mein[12]) or R (e.qg., the work of Latouchi8]) have

been proposed. See al8 for a discussion of the fundamental aspects of matrix-analytic methods.

Our research differs from the above works in that we restrict our attention to a family of M/G/1-type
processes with a specific form, for which “returns” from a higher “level” of states to the immediately
lower level are always directed toward a single state. For such a subclass, the computation of th@ matrix
is trivial, but the remaining solution steps using traditional methods are still expensive. We instead recast
the problem into that of solving a finite linear systemint- 2n unknowns, where: is the number of
states in the boundary portion of the processaigithe number of states in each of the repetitive levels
of the state space, and are able to obtain exact results.

Since the method that we propose applies only to a subclass of M/G/1-type processes, we further
investigate an algorithm to repartition the state space such that the condition for backward transitions to a
single state hold. This algorithmis guaranteed to find such arepartitioning if one exists. Thus, our technique
does not apply to all M/G/1-type processes, but we argue that it applies to an important subclass. For
example, any queueing system with a Coxian service process and bulk Poisson arrival process results in a
M/G/1-type chain with backward transitions directed to a single state, and it is a known fact that the class
of Coxian distributions is dengé] and can approximate any distribution, given enough phases.[8lso,
presents a survey of applications from the literature whose Markov chains exhibit the required structure.

Our approach is an extension of tBeaQa method we introduced for the efficient solution of quasi-
birth—death (QBD) processes with matrix-geometric fg8h The proposed methodology uses basic
results for Markov chains. We assume that the state sfasartitioned intoS©@ = {s(lo), .. ,s,g9>},
containingm “boundary” states andS"” for j > 1, each containing: “repetitive” states SY =
{s(j) . (’)} Then, we exploit the structure of the repetitive portion of the chain and instead of evaluat-
ing the probablhty distribution adill states in the chain, we calculate #ggregatgrobability of being in
each of the: equivalence classés = {s§’) . j > 2}for 1l <i < n(corresponding to a specific partition of
the repetitive portion of the chain, seig. 1), as well as the stationary probability of each statg§thus®.

The newETtaQa-MG1 approach is both exact and efficient for the computation of a class of Markov
reward functions that include moments of the queue length. Indeed, our method does not explicitly
compute theentire stationary probability vector but only the part of it that is related to the boundary

Fig. 1. Aggregation of an infinit& into a finite number of states.
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states, and the aggregate probability vector for the repetitive states. The traditional matrix-analytic method
uses a recursive formula for the computation of the stationary probability vector. If this formula entails
subtractions, then there is the possibility of numerical instaljilis;17] The preferred method for the
recursive computation of the stationary probability vector uses Ramaswami’s recursive f@tifjula
which entails only additions. Thus, we compare experimentally the computation and storage complexity
and the stability of our methodology with that of the matrix-analytic method based on Ramaswami’s
formula.

Our paper is organized as followSection 2contains terminology and related work. Section 3
we present the basic theorem that exteBdsqa to M/G/1-type processes. We demonstrate how the
methodology can be used for the computation of Markov reward functioBgdtion 4 We continue
by showing the applicability oETaQa-MGL1 to bounded bulk arrivals iSection 5 In Section 6§ we
compare the computation and storage complexitffofoa-MG1 with the matrix-analytic method.
We briefly refer inSection 7to an algorithm that can repartition an infinitesimal generator into a
form such thaEtaQa-MG1 can be applied and elaborate on this algorithrppendix A Section 8
presents a computer system modeling application that can be analyzed usiBgatreMG1 ap-
proach.Section discusses the numerical stability of our approach. Fingigtion 1Gsummarizes our
contributions.

2. Background

We briefly review the terminology used to describe the class of processes we consider. We restrict
ourselves to the case of continuous-time Markov chains (hence we refer to the infinitesimal generator
matrix Q), but the theory can just as well be applied to the discrete case.

Neuts[14] defines various classes of infinite-state Markov chains with a repetitive structure. In all
cases, the state space is partitioned &0 = {s”, ... , 5@} andSY = (s, ..., s} for j > 1. For
the class of M/G/1-type Markov chains, the infinitesimal gener@t@ block-partitioned as
L0 ED F@ E® EG EG LT
L FO F@ E® EF®
B L ED EF®@ EO
0 B L F®» F@ ... (1)
0 0 B L FOD

o O o

we use the letters “L”, “F”, and “B” according to whether they describe “local”, ‘forward”, and “backward”
transition rates, respectively, antfor matrices related ts©@.

For the solution of M/G/1-type processes, several recursive algorithm¢$®4i215] Here, we outline
Ramaswami’s recursive formu[d7], which provides a stable calculation for the valuestdt, the
stationary probability vector for statesdiv’:

Jj—1
V] > 1’ n-(]) — — (E(O)é(]) + Zn,(l)s(j_l)> S(O)—l’ (2)
=1
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whereS” andS" are defined as follows:

o0 o
§0 =3 F0G, j>1,  SP=YFG, ;>0 (ettingF =1L)
I=j I=j

and where, in turnG is the solution of the matrix equation

B+LG+ ) FVG/™=0. (3)

j=1

Several iterative algorithms for the computation G@fexist [5,15], the most efficient being cyclic-
reduction[12]. See[18] for cases wher& can be explicitly defined and does not require any calcula-
tion.
Given the above expression faf”? and the normalization condition, a unique vectd? can be
obtained by solving the following system afequations
-1
o

oo )
@ | (L@ -8VsOTB T[S0 | | s 17 | =[0/1], 4)
j=1 j=0

where the symbol@” indicates that we discard one (any) column of the corresponding matrix, since
we added a column representing the normalization condition. @fftés known, we can then iter-
atively computer”) for j = 1,2, ..., stopping when the accumulated probability mass is close to
one.

3. Extending ETaQA to M/G/1-type processes

We consider the following structure in the infinitesimal generator m&irix
(O EO EF@ EO® E® T
B LO® EFO EF@ EO® ... ...

Q= 0 B L FO @ ... ... (5)
0 0 B L FD

which differs from that ofEq. (1) only in block LV, at the intersection of the rows and columns for
S, which is not restricted to be equal to This allows us to have local transitions frasf to S
with a pattern other than those fraf"’ to SV, j > 2, and a total rate from each staf® to the states
in S© other than the total rate from statf to the states irSU~Y, i.e., the row sums oB andB
can be different. Fo® to be an infinitesimal generator, the infinite sets of matri¢es: j =1} and
{F/: j > 1} must be summable. If we also partition the stationary probability vector satiséne: O
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asw = [#9, 70, 7@, .. ], with ©@ e R” andz? e R" for j > 1, we can then writer @ = 0
as

xOLO 4 zWB =0,
rOFED 4 7LD 4 7B =,
T OFE® 4 7 OFD 4 7@ 4 @B =, (©)

TOFE® 4 7z OF@ 4 z@FD 4 7@ 4 7@B = 0,

3.1. Conditions for stability

We briefly review the conditions that enable us to assert that the CTMC described by the infinitesimal
generatoQ in (5) is stable, that is, admits a probability vector satisfyan@ = 0 andzl’ = 1.

First, observe that the matry = B + L + >_72; F is an infinitesimal generator, since it has zero
row sums and non-negative off-diagonal entrie€ i irreducible, any staté” in the original process
can reach any statéf/) for2 < j < jand 1< i,i’ < n, without having to go through states &,
[ < j. Inthis case, for “large values gf, the conditional probability of being imfj) given that we are

in SY tends to%;, wheres is the unique solution oiQ = 0, subject tar1" = 1, that is, the stationary
solution of the ergodic CTMC havin@ as the infinitesimal generator.

For a proof of this statement in the case when only the firstatricesF ™, ... , F'?) can be nonzero,
simply observe that, if the process is in one of the stateS'f the lastj/p — 1 state transitions (at
least)musthave been taken according to the rates specifie8, by, andF®, ... , F?), Thus, for large

J, the conditional probability of being lrf’) tends to the probability of being in statan the CTMC with
generatoR. For the case where”’? can be nonzero for arbitrarily large recall that its rates must tend
to zero faster than/} (since these matrices are summable), thus a “truncation” of this “exact” process to
a sufficiently large maximum valug for the forward jumps will behave in essentially the same way. In
other words, in the case of unbounded forward jumps, thejlast- 1 transitions will have been taken
according to the rates i@ with a probability, dependent op, which can be made arbitrarily close to
one.

Then, the M/G/1-type process is stable as long as, for large valuggha forward drift fromS" is
less than the backward drift from it:

|y jFO |17 < aB1'.
j=1

This stability condition can be verified numerically, and it is easy to see that it is equivalent to the
one given by Neuts if15], #8 < 1, where, in our terminology, the column vectgris given by
B=(L+ Z}’il jFU)1T. As in the scalar case, the condition whéis exactly equal to 1 results in a

null-recurrent CTMC. IfQ is instead reducible, this stability condition must be applied to each subset of
{1, ..., n} corresponding to a recurrent class in the CTMC describe@.by
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3.2. Main theorem

As done in[3], we require thaB contains nonzero entries only in one column, which we assume to
be the last one, columm without loss of generality. The main idea behind our approach is to transform
the infinitely countable set of linear equatian® = 0, subject torl” = 1, intom + 2n equations in
7 ©, x®, and the new aggregate vectomofinknownst ™ = 3%, =/, This finite system can then be
solved using ordinary numerical techniques, i.e., either direct methods such as Gaussian elimination, if
m + 2n is not too large, or indirect iterative methods such as Gauss—Seidel, which can better exploit the
sparsity of the system, thus are applicable even when 2n is of the order 16 or 1, provided the
sparsity of the original matrices describiggs sufficiently high, as is normally the case. On¢®, 7,
andz™ have been obtained, very general measures of interest can be computed by solving further linear
systems, as discussed3ection 4

We now show the derivation of ow + 2n equations.

(i) The normalization condition offers one equation:

01"+ 72017+ 21T = 1. (7)
j=2

(i) m equations can be obtained from the first lin€6
QL0 4 z®B = 0. 8

(i) n — 1 equations can be obtained from the second lin@)jywhich defines: equations, fortunately
only the last one actually containing a contribution fraf®, due to the structure we require B
This is of fundamental importance, sing€ is not one of our variables. Hence, we consider only
the firstn — 1 equations and write as

(OF=¢) 1 D
' )Fl:m,lin—l + )Ll:n,l:n—l =0. 9)

(iv) Anothern — 1 equations are obtained as follows. First, we sum the remaining lir€% in

oo oo oo oo oo
7O S FO 4 xS FO 4 (x| [L+ O |+ B =0,
j=2 j=1 j=2 j=1 j=3

Then, sinced %,z = ™ — 7@, we again remove the explicit mentionof by considering
only the first» — 1 equations:

00 00 0
0 =) 1 () )
7[( ) Z Fl:m,l:n—l + 7!.'( ) Z Fl:n,l:n—l + ]T(*) Ll:”s]-:"*l + Z Fl:n,l:n—l =0. (10)
j=2 Jj=1 Jj=1
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(v) For the last equation, consider the flow balance equations between the stgl;’ggﬁﬂ” and those
in U;’ngs@ forj > 1,

o0 o0
n(O)Zf:(l) 17 + n(l)ZF(l) 1" = z@B1T,

=2 =1
o o o
7@ FOLT + 23 FOLT 4 2@ Y FOIT = z¥B1T,
=3 =2 =1 (11)

o0 [e ¢} o o0
7@ 3" EOLT 4 a3 FOLT 4 2@ 3 FOLT 4 4 2D FOLT = 7 00BYLT,
I=j+1 I=j I=j—-1 =1

and sum these equations by parts:
o
SRR B LSS DD LSS RN
j=2 I=j j=1 I=j h=1 i=h j=2
which can be rewritten as

o0 o0 o0
7O (G- DRI+ 2 GFOT 4 2@ | YRV —B 1T =0. (12)
j=2 j=1 j

The following theorem states that these equations are sufficient to comi8ute™, andz ™.

Theorem 1 (ETaQa-MG1). Given an ergodic CTMC with infinitesimal generat@having the structure
shown in(5), such that the first — 1 columns ofB are null, By, 1.,—1 = 0, and with stationary probability
vectorr = [#©, P, @, .. .], the system of linear equations

M =[1,0], (13)

whereM e R +20x(m+2n) jg defined as follows

[ [e'e] (o]
1T EO R (zﬁm) (Z(j— 1>F‘”) 1"
J=2 1im,Lin—1 J=2
g | LO o p) S~ pl) | 1T
M= IT B Lg:n,l:n—l ZF J Z]F J 1
Jj=1 1m,lin—1 J=1
[ee] . (oo} X
1M o 0 FO +L S FO —B 1T
L J=1 1in,lin—1 J=1 J (14)

admits a unique solutior = [z@, @, ], wherex™ = "%, x/.
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vi2l vim+2] ylm+n+l]  y(m+2n+1]  [m+3n+1] Z1
vl through through  through  through through  --- through
yim+1] ylm+n] ym+2n] ylm+3n] ylm+an] zln=1]
= =1 = = = =
17| o [0, | F@ FE) F@ .. (\2;3-;2 Fm) o
17| B L), | FO F@ FO | (Z;; F(].))
lT 0 0 L F(l) F(z) 1:n,lin—1
(532,70 4 1)
1T 0 0 B L F(l) : o 1:n,1in—1
—FY 4+ L
lT 0 0 0 B L (ZJ:I + )l:n,l:n—l
o .
1T 0 0 0 0 B e (Zj:l FO) -+ L)lzn,l:n—l
- Z;il Z?_:j FO+11T 1 [ Zjoil jf(jﬂ)lT
;21 ij] FO1T Z;‘;l JF@O1T
L *, FO X R FW)1T * jF@O —B)1T
z[n] _ i i i V[m+Ln+i] _ ( + 21_1 -:—)ZJ_I zl_J ) W) <1 - (ZJ'I J o ) r
- - e ] i 0o 0o 00 -
Zalaly (B+2(L+I F9) + T2, £, FO) 1 (L5, 7F9 - B)1
(2B+3 (L +T2, F<f>) + 32, TR, FO) 1T (T2, 5F9 -B)17

Fig. 2. The column vectors used to prove linear independence.

Proof. Thevectorfr©@, z®, >, x/] satisfie{7)—-(10) and (12)hence itis a solution df.3). To show

that this solution is unique, it is enough to prove that the rarida$ m + 2n, i.e., itsm + 2n rows are
linearly independent. Recall that, in the constructioMigfwe use either columns from the infinitesimal
generatorQ (i.e., the first block of columns directly as it is @ and the second block of columns

in Q after removing the column corresponding to the nonzero colunB) of columns built using the
remaining block columns @ (i.e., a block of columns obtained by summing these blocks after removing
the column corresponding to the nonzero colummBpfnd a column built as a linear combination of
the above columns i, including those corresponding to the nonzero columB)pplus of course the
normalization condition. The following formally shows that the resuliing2n columns oM are linearly
independent.

Since Q is ergodic, we know that the vectd’ and the set of vectors corresponding to all the
columns ofQ except one (any one of them) are linearly independent. In particular, we choose to re-
move fromQ the nth column of the second block of columns (), corresponding to the transitions
into statesl. The result is then the countably infinite set of linearly independent column vect®'$, of

(vt vl 1 shown inFig. 2 We then definer new vectors ofRY, (I, ... | Z"l}, as follows (see
Fig. 2):
o Fori=1,...,n—1,letZ] = 3%, vim#in+l thatis we sum thith column of each block of columns,

starting from the block corresponding to transitions into &5/8l. B does not appear in the expression
of these vectors becauBg, 1,,—1 = 0.
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o LetzZll = Y% 3= 3 vimHntil Fig. 2 shows the steps required to obtained a closed-form

expression foe!™), which are proved by recalling that, sin@es an infinitesimal generatof + L +
%2 F)1T = 0, which also impliegL + Y2, F?)1T = —B1".

Then, we can show that the + 2n vectors{vil, ... viml AU = 7 are linearly independent,

since the original sgivil, v ..} is linearly mdependent and the vectc{mé” , zZI"l} are obtained

as linear combinations of different subsets of vectors feobat 1 ylmint2 }:

e Disjoint subsets of vectors are used to byd!, ... , zZl*~1},

e Z"lis built using vectors already used fi@, . .. , z"~1}, but also vectors of the formi”+"l, which
are not used to build any of the vectors{#h, . .. , zZI"~1},

Hence, the matrix having as column the vectprd! ... vt ZU - = 77} has rankm + 2n,
which implies that we must be able to fincH- 2 linearly independent rows in it. Since row-+jn+i is
identicaltorown +n+ifor j > 1andi =1, ..., n, thefirstn + 2n rows must be linearly independent.
These are also the rows of our matki so the proof is complete. O

4. Computing the measures of interest

We now consider the problem of obtaining stationary measures of interestShoe?, andz™ have
been computed. We consider measures that can be expressed as the expected reward rate

- Z Z p(/) (j)

Jj=0 iesV

Wherep(’) is thereward rateof states(’) For example, if we wanted to compute the expected queue length
in steady state for a model Wheﬁ?é') contains the system states wjtbustomers in the queue, we would
let o’ = j, while, to compute the second moment of the queue length, we woudlet ;2.

Since our solution approach compute®, 7, andz™ = Z?iz 79, we rewriter as

o0
r=n20p0T 4 z®p0T 43 500,

j=2
wherep©@ = [p?, ..., p©]andp? = [p{, ..., p\’]for j = 1. Then, we must show how to compute
the above summatlon without explicitly using the values@f for j > 2. We can do so if the reward
rate of state(’) forj > 2andi = 1,...,n,is apolynomial of degrekin j with arbitrary coefficients
2% gt Q.

Vi=2Vie{l,2,....n}, pP =a%+aMj+...+a"j (15)

The above equation allows the reward rate for each sjté\t'm the setS"“ to be a general polynomial
function with arbitrary coefficient that may differ from those for other state$'th We emphasize this
because, ifBection 7 the states withis” may need to have different reward rates, and the method we
describe below is general enough to handle these cases as well.
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Using the representation &fg. (15)we write

o0 oo
S 700" =3 g0 @ 4l 4l T
j=2 j=2

o o o
=3 20O 437 a3 gl
j=2 j=2 j=2

— plOIg0T | pIGMIT | K GMT

and the problem is reduced to the computatiorn’b= >, j'mPforl =0,...  k(foraninterpretation
of rl, one can identify it, except for the missing tert, with thelth vector moment of the random
variable representing the levght which the chain resides).

We show how ¥ for k > 0, can be computed recursively, starting frofh, which is simplyz™. We
first define the following sums:

o 0 o o
B3 E0,  FIZNR0, Ed =3 (oD and Fed = (4 oy FO.
I=j I=j j=1 j=1

Multiplying the equations ir§6) from the second line on by the appropriate fagforesults in
kg OFD 4 kgL @ 4 k@B =,

FgOF®@ 4 g WFD 4 3g@L 4 3 7®B =0, (16)

Summing the equations {16) by parts we obtain

o0 o0

j=1 j=1
—FlLA =F[2.4]
oo oo
+ Y 7" | Y G+ D FY+ (h+ DL+ 1B | =0,
h=2 j=1

which can be rewritten as

00 00 k—1
g OFRLA n(l)(2k|_(l) + |:[2,k]) + Zn(h) Z(J +h+ 1)k|:(j) + (llc) rfL + r["](L +B)
h=2 j=1 1=0
=0. a7
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We can express the third term on the left-hand side of the above equation as

inm) i(j 4R+ DFO = in(m Xk: <’;) h+ 1) ijk—q:o)
h=2 =1 h=2 =0

j=1

oo k k k k 00
_ (h) I=[0,k—1] __ (h) I =[0,k—1]
=Y'm Z(l)(thl)F —Z(z>2” (h+1)'F

h=2 =0 =0 h=2

k k ! ] 00 k k I ]
— t (M E0k=1] _ (11 El0.k—1]
-2 (1) B ()T -2 ()5 (0)

= t=0 h=2 =0 t=0

~
= O

! k-1
(];) Z AUl = Z (f) rlE0.0] 4 ([KEl0.0]
=0 =0

and substituting the third term {17) with the above expression we obtain

=0

k-1
rECT L+ By = (n“’)lﬂ“‘] +aD@LO + FRA) 43 (ll‘) r[”L>
=0

k-1 I k-1
_ (Z (’l‘) PN S (k) gy F[°’°]>
=0 =0 =0 !

which is a linear system of the forn#I(FI>9 + | 4 B) = bl¥l wherebl¥l is an expression that can be
computed fromr©@, #, and the vectorsl® to ri*~1. Since we know that the rank 61%% + L + B
(alternatively, ofy 72, F + L 4-B) isn — 1, we remove the equation corresponding to the last column,
resulting inn — 1 equations

rERO 1y, g1 = b[lk;l,l- (18)

One additional equation is then required. We obtain it from the equatiofi2)nagain by multiplying
them by the appropriat¢ and summing them:

oo oo oo oo oo oo oo
OO IEERED SIERTD SE RS DD W IATD By
j=2  h=j j=1 h=j h=2 =1 h=j

~—— ~——— ~———
—EL =FL =Fi
00
=> ajB1"
j=2
— ——
—rip1’

which can be rewritten as

@) " GFFEIT 473G+ DFILT Y " ® N mfFUILT = BT (19)
j=2 j=1 h=2 j=1
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The third term of the above summation can then be expressed as

k 00 k k o0
ke k—I[j]11T (h) k—t kelf1aT
<l>]h FU1T=%"n Z(I)h > U

h=2 t=0 Jj=1

k k oo oo k k oo
_ () gkt k[T — [k—1] kel T
— O<t)2n h leFfl _Z<t)r > jFFUT.
= =

t h=2 =0 j=1

o0

3 x® i

k
h=2 j=1 1=0

Substituting the above i(19) we obtain

oo
r %] ijF[j] _BIl17
j=1

) [e'e) k k )
— _ | 7O k14T (6N ; kElilqT [k—1] kel
=— | 2@ T4+ 72D + DL +Z(t>r > ) (20)
j=2 j=1 =1 j=1
The right-hand side of the above equation is an expression contaiffihgr™, and the vectors® to
ri =1 Then x n matrix

00
(F[O,O] + L)l:n,l:nfl Z ij[j] -B 1T

j=1

required to computel*] has full rank (the proof is analogous to thatTfeorem ). Thus, the above
result can be used to obtain any momknprovided that the first — 1 moments have been previously
computed. As an example, we considé}, which is used to compute measures such as the first moment
of the queue length. In this case,

o0 x o
b = — [ G+ DFP + 2P| 2D+ +2FP | + 2% L+ i+ DFY
j=1 j=1 j=1
o 0 0
A= _ | 70 Z j|:[j] + 7D Z(j + 1)|:[j] + ™ Z j|:[j] 1T
Jj=2 Jj=1 Jj=1

We conclude by observing that some measures might be infinite. For example, if the niéttices
summable but decrease only likgjl for someh > 1, then the moments of order— 1 or higher for the
gueue length do not exist (are infinite).

5. Bounded bulk arrivals

We now consider processes with bulk arrivals of maximum giz&hese can be solved using the
original ETaqQa [3] or matrix-geometrid14] methods, by merging every levels into a single larger
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level, but the results of this section show how to compute the solution without the corresponding increase
in complexity (a factor ofy for both execution time and storageBmaqa, a factor ofp? for execution
time andp? for storage in the matrix-geometric method).

If we restrict the process so that it is allowed to jump forward by at mpdsivels, its infinitesimal
generatoR still has the structure db), except thaE”’ andF are zero forj > p:

(O FO E® ... EW® 0 0 T
B L® EFO ... Ee-D  E® 0
Q= 0 B L ... Fe2 go-D  gE® .. (21)
0 0 B ... F»=3 FO@-2 FEO@-D

We can then formulate the following lemma.

Lemma 1 (Bulk arrivals). Given an ergodic CTMC with infinitesimal generat@rhaving the structure
shown in(21), such that the firsk — 1 columns ofB are null, By, 1,,-1 = 0, and with stationary
probability vectorr = [x©@, zY, @, .. .], the system of linear equations

1T L@ | FM

)
—
3
il
3
I
PR

P P ]
Z F J)) (Z(J - 1)F(J')> 1T
1m,lin—1 J=2

=2
P
x | 17| B nglzl,lzn 1 (Z]FU)) =[1,0]

ZF(J
P
17| o 0 FOY + L Z FY _B
L 1:n,1:n—1 J=1

J=1 1:n,1:n—1
admits a unique solutior = [z©, #®, ], wherer™® = >, 7 ®,

>
1
PR

.
M=
L

Proof. The steps of the proof are exactly the same as those of the theorem introdGestiam 3hence
they are omitted. O

The measure of interestcan also be derived as doneSection 4 Using the same definitions fer
0, andr!1, we need to show how to express the vectdtdor/ =0, ... , k. Here,r¥l can be computed
recursively by solving the equation:

p P

r K] Z FD 4L ijF[j] _Bl1| = [b[k] |c[k]] ,
=1 Ln1m-1l \/=1

whereb and ¥l are computed using©@, P, andr® to rl*=1  following the exact same steps as

for the case of unbounded bulks describedeattion 4 but adjusted so as to consider bounded bulks

only.
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6. Theoretical complexity

In this section, we present a detailed complexity comparis@raba-MG1 with the matrix-analytic
method outlined irBection Zin Section 8 we present actual run-times on an application). First, we note
that, under our condition th& has a single nonzero colum@,does not need to be compuid®], since
it is a zero matrix except for the last column, which contains all ones. This observation is further con-
firmed by the probabilistic interpretation G an entry(k, I) in G expresses the conditional probability
of the process first entering§’~? through staté, given that it starts from state of S [15]2. Thus,
for the special case @ that we consider in this paper, there is no cost associated for computing and
storingG.

To obtainz©@, the matrix-analytic algorithm requires the computation of the invers8®f This
inverse is in general a full matrix that must be stored for the duration of the entire computation, in-
creasing the storage complexity for the matrix-analytic approach. During the construction of the system
of linear equations oEq. (4) we also need to multiply this full inverse by spargsex n andn x m
matrices, for an overall complexity of @° + nn{é, Z;’il IE(/')}), wheren{-} denotes the total num-
ber of nonzero entries in the argument matrices. Finally, the resulting linear system is described by an
m x m matrix, which is also full in general. Instead, fBraga-MG1, we only require the solution of
a sparsesystem ofm + 2n linear equations, plus some sparse matrix summations and scalar multipli-
cations.

Although there are closed form formulas for the first and the second moment of the queue length, basec
on the matrix-analytic approadiil], the entire stationary probability vector is in principle required
to compute the measures of interest. Using Ramaswami’s recursive formula, the weétaan be
computed only up to an indexsuch thath.:0 xP17 is very close to one.

We also note that, in practice, use of eitBenQa-MG1 or the matrix-analytic method requires storing
only a finite number of matrices? andF, enough to accurately describe the M/G/1-type process. In
our study, we assume that matrided andF® for j > p are zero, as discussed$ection 5 However,
ETAQA’s superiority is more obvious in this case. The complexity of the matrix-analytic algorithm has
now an additional cost due to the fact that the matr&é@sandS"’ do not have a closed-form expression,
therefore they must be computed for at- 1, up to the forward matrix truncation poipt Fortunately,
computing these matrices involves only full vector operations, and their storage requires only a full vector
each (plus the storage for the forward matrices themselves), due to the strucduaadto the fact that,
in our caseG = G. SinceS andSY are zero forj > p, only p full vectors are additionally required to
store these matrices, and, uskg. (2) we only need to keep a sliding window of tper 1 most recently
computed vectora”. ETaQa-MG1 requires instead only sparse matrix additions and the solution of a
sparse system at + 2n linearly independent equations.

Table 1summarizes the computational and storage complexiBraha-MG1 and the matrix-analytic
method. Since th&taQa-MG1 is an aggregation-based technique that truly exploits the sparsity of the
matrices describing the original infinitesimal generator, its storage and time complexity are superior to
the matrix-analytic method. Note that the contributiorBdb the time complexity can be ignored, since
it contains at most nonzero entries.

2 The probalbilistic interpretation @ is the same for both DTMCs and CTMCs. The interpretatigid ) p. 81]is consistent
with the discussion iff9, p. 142] where CTMCs are taken into consideration.
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Table 1
Computational and storage complexityfxfaQa-MG1 and the matrix-analytic methdd
Time complexity Additional storage
Computation ofr©@ (matrix-analytic) o, #®, andz™ (EtaQa)
EtaQa-MG1 O-(n{B,LO, L, L, Y7 FO, Y2 FOY) None
Matrix-analytic O (m?) + O(mn{3__, F9, B} 4 nf " FOY +nd) O(m? + n?)
First moment measures
EtAQAa-MG1 O (L, Y7, F) None
Matrix-analytic Qs(p{X_  FPY 4+ n?) + pn(X0, FY O(pn+ n?)

20f(x) denotes the time complexity of solving a linear system describedrmnzero entries.

7. Repartitioning Q

The approach we introduced 8ections 3 and & very efficient but its applicability is limited by the
requirement thaB must have only one nonzero column. There are models where this conditiBn on
is not immediately satisfied, yet it can be achieved through an appropejzeitioning of the states.
For illustration simplicity,Fig. 3shows an example of state repartitioning applied to a QBD process, but
exactly the same idea would apply to that model structure if it had a more complex forward arc structure,
i.e., if it were an M/G/1-type process.

Fig. 3(top) shows a QBD process where the transitions f&fto SU~ have two destinations;

andst . Clearly, the single column condition f&8is not immediately satisfiedrig. 3 (bottom) shows

e @ e - - -
<X X T

Fig. 3. State repartitioning.



250 G. Ciardo et al./ Performance Evaluation 57 (2004) 235-260

instead that, by redefining the s&d’ in such a way thaf® = {s@, s\V D} 8P = (@ 2 @y
etc., the transitions fro to SY~Y now go to a single state}’ . The condltlon orB is then satisfied.

In Appendix A we detail an algorithm that accepts as input the (finite) block description of the (in-
finite) infinitesimal generato®, as given inEg. (5) of an M/G/1-type process and then determines a
repartitioning of the state space so tlBahas a single nonzero column in the new partition, if such a
partition exists. The computational complexity of this algorithm (8% loge) and its space complexity
is O(n + e), Wheren is the size of the repetitive sets ants at most the total number of nonzero entries
iNQ=B+L + Z —  F in the original partition.

We observe that as a result of this repartitioning, at mést— 1) /2 states might be shifted from the
repetitive portion of the chain int§©. This is because, among thesets of state§; = {sl@: j =2},
ko > 1 of them will remain unchanged#i < n — ko of them will shifted one position to the left (i.e., state
s\” becomes staté’ ™), addingk; states taS©; k, < n — ko — ky of them will be shifted two positions
to((;t)he left, adding &, states taS'®©, and so on. In the worst case, this adds 2+ - - - + n — 1 states to
S,

Furthermore, this change in the definition of the s&f$ does not affect our ability to compute the
measures of interest. Assume that we have defined the rewarg?ate a oy a,m J+- ay[k] j* for
states(f) in the original partition of the state space. After repartitioning, the “old” s(,%&enay now be

statesf’ ) for some fixed: (we use a“-" for quantities referring to the new partition). The same expected
reward rate will still be computed, that is,

— () N =)
r= ZZp | ZZP 7,

J=0jesv J=0 ;3

provided the new reward rate for staté  satisfieso”’ ' = p'. In other words, we simply require that

Al radlG—o+- - +adl—of =T+l + a,[k]J" and this can be obviously achieved
k]

through an approprlate definition of the coefﬂmea{?é

8. Application: multiprocessor scheduling

In this section, we describe an application that can be studied throudbrtug.-MG1 approach.

We concentrate on presenting the CTMCs that models the application of interest, focusing on the form
of the repeating matrix pattern, and we present numerical results to cofpaga-MG1 with the
matrix-analytic approach.

Modeling the behavior of scheduling policies in parallel systems often results in CTMCs with matrix-
geometric fornj22]. Here, we present a CTMC that models the behavior of a class of dynamic scheduling
policies where the reconfiguration cost is reduced by limiting how and when processor reallocations can
occur[1]. Fig. 4illustrates the CTMC modeling a dynamic scheduling policy that can only reduce the
number of processors allocated to an application, and only immediately after a service comipigtién.
shows the system behavior under bursty arrival conditions modeled as bulks of finite si20]$eean
analysis of adaptive space-sharing policies under similar assumptions for the arrival process).

The system state is described by the number of applications that are waiting for service in the queue anc
the number of applications that are in servida:Ms, denotes that there ané applications in the queue,
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Fig. 4. The CTMC that models a dynamic multiprocessor scheduling policy.

251

waiting to be executed, and applications in service, each having a fractioh df the total number of
processors allocated to it. Thus, the service rate of an applicatjon &sfunction ofr. The arrival rate
for bulks isA, and the probability that the size of the bulk is 1, 2, 3, or 4,i8, y, ands, respectively.

Our lemma for bounded bulk arrivals can be readily applied to study the performance of this policy.
Since the behavior of this dynamic scheduling policy under different workloads is outside the scope of this
paper, we do not present numerical results that illustrate the performance of the policy per se. Instead, we
present the time for the solution neededyQa-MG1 and the most efficient matrix-analytic method (as
presented isection 2on a1l GHz Pentium IV with 512 KB cache and 1 GB memory. For simpliEity,4
shows bulk arrivals of maximum size four and the multiprocessor partitioned in up to three classes, but
our experiments consider maximum bulks of sizes 50 or 100, and several values for the maximum number
of classesFig. 5(a) and (b) report the significant run-time improvements achieved when commfting

e

CPU time (sec)
ONDPOOOON

e

CPU time (sec)
ONBPOOOON

(b)

Fig. 5. Computation time (in s) for a process with bulk sizes of (a) 50 and (b) 100.
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Fig. 6. Ratio of the matrix-analytic and ETaQa-MG1 computation times for a process with bulk sizes of 50 (&) or 100 (b).

x®, and #* using EtaQa-MG1, as opposed to computing 79, and #” for 1 < j < s, using the
matrix-analytic method, as afunction of the number of multiprocessor partitions and the truncation point
s in the computation of the probability vector, i.e., >;_,x¥1T is approximately equal to one.

To better observe the efficiency of ETaQa-MGL, Fig. 6(a) and (b) plot the relative computation time of
the matrix-analytic method versus ETaQa-MGL for the cases presented in Fig. 5(a) and (b), respectively.
ETAaQAa-MG1 outperformsthe matrix-analytic method in both small and large size problems. Theefficiency
of ETaQa-MGLlincreaseswhen thelength of the computed probability vector for matrix-analyticincreases
and when the cardinality m of S© isin the same range as the cardinality n of S’ for j > 0. In the case
under study, m = O(n?), which explains higher computational gains for EraQa-MGL for partitionsinto
small number of classes.

For the experiments of Figs. 5 and 6, we used an absol ute test as a convergence criterion for theiterative
solution of the systems of linear equations required by ETaQa-MG1 and the matrix-analytic method: we
stop when the maximum entry in the vector defined as the difference of two successive iterates does not
exceed 10716, Asaconfirmation of the appropriateness of thistest, we observethat the entries correspond-
ing to S© and S? for the probability vectors computed with the two methods match with an accuracy
of 10716 aswell. We elaborate further on the numerical stability of our technique in the next section.

9. Numerical stability of ETagaA-M G1

ETaQa-MGL isanumerica approach to solve M/G/1-type processes, and it entails matrix multiplica-
tions, additions, and subtractions, as well as the solution of systems of linear equations. This raises the
issue of numerical stability both in the construction phase of the blocks forming matrix M of Theorem 1
(or the analogous one of Lemma 1) and in the solution phase of the resulting linear systems.

We investigate the numerical stability of ETaQa-MG1 experimentally, adopting the definition of a
“numerically stable algorithm” given in [23]: an algorithm is stable if, for an almost exact input, it
produces an almost exact output. As a testbed, we choose a queueing system with bulk arrivals and
Coxian service, and solve it with both ETaQa-MG1 and matrix-analytic/Ramaswami’ s formula, whichis
known to be numerically stable.

For the case under study, the input consists of the parameters for the arrival process and for the Coxian
service process, while the output consists of #©@, #™, and =™ (for the matrix-analytic method, we
compute z*) as 3 _, #). First, we solve the queueing system with both methods for a chosen set of
input parameters, which werefer to asthe unperturbed input. Then, we randomly perturb the values of the
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Fig. 7. Perturbation of the solution as result of the perturbation of the input for both ETaQa-MG1 and matrix-analytic method
for 50 different experiments, with matrix sizen = 32 and bulk size of p = 64, for perturbation magnitudes of (a) 1072 and (b)
1074,

input parameterswith uniformly distributed quantitiesin (—e, €), wheree isasmall constant, either 10714
or 10~*2, We solve again each model with each method and compare the output with that obtained from
solving the problem with unperturbed input using the same method. To increase the statistical confidence,
we conduct 50 (differently) perturbed experiments.

The results for perturbations of magnitude 10~*? and 10~%4, in Fig. 7(a) and (b), respectively, suggest
that ETaQa-MGLl isastable agorithm. In Fig. 8(a) and (b) we present the maximum difference between
the solutions obtained from both methods for one of the perturbed experiments for different problem
sizes, i.e., different sizes on the matrices of the process and different number of matrices involved.

The results presented in Figs. 7 and 8 correspond to cases where the entries within each of the input
matricesarein the samerange. To study the effect of perturbations on the more problematic “ stiff” chains,
we consider the same queueing system where entries differ up to six orders of magnitude. The resultsare
in Figs. 9 and 10.

For stiff inputs, the resulting perturbation in the solution is higher than for non-stiff inputs. Again,
however, ETaAQa-MGL1 performs similarly to the stable matrix-analytic approach. Thus, while we do
not provide a theoretical proof of the numerical stability of ETaQa-MG1, the results of the numerical
experiments of this section provide evidence that ETaQa-MGL1 is a stable approach.
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Fig. 8. Maximum difference in the solutions obtained from EtaQa-MGL1 and the matrix-analytic method for one perturbation
experiment as a function of different problem sizes, with perturbation magnitudes of (a) 10~*? and (b) 10~4.
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Fig. 9. Perturbation of the solution as result of the perturbation of the stiff input for both ETaQa-MGL1 and the matrix-analytic
method for 50 different experiments, with matrix sizen = 32 and bulk sizeof p = 64, with perturbation magnitudes of (a) 10~
and (b) 107,
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Fig. 10. Maximum difference in the solutions obtained from ETaQa-MGL1 and the matrix-analytic method for one perturbation
experiment with stiff input as afunction of different problem sizes, with perturbation magnitudes of (a) 1072 and (b) 10~

10. Conclusions and future work

Inthis paper we presented an extension of the ETaQa approachto M/G/1-type processes. Our exposition
focuses on the description of the extended ETaQa methodology and its application to efficiently compute
the exact probabilities of the boundary states of the process and the aggregate probability distribution
of the states in each of the equivalence classes corresponding to a specific partitioning of the remaining
infinite portion of the state space. Although the method does not compute the probability distribution
of al states, it still provides enough information for the “mathematically exact” computation of a wide
variety of Markov reward functions.

We must emphasize that our treatment applies only to M/G/1-type processes where al transitionsfrom
one level to the previous one are directed to a single state (transitions within a level or toward higher
levels are completely unrestricted). When this condition is satisfied, the solution is derived by solving
a system of m + 2n linear equations and provides significant savings over standard algorithms for the
solution of general M/G/1-type processes. While the condition on B isindisputably restrictive and might
not hold on a given CTMC as stated, we also provide an algorithm that finds a repartition of the state
space so that the condition becomes satisfied, if such arepartition exists.
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We have recently release a software tool called MAMSolver (available at http://www.cs.wm.edu/
MAMSolver/) that implements ETaQa-MGL1 as well as the classic matrix analytic methodologies for
the solution of MG1-type processes [19].
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Appendix A. Staterepartitioning
A.1l. Problem definition

We seek an algorithm that, given an infinitesimal generator Q block-partitioned as in Eq. (5), corre-
sponding to a state space initially partitioned as S® USSP USSP U ..., with|S?| = m and |SV| = n
for j > 1, discoversanew partition S2usPus?u. .., with |:S‘(0)| —mand |8 = n for j > 1,i.e,
possibly different-size boundary class but same-size repetitive classes, such that the new corresponding
block-partition of Eq. (5) issuch that B contains a single nonzero column, if such arepartition exists, or
returnsa“no” otherwise.

If we just focus on the zero-nonzero pattern of the infinitesimal generator Q, the result is a directed
graph. The repeating pattern of Q implies that there is an edge from slf” to sf/) iff there is an edge from
s tos fori,i’ =1,...,nand j, j = 1,2,... (snce L® can differ from L, exceptions can occur
when j = lor j/ = 1, but thisisinessential). Wecall sP, s®, ... fori = 1, ... , n, same-position nodes.
We call theindex a corresponding to the nonzero column in B the anchor. Furthermore, since Q has an

M/G/1-type structure, we know that there are no arcs from s to s\/” for j/ < j — 1.
A.2. An algebraic approach
Since the subgraphs induced by S?, 5@, ... in the original partition are all isomorphic and those

defined by the new sets 5‘(1), 3? , ... dfter the repartition are required to be isomorphic as well, and of
the same size, any change we make to the definition of S should be made also to the other sets SU” for
j, /= 1. For example, if we shift one node from S? to S?, the same-position nodein SY+Y must aso
be shifted to S for j > 2. Applying the same moving action (shift left, shift right, or leave alone) to
same-position nodes guarantees the isomorphism of the resulting subgraphs and that of the forward and
backward edges between different subgraphs. As a result, we only need determine where to move the
nodes of one of the repetitive subgraphs, say S, to form the new partition. The other subgraphs follow
the same pattern.

Consider this subgraph, which containsnodes s\, 55, . .. , s%. After the repartition some nodes will
be shifted left to subgraphs with indices smaller than j, some will go right to subgraphs with indices
larger than j, and some will stay in their current home. Let x be the index of the subgraph to which

i
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node s\ will be moved by the repartition. For the time being, suppose that we know the position a of the

anchorl. We then apply the following rules to establish alinear system of integer inequalities:

e For each edge with astarting point in S, say s\, to s\*", I other than the anchor a, we must ensure
that this edge will not be a backward edge in the new partition, thus

D < 0 240
e For each edgewith astarting point in S, say s\, to an anchor node sy *", we must ensure that it will
not be a backward edge going back more than one level, thus

x,(f) < xijﬂ) +1= xl(lj) +r+1

(inthe above, r = —1, r = 0, or r > 0 if the edge is originaly a backward, local, or forward edge,

respectively).
We then obtain a system of inequalitiesin n unknowns, x1, ... , x,, with each inequality of the form

Xy < Xx1+c,

where ¢ isan integer no smaller than —1, and we have dropped the superscripts“ ()", since no confusion
can arise. The linear system can be simplified by removing redundant inequalities. That is, for any two
variables x; and x;, if there are several inequalities in the form of x; < x; + ¢, only the one with
the smallest ¢ needs to be kept in the linear system. As a result of this simplification, the number of
inequalities in the linear system, denoted as ¢, is at most the number of off-diagonal nonzero entriesin
matrix B + L + Zj‘;l FY (instead of the number of off-diagonal nonzero entriesin B, L, and F\ for
j=12,...). Later in Section A.4, we shall reduce this upper bound to e to an even smaller quantity.
Thus, Q hasanew partition with a prespecified anchor « satisfying the condition on B iff thelinear system
of e inequalities with n variables has an integer solution.

A.3. A necessary and sufficient condition

For the linear system, denoted by L,,, developed in the previous section under the assumption that a is
the anchor, we can construct agraph, denoted by G, where there is anode for each variable and an edge
from node x; to node x; with weight c iff x; < x; + ¢ isone of theinequalitiesin the system.

The sufficient and necessary condition for the linear system L, to have an integer solution is that there
are no cycles with negative total weight in graph G, . This condition was observed by Pratt [16] and later
further discussed by Shostak [21], hence the detailed proof is omitted here.

According to van Leeuwen [24], there are efficient algorithmsto determine whether thereisanegative-
weight cycle in a directed graph. One of these algorithms [7,10] achieves O(ne) worst-case time com-
plexity, if G, hasn nodes and ¢ edges. Thus we conclude that determining whether the linear system L,
has an integer solution takes O(ne) time. Next, we need to show how to construct asolution if thereisone.

A.4. Solving thelinear system

Hochbaum and Naor [6] presented an algorithm that finds a feasible integer solution to a system of
monotone inequalities of theform ax, < bx; + ¢, wherea and b are positive. Obviously, our inequalities,
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x; < x;+c¢, aremonotone. Thus, Hochbaum and Naor’ salgorithm may beapplied. However, thea gorithm
requiresthat each variabl ex, hasalower bound x™" and an upper bound x™, and itsresulting complexity
isO(n%eloge+e Y 7 (xMa xlm”‘ + 1)). To use this algorithm, we need to show that bounded variables
can be assumed without changing the integer feasibility of our linear system. Specifically, we need to
show that the original linear system with unbounded variables has an integer solution if and only if the
linear system with bounded variables has an integer solution. The proof of the“if” part istrivial. We next
focus on the proof of the “only if” part.

Consider any system of inequalities of theform x; < x; + ¢ with at least oneinteger solution. Without
loss of generality, assume that, among the n variables, there is one variable taking the value of j in
the solution, and all other variables have the values relative to j. For example, if x1 = j, xo = j + 1,
x3 = j, and x4 = j — 1 is a solution to a system with four variables, then for nodes in SV, s (/) and

sy’ stay in 8V, 53 is moved to SY*Y by the repartition, and s is moved to SV, We next argue
that if thereis an integer solution (with reference parameter j) then there is an integer solution with
j—n<xi<j+nfori=1...,n (inother words, we never need to shift a state by » or more posi-
tions). To do so, we construct a new integer solution with the bounded variables based on the solution
given.

LetV; bethe set of al variables given the value of i intheinitial solution. Clearly, V; # ¢ according to
our assumption. Let a bethe smallest index such that V, isnon-empty and b be the largest index such that
V, isnon-empty. If a < j — n, theremust beat least oneempty set (“hol€”) withindex betweena and ;. Let
r be the smallest such index. For variablesin), U - - - U V,_1, we increase their values by one. We argue
that the resulting assignment is still afeasible solution. For an inequality x; < x; 4+ ¢ with both variables
inornotin), U---UV,_1, theequalty till holds under the new assignment, since the difference of the
values of x; and x; is unchanged. For an inequality x; < x; + ¢ with onevariableinV, U-.-UV,_; and
theotherin )V for s > r, therearetwo cases. Theeasy caseisx;, € Vyandx; € V, U ---UV,_1. Under the
new assignment, the value of x; isunchanged whilethe value of x; isincreased by one. Theinequality still
holds since the increased variable is on the right-hand side of <. The second caseisx; € V,U--- UV, 1
and x; € V;. Since there is at least one “hole” between V,_; and V;, we must have r — 1 < s — 2, thus
x; < x; — 2 beforethe increase of x;. Increasing the value of x; by one,weget x; <x;— 1< x;4+c¢. S0
the inequality remains true under the new assignment.

We continue increasing values of some variables until the smallest value in the solution is larger than
j — n. To the variables holding the values greater than or equal to j + » in the solution, we can decrease
their values by one at atime using the similar method until all variables have values smaller than j + n
in the solution.

Using the procedure described above, we can bound the variables within the range between j — n and
j + n. This does not change the integer feasibility of our linear system. For any variable, the difference
of theupper bound and lower boundissmaller than 2. Using Hochbaum and Naor’ salgorithm, weachieve
thetimecomplexity of O(n?eloge + e Y ;_;(2n + 1)) = O(n?eloge + en(2n + 1)) = O(n?eloge). Re-
call that e, the number of inequalitiesin the linear system, is at most the number of off-diagonal nonzero
entriesinmatrix B + L + ZOO F, Herewe arguethat e isactually at most the number of off-diagonal
nonzero entriesin matrix B + L + Z F. Thisisbecause that when weimposethelower bound j — n
and upper bound j + n to any varlablexl inthelinear system, the difference between any two variablesis
made less than 2n. Therefore, when we are simplifying the linear system after it is constructed using the
method in Section A.2, those inequalities x; < x; + ¢ with ¢ > 2n can aso be removed from the linear
system.
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A.5. Our algorithm and its complexity

We now outline an algorithm for the repartitioning problem. Given an initial partition S©, SV, ..,
for each possible anchor s; for i = 1,2,...,n, we construct a linear system using the method de-
scribed in Section A.2 and its corresponding graph G;. Then we determine whether G; contains any
negative-weight cycle. If not, Hochbaum and Naor’ s algorithm is called to find an integer solution, which
is then converted to a new partition of Q. Otherwise, we check the next node to see if it can be the
anchor. If no node can be the anchor that can result in a repartition, the algorithm returns a negative
answer.

Input: Graph Q with partition S@, s®

Output: A new partition S(O), S(l), ..., iIf there is one, or “N0” otherwise
For i from 1ton
Construct the linear system with bounded variables, L;, using s; as the anchor
Construct the corresponding graph, G;
If G; does not have any negative-weight cycle
Use Hochbaum and Naor’s algorithm to construct an integer solution
Return the corresponding partition
End if
End for
Return “No”

In any case Hochbaum and Naor’ salgorithm is called by our algorithm at most once, while the negative-
weight cycle detection algorithm may be called n timesin the worst case. Therefore, the time complexity
of our repartitioning algorithm is O(n?e + neloge) = O(n?eloge). Since the data structures involved
are graphs with n nodes and e edges and a linear system with n unknowns and e inequalities, the space
complexity of our repartitioning algorithm is O(n + e).
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