
� � �������	�
��� 
 ����������������������� ���! �#"!���$�&%��('
) %*����"!�+�,� �-�#� . ���-"0/,12�&1

3 4 5 6 7 8:9<; 5 4

=�>@?2A<BDCFEG>@H	C�IKJ�L-IMEN?PO�CF>QB
RTS@UV>@HPSQ>
L�IXWYWV>@Z[>,IXJ]\ UYWYWYU^AKE _ `aA<BDb

\ UYWYWYU^AKENc+dPOPBeZgf�h�i



� �����,����� �

����� 	 
���
���� � � � ����
���� �

L
R�������� �!�#"%$ H'& >QB Z[BFA�& O2A CF>#R UVE�O W^A C!UVIXH f2` I(&P> WYUYHPZ A H'&(i H2A W b c+UYc

)



����� �����
	
�
�������
�����

�����
����� �"!$#&%�����')(*���+%,'.-
/&0 �1#&%3254768(:9;#&�=<
> 0
?@0BA �C#D���E>����E()#.�F!;9�GH>3�=(I>J#.<
KL��9+'NM�4O� �,P)QR#&<
<RK
�=>S�,%���T;�H���=4O< 0
U+0WV <
<+'7#&�=�=<+XY�E<�QZ'[�:#&�=�=�+%3X.G 0
\ 0B] 4.Q^T;�E<;#D��4.%,�_#.�
!
%,4.T;��')Q`>a#.<
Kb�E4@(c#.�d>�'7#D%�(C9 0
e@0BA �EQ^�
�_#D�,'cKL#&<
<+'7#.�E�=<+X 0

f



����� � � 	�� ��� �
	�� �S�
�

���1#&%3254768(:9;#.�E<
> 6H�_#Y#.<L'��;#&QZ!;�E'.-B(I4O<
>3�=K+'I%a��9+'�� 4O�=�E4�� �E<+XN!
%,4@(['c>,>I-
/&0�� %C#�� #YT;�
<
(:9�4����3>S�C#D�,')>���� ' 0 X 0��$e >S�:# ��'c>! :-

A

B
C

D

E

?@0�� %C#�� K
�E%3')(*�,')Kb#&%,(c> T '[�"� 'c'c<b>34OQZ' 4�� ��9+' >��C#D�,'c>I-

A

B
C

D

E
self−arcs allowed

arc from D to C

U+0�# 4.% ')#.(:9Y>S�C#D�,' � �
>�' # !
%,4.T$#&T;�E�=� ��G K
�=>S�,%,�ET;�H���=4O<^4765'I% ��9+'
4O�H�,X54O�E<+X #&%,(I>c-

$



A

B
C

D

E

0.2
0.2

0.6

\ 0�� 4Y��9
�=> � 4.%
#&�=��>S�C#D�,')>I-

A

B
C

D

E

0.2
0.2

0.6

0.2

0.8

0.85

0.05

0.5

0.5

0.1
0.9

0.1

e@0 � �E(C2 # >S�C#&%��J>S�C#D�,' � ' 0 X 0������	�
����
 0

�



�+0�� �H'c(c�H�,'���9
�=>J#.��X54.%,����9
Q1-

� -�� /��
� -�� >S�C#&%�� �
	�

��
����

� �
Q ! ��4Y<+')��X59 T 4.%�4�� � �
>3�=<+XZ#&%,( !
%�4&T$#&T;�=�E�����E'c> 4�� � �
� -�� ��� /��

��������� � �"!#�

$ 4&�,'O- � �
Q !b!
%,4.T$#&T;�E�=������')>�#&%3' �=<
K+'I! 'c<
K+'c<�� 4 � !$#.>S�
9
�=>S��4.%�G
�&% �+'c>����E4O<
>�4 � �E<��,'I%3')>S�)-

' A �+!
! 4O>�')(+*,� >S�C#D�,' G�4O�b#&%3' �=<b#�� ��'I% ! �"��9 � �
Q ! 0

' %N- � 9;#D�
�E>.-0/1(+*)�3254�6
'87 � 7 >��C#&%����=< V � # � �,'I%�9
4 � �E4O<+X K
4 7 XO'[�JT$#.(C2`��4 V 6
�:9;%,>S�J!$#.>3>,#&XO' ���=Q ' ��4 V  0

���1#&%3254768(:9;#.�E< ��9+'c4.%�G�-
7 �W��9+')>�' (c4.<
K
�����=4O<
> 9
4O�=Kd-

/&0WV �=�d>S�C#D�,')>J#D%,'�%3')#.(:9;#&T;��' �
?@0 >�'[� 4 � >S�C#D�,')>��E>;9$<
���,' �

��9+'c<
�E�=Q*=<?> -0/@(0*A�32.4

'��
�E>S�C>�#.<
K��=> '7#.>SG8��4 (I4OQZ!;�H�,' 0
�E�=Q *=<?> -0/1( * �3254#� �E4O<+X ��'I%,Q !
%�4&T$#&T;�=�E����GZ4 �WTF')�E<+X`�E< VN0
$ 4&�,'O-B�=�=QZ�����C9+'c4.%3'cQ`> 9
4.�=Kb�
<
K+'I%
4&��9+'I%J(c4.<
K
�����=4O<
>a#.> � ')�E� 0

� A �EQY�
�=#D���=4O<d-

' # 4.% #&T 4765' ' �
#.QZ!;��' � � 9
�E(:9�>S�C#D�,' �E>J�=��2O')� GR��4Z9;#)65'���9+' ��'7#.>S�J!
%,4.T$#DT;�=� �
� ��GB6

C



��� 95G1� #&%3254768(C9;#.�=<
>J#D%,' �
>�' � �
� -

' �1#.<5G >SGH>��,'cQ`>B()#.< TF'JQ`4 K+')��')K #&> # !
%,4@(['c>,> '[6�4O��6H�=<+X 4O< # >��C#D�,' >�!$#.(I'
'87 �;�C9+' �C�1#&%325476 � !
%,4.!F'c%���G 9
4.�=K
> � ��9+')>�' >SG+>S�,')QZ>W()#&<NT 'a#.<;#.��G@PI')K�� �
���,'

')#.>3�=� G 0

' �1#.<5G ! 4 �a'I%�� �
� %,'c>3�
����>a'��
�E>S�
�=<8�C9+'���9+'c4.%�G84 � �1#&%325476R(:9;#.�E<
> 0

��� 95G1� #&%3254768(C9;#.�=<
>J#D%,' (c#.�E�E'cK �1#&%325476R(:9;#.�E<
>I-

' V 0 �1#&%325476�-��
�
>3>3�_#&<�QR#D��9+'cQR#D���=(I�_#.< � 9
409;%,>S� ��4.%32O'cKb4.�H�J�C9+' QR# �C9@�
'cQR#D���E(c> 4 � �1#&%3254768(:9;#.�E<
> 0

'�� �=>�'��;#&QZ!;�E'c>a�
>3�;#.�E��G8�E4@4.2.')KL�=�E2.'�(:9;#.�E<
>c-

.   .   .A B C D E

1.0 0.4 0.4 0.4 0.4

0.6 0.6 0.6 0.6 0.6

� A �
Q`Q`#&%�G�-

' V �1#&%325476 (:9;#.�E< �E>a# !
%,4 (I'c>3>���9;#D� � �
QZ!;>�#&%,4O�
<
K � %�4.Q >S�C#D�,' ��4 >S�C#D�,' �
�E<1# (I4O�E�E'c([���=4.< 4�� >S�:# ��'c> 0

'	� 9+' �E4O<+XY�,'I%,Q !
%�4&T$#&T;�=�E����G`4 �WTF')�E<+XZ�E<1# >S�C#D�,'�(c#.<bT ' (I4OQZ!;�H�,'cK 0

' # ��%�>S� !$#.>3>,#&XO' ���EQZ' �=> ��9+'�#)65'I%�#&XO' ���=Q ' ��4 %3'[�C�+%,< �C4 # >S�C#&%�� >S�C#D�,'�� 9;#&%,K
��4 (c4OQ !;�H��'� 0






����� � 	�� � ��� �	��
 � ��� � �"�@�
	;��
�� �+�����

��� �
K � �EXRM�4O� ��PcQR#.<
< � V �
>��,%,�_# �d/�� \O\ � /���� �  *-

' � %,�E4.% ��4`M�4O� ��PcQR#.<
< � QR#.([%,4O>3(c4.!;�E( �=#�� >a4 � X�#&>3'c> � 'c%3'�K
�E>3(c4765'I%3')KL#.<
K
'cQZ!;��%��E()#&�=��GY65'I%,� 9;'cK � ' 0 X 0��

���
� � (I4O<
>S�C#.<5� �"M�47GH�E'�� > �_#��� 

' M 4O���,PcQR#.<
< ��#.> �=<5��'I%3')>S�,'cK �E< '��+!;�=#.�=<
�E<+XRQR#.([%,4O>3(c4&!;�=(�!
%,4.! 'I%��C��')> �
>��
�E<+X`Q`�E(I%,4O>3(I4.!;�=(
!
%,4.! 'I%����E'c> 0

� � �
#.QZ!;��' 4 � #^!
%,4.T;�E'cQ M�4O� �,P)QR#&<
< ��#.>��E<��,'I%3')>S�,')K �=<d-
A �+!
! 4O>�' #&�=�dQ`4O��')(I�
�E'c>a#D%,' �E<
�����_#&�=��G`�=<1M�4�� V -

Box BBox A

valve

vacuum

gas

� 9+'c< � �C9+'�6&#.� 65' �=>a4.! 'c<+')K�#.<
K1#�� �,'c%�# � 9
�E�E' ��9+' >SG+>S�,')Q �E>�' �
#.Q`�E<+')Kd-

Box BBox A

� 9+' Q`4.�E'c(c�
��')>a#&!
! ')#&%a��4^T ' 'I6O')<
� G K
�=>S�,%���T;�H�,')K � �=K+'c<��������E()#.�$!
%3')>3>3�+%3'  0
� 9+' >�GH>S�,')Q �=>a(I4O<5���=< �
4O�
>3��GY4.T;>�'I%36O')K � 4.%a# �=4.<+X ���=QZ' � GO'I����9+' �=<
� ���_#.�;(I4O<@�
9;X5�+%�#D���E4O<8�=>J<+'[65'c%�4.T;>�'c%�65'cK�#&X5#.�=<`� � 95G 6

�



���1#&%3254768(:9;#.�E<�#.<;#&�=4.X.G -
�d'I�

! � ��4&�C#.��� Q`4.�E'c(c�
��')>
!�� � � Q`4O��')(I�
�E'c>��=< V
!�� � � Q`4O��')(I�
�E'c>��=< M

A �C#D�,' 4 � ��9+' >SGH>��,'cQ � � ! ��� ! �  0
7 <
�����_#&��>��C#D�,' � � ! � �  0� T;>�'c%�6&#D���E4O<d- 9;%,>S�J!$#.>3>,#&XO' ���=Q '�� %�4.Q � ! � �  ��4 � ! � �  �=>��
	���
��=4O<+X 0
� #)65'I%C#DXO'J�C�EQZ' �=>a�E4O<+XO'I% �C9;#&<R��9+'��E� � ' 4�� ��9+'��
<
� 65'c%,>�' � � 4.%�#N�=#&%3XO' >SGH>S��'cQ  0

� V >3�=QZ!;��' Q`4 K+')� -

' A �+!
! 4O>�'�#D��'[65'I%�GZ>S�,'I! � ')#.(:9RQ`4O��')(I�
�E'�>3'c�E'c(*�C>�#NM�4��`#D��%C#&<
K
4OQ � � � ��9
' � �;#.��!
%�4&T$#&T;�=�E����G� 0

'	� 9+'c< � -,/ #.�=��QZ4O�E'c(c�
��')> �=< V 4 � ��� e * 0

'87 <�� #.(*� � -0/��8Q`4O��')(I�
�E'c>a�E< V 4 � �� ! � ��
��� e * ��� e *���� 0

' ��4O>S�
!
%,4.T$#&T;��'�>S�:# ��'.- � * � � * �  0
' �J0 X 0�� < � ? � -� -0/ * � Q`4.�E'c(c�
��')>��=< 254�� -,/ /�� �E< 254�� ���_/ ���+0

� -0/ ! Q`4.�E'c(c�
��')>��=< 254�� -,/ ? � �E< 254�� /�� �"! 0
��M 4O���,PcQR#.<
< � >�#.<;#&��GH>,�E>I-B2O'[GL#.>3>3�
QZ!+���=4O<
>

' � ' (c#.<
<
4&� #.(I(I4O�
<�� � 4.%a��9+' T 'c9;#76H�=4&%�4 �W')#.(:9L�=<
K
� 6+�EK
�;#.��Q`4O��')(I�
�E' 0
' V �=�d(I4O<�9;X5�+%�#D���=4O<
> � ����98�C9+' >,#.QZ' ')<+'I%3X.GL#&%3'�' � �;#.�E��GR!
%,4.T$#&T;��' 0

��M 4O���,PcQR#.<
< � >�#.<;#&��GH>,�E>I-

' A GH>S�,')Q1-

#



Box BBox A
n molecules

' $ 4&�C#D���=4O<d-� � #.(:9L(c4O<�9;XO�+%C# �C�E4O<84 � Q`4.�E'c(c�
��')> �=>J#�������� 	 0��� � >�'[� 4 � >S�C#D�,')>.� 	 ��
 � � � � � � � � ����
 0��� � �  � 'c<+'c%3X.G 4 �W>��C#D�,' � 0��� 
 � � � � � � � � � � � ! 4O>3>3�ET;��'�')<+'I%3X5�E'c> 0
' � ')>3�E%3'cKd- � 9;#D�J�E> -0/ # >S�C#D�,' 9;#.>a'c<+'I%,X&G ��� 4�6
' V <;#.��GH>3�=>I-
$ 4&�,' ��9;#D�
-0/ ')<+'I%3X.GL�=> � � � � � 4�� -0/ 'c<+'c%3X.G �E< V �=> � � 4��;-0/ ')<+'I%3X.G8�=< M �E> � � 4 �
� 9 �
> � ��9+'�!
%,4.T$#&T;�E�=� ��GZK
�=>S�,%���T;�H���=4O<89;#.>a��9+'�� 4.%,Q

� ��� ���   � � ���  � � �  �
$ 4&�,' ��9;#D�

� �������! #"%$ � � ����� � ����"
#&<
KL��9@�
> � ���  #� � ����� �=>
#^(c#.<
K
�=K;#D�,'�� �
<
(*���=4O< 0
& �(' � - � �E>J<+')(['c>,>,#&%,�E��G84 �W��9+'
� 4.%,Q � �)�  #� � ����� 0
� 9 �
> �

-0/ # >S�C#D�,' 9;#.>a'c<+'I%,X&G � 4 � � (c4O<
>S�  � ���+* �
��'c()#&�=� - �a' 9;#)65' # 9$<
���,' <@�
Q TF'c%a4 �W'c<+'c%3X5��')> 0 � ')<
([' �

-,/ #Y>S�C#D�,' 9;#.>�'c<+'c%3X.G � � 4 �-, � ���+*/. �
� 9+'I%3'

,3�
/

0 � � ���+*#1 �
� 9
�E>J�=>�(c#.�E�E'cK ��9+'NM�4O� ��PcQR#.<
<RK
�E>S��%,��T;�H�C�E4O< 0

2



� � 9+'�!
%,4.T$#&T;�E�=� ��GR4�� 9$<
K
�=<+X^��9+' >SGH>S��'cQ �=<b'c<+'I%,X&G � 0

' �d'I� -0/ � 4 � -0/ # >S�C#D�,' 9;#.>a'c<+'I%,X&G � 4 � , � ���+* 0

' $ 4&�,'O- -,/ � 4 �=>
#YK+')([%3'7#.>3�E<+X � �
<
(*���=4O< 4 � � 0

' �d'I� � � �  ;� � >S�C#D�,'c> � ����9L'c<+'I%,X&G � 0

' $ 4&�,'O- � � �  ��=>
#&<b�=<
([%3'7#&>,�E<+X � �
<
(*���=4O<L4 � � 0

' �d'I� -�� "�� / � 4�� -0/ >SGH>��,'cQ 9;#&>�')<+'I%3X.G � 4 0
� 9+'c< �

-���"�� / � 4�� � � �  -0/ � 4 �
� �
#.QZ!;��'O-B#Y!;�E4&�J4�� � � �  � -,/ � 4W#.<
K -���"��=/ � 4

' %N- � 9�G K
4�'c> � � �  ��=<
([%3'7#&>3'�6

� V >3�=QZ!;��' >3�=Q^�
�_# �C�E4O<`'��+!F'c%,�=Q ')<5�)-

' A GH>S�,')Q � / � K
�=Q ')<
>3�=4.<;#.�$'��
#.QZ!;�E'� :-

)��



Box A Box B

k slots k slots

molecule

energy of this molecule
is zero

energy of this molecule
is two

' ! Q`4O�E'c(I�
�E'c> 0
' � #&(:9bQ`4.�E'c(c�
��'�>�')��')(*��>J# >3�=4D�J%�#.<
K
4OQ`� G`�E<b')� ��9+'c%
M�4�� 0
'	� 9+' 'c<+'c%3X.G 4�� # Q`4.�E'c(c�
��'A� � <+')��X59 T 4.%,> 0
' � <+'I%3X.G 4 � #Y(c4.<�9;X5�+%�#D���=4O< � >3�
Q 4��W')<+'I%3X5�E'c>�4 �WQ`4O�E'c(I�
�E'c> 0

� � 9+'�'�� 'c([� 4��W��'cQZ!F'c%�#D���+%3'O-

' ��'c()#&�=� M�4O� �,P)QR#&<
< K
�E>S��%,��T;�H�C�E4O<d- -0/ � 4 � , � ��� * 0

' M GL(c4OQ !;�H�C�E<+X^QR#.([%,4N!
%�4&! 'I%3����')>�� ' 0 X 0�� !
%3')>3>3�+%3'  � ���a�C�+%,<
>�4.�H�7-

��� /
� �

� 9
�E>J�=>��
>3�;#.�E��G �
%,���3�,'c<b#.>

� �
/
� �

� 9+'I%3' � �E> M�4O� �,P)QR#&<
< � >�(c4.<
>��C#.<5� 0 � 9 �
> �

-0/ � 4 � , � �/*��
	 � �
' $ ' �@� � (c4O<
>3�EK+'c%a� ��4^>S�C#D�,')> � 
 #.<
K � � � � �C9 ')<+'I%3X5�E'c> � � � �  � � � � 
  0
� 9+'c< �

� � -0/ � � ��
  4
-0/ � � � �  4 � , � �/* � �
� $���	 �

, � �/* � ���)$���	 � � ��� * � � � $ �/* � ��� $�����	 � �
' %N- � 9;#D�
9;#&!
!F')<
>���4 � #.> ��� � 6
' %N- � 9;#D�
9;#&!
!F')<
>���4 � #.> ��� � 6
'	� 9 �
> � �E4 � 'c<+'c%3X.G >S�C#D�,'c>J#&%3' Q`4.%3' !
%,4.T$#&T;��' #D�
�E4 � �,'cQZ! 'I%�#D���+%,'c> 0

) )



' A �EQ^�
�_#D���=4.<`' �
#.QZ!;��'O-
� A �
Q`Q`#&%�G�-

' -0/ # >S�C#D�,' 9;#.>�')<+'I%3X.G � 4 � � �/*���	 � 0

' � 4 � 'c<+'c%3X.G >S�C#D�,')>�#&%3'
� #)6�4&%,'cKL#D�
�=4 � ��'cQZ!F'c%�#D���+%3')> 0

)3f



����� � ����� � ���S���

�����	��	 ��

����� �=>N# !
%,4 (I'c>3>NK
�=>3(I4 6O'c%3'cK (['c<����+%,�E'c>N#&XO4 #&>N#���'c(:9
<
� �@�+' � 4.% �=QY�
!
%,476+�E<+X �C9+' >S�,%3')<+X&�C9L4 � QZ'[�C#.�=> 0

��� '[Gb�EK+'7#H- (I4@4O�dQZ'[�C#.� >3�=4 � � G8K
�+%,�=<+X^�C9+'�� 4.%3X5�E<+X !
%�4 ([')>3> 0

� � �
#.QZ!;��'O- QR#&2@�=<+X T$#D%
QR#&X5<+'[��>

' � %,4O<+X �J#)G`��4YQR#&2O'�#YQR#DX5<+'I�)-
/&0 � ')#D�
QZ'[�C#.� T$#&% �C4Y9
�EXO9 �,')Q ! 'I%C# �C�+%3' �=<�#YQR#&X5<+'[���=(59;')�EKd-

N S

heat

?@0 ] 4@4.� %C#D!;�=K
��G � � �+'c<
(:9  :-

N S

Cool

' �J��X59�� �J#)G - (I4@4O�d>3�=4 � � G 0

) $



��� 95GL>,�E4 ��� (c4 4O�E�=<+X �a4.%32H>I-

' V � 9
��X59b9+')#D� � QR#&XO<+'I���=( K
�E! 4O�E'c>J#&%3' #&X5� �C#D�,')K #.<
K�QZ4 6O' #&%,4O�
<
Kd-

'	� 9+' QR#DX5<+'I���E(.9;'c�=K �,%,�E'c> ��4 � 4&%�([' #.�E�EX5<
QZ'c<5�7-

'87 �N(I4 4O�E'cK %C#D!;�=K
��G � #.�=��X5<
QZ'c<���> �,'c<
K ��4 TF' �E'c>3>8��9;#.< 4.!+���=Q`#.� � �E4@(c#.�
#&�=�EXO<
QZ')<5��>! *-

' � � ��9 >3�=4 � (I4 4O�=�E<+X � #&�=�EXO<
QZ')<5��> #&%3'R(c�E4O>�'c% �C4 4.!+���=Q`#.� � X5�E4.T$#.� #.�E�EX5<@�
Q ')<5�� *-

� A �
Q`Q`#&%�G�- >,�E4 � (I4 4O�=�E<+X 9+')��!;> T 'c(c#.�
>�'8���NXO��65'c> QZ4O�E'c(c�
��')> Q`4&%,'Y���=QZ'^��4
�3>�'[�3�C��'��^�E<���4Y#.<�4.!+���EQR#.� (I4O<�9;X5�+%�#D���E4O< 0

) �



����� � ��
 
������ �+��	;�"� ����� �
��
 � � �B�
����� ��	
��
 � � 
 �

� V �	��

� ��� ��� � � � ��
 ��� ��� 
 ��� ����� � � � � ��� 
 	 
 �=>I-

' � � >3'[�
4 � >S�C#D�,'c> � ! 4&�,'c<����_#&� >34O�=�H���E4O<
>! 0
'�� � # (I4O>S� � �
<
([���=4.<b4765'I% ��9+' >��C#D�,'c>I-

� � �  � (c4.>��J4 � >S�:# ��' � 0

'�� 45#.� - 9$<
K1>S�C#D�,'�� ����9L�E')#.>S�
(c4.>�� 0
'�� >3�;#.�=� G � �=>��C4 4Y�_#&%3XO'�� 4.%a' �+9;#.�
>S����65' >�')#&%,(:9 0

� � �
#.QZ!;��'O- ��9+' � %C#)65'c�=�E<+X A #.�E'c>3QR#.<R!
%,4.T;�E'cQ

'87 < � 4.%,QR#.� K+'c>3(I%,��!+�C�E4O<d-
� ' #&%3'�X5� 65')<b#^T;�
<
(C9�4 � (I�����E'c>I-

A

B

C
D

E

#&<
KL��9+' K
�E>S�:#&<
(I'�TF'I� �a'I')< '7#&(:9L!$#.��%J4 � (I������')> � QR# ��%,� ���  :-
� � � � �

� � f�� � $�� ) $ � 
 f�� 2
� � )	� # f�� ) $ � �
� � � � # )�� f
� � )�� )
� �

� ' � �E>,9 ��4 9$<
K`# ��4O�+%B��9+%,4O�+X59N��9+'J(I�����E'c> � ')#.(:9^(I����G 4@(I(c�+%,> 4O<
��GN4O<
(I'
�E<1#^��4O�+%  4 � Q`�E<
�=QR#.�
��4&�C#.���E'c<+X.��9 0

) C



' � 95GL�=>a��9
�=>�# (I4OQ T;�=<;#D��4.%,�_#&�$4&!+�C�EQ`�EP)#D���=4.<Z!
%,4.T;�E'cQ 6� � 4�')>J� �
9;#)65' # >�'[� 4 � >S�C#D�,')> 6

� � 	^#.�=� ! 4O>3>3�ET;�E'���4O�+%,> 

� 	 2�� � � � � 2�� � � � � 2�� � � � � � � � � � � � 2�� 
 �

� � 4�')>J� �
9;#)65' # (I4O>S� � �
<
([���E4O<b4O<8��9+' >S�C#D�,'c> 6
� ��2�� � � �  #� � ��2 � �  � � ��� � �  � � � � � �  � � � � � �  0 �� 7 >a��9+' X545#&� �C4 9$<
KL��9+' Q`�=<
�EQR#.�$(c4.>��J>��C#D�,'�6
� 4O#.� -�9$<
K #.< 4.%,K+'c%,�E<+X�4 � (I�����E'c>�� 
 � � ���	��
��
� >3�
(:9���9;#D� � ��� 
 � � ������
����� 
�=>JQ`�E<
�=QR#&� 0 �

� � �
#.QZ!;��'O- ��9+'NM��=< � #.(�2H�E<+X !
%�4&T;�E'cQ

'87 < � 4.%,QR#.� K+'c>3(I%,��!+�C�E4O<d-
� ��6O')<b# (I4O�=��')(*���=4O<84 � � ��'cQ`>�4 � >3�EPI')> ��
 � � � � � � *

s1

s2
s3 s4

s5

#&<
K1#.<��
<
�E�=Q`� ��'cKR>3�+!
!;��GL4 �WT;�E<
>�'7#&(:9�4 � >3��Pc'��Z-

.    .    .B

!$#&(C2R�C9+' � �,')Q`> �=<5��4 #&> � ' � T;�E<
>
#.>�! 4.>,>3��T;�E' 0
' # 4.%,QR#&��K+')>3([%���!+���=4O<d-� 7 �,'cQ >,��Pc'c>I- ��
 � � � � � � � � � * 0� V >3>3�EX5<
Q ')<5� � �
<
(*���=4O<d-

� ��� � �� � / � � �W���,')Q � �E>a!;�H� �=<5��4 T;�=<��
� � 4&��9+'I%�� �E>�'

� � � T;�=<b>,��Pc' 0

) 




� � 4O#.� -BQ`�=<
�EQ`�EPI' � � ��9+' <@�
Q TF'c%a4 �WT;�=<
>J>3�
(:9 �C9;# �
*
�
��� 
 � �

� ��� � � � /  
�
�
��� 


� � � � / � ?  
� U  

' � 95GL�=>a��9
�=>�# (I4OQ T;�=<;#D��4.%,�_#&�$4&!+�C�EQ`�EP)#D���=4.<Z!
%,4.T;�E'cQ 6� A 'I�J4 � >S�C#D�,')>I- #&�=� ! 4.>,>3��T;�E' #.>3>3�EX5Q ')<5��> 4 � � � / 6&#.�=�+'c> ��4N�C9+' QR# ��%,� �� 0� ] 4O>S� � �
<
([���E4O<d- < �
Q T 'I%�4 �WT;�E<
>J�
>�')K 0

� � �
#.QZ!;��'O- ��9+' A #D���=> 9F#&T;�=�E��� GZ!
%,4.T;��')Q

'�� �E>
# (I4O�=��')(*���=4O<84 � M 4@4.�E')#.< 6&#&%,�=#&T;�E'c> 	�� 
 � � � � � � � � � * 
 0

'�� �=>�# (c4O�E�E'c([���E4O<^4 � M�4 4O�E')#.< 4.! 'I%�#D��4.%,>c-	� � �B��
  �
� ��� 	  #.<
K�� � � � �  0
' � �E> #8M�4 4O�E')#.< ' �H!
%3')>3>3�=4O<b�
>,�E<+X 6&#&%,�=#&T;�E'c>��=< � #.<
K14.!F'c%�#D��4.%,> �=< � �

' 0 X 0��
� � ��� 
 � � �  �� ����� 
 � � ��� � �  

'87 >J�C9+'I%3' #.<1#.>3>3�EXO<
QZ')<5�J4�� � #.<
K # 6&#.�E�+')>a��4Y��9+' � � � >J>3�
(:9 �C9;# � � �=>
�,%,�+'�6

� A �
Q`Q`#&%�G�- #Y(c4OQ T;�E<;#D��4.%,�_#.�;4.!+���=QZ�EP)#D���=4O<Z!
%,4.T;��')Q �E>I-

' � � >3'[�
4 � >S�C#D�,'c>.� 	 � 
 � � � � � � � � � � 
 0

' V (I4O>S� � �
<
(*���=4O< � - � � �
� � � �  � (I4O>S�
4 � >S�C#D�,' � � 0

'�� 45#.� - 9$<
K1��'7#.>S��� (I4O>S�J>S�C#D�,' 0

� $ 4&�,'O-

' �d'I� ��� � 	 � - � � �  � � � � �  � 4&%a'[65'c%�G � ��� � 
 0

' $ 'c'cKL��4 9$<
K #.<�G8'c�E'cQZ'c<��a�=< ��� 0

) �



'�� >3�;#.�=� G >,��Pc' 4 � !
%�4&T;�E'cQ �=> ! � < �
Q^TF'c% 4 � (I�����E'c>! 0
' A ��Pc' 4 �W>��C#D�,' >�!$#.([' �=>J�_#D%,X.' � #.�=� ! 4O>3>,��T;�E' ��4O�+%,>! 0

� # #.(*�)- V �_#D%,X.' (I�_#.>3> 4 �B!
%�4&T;�E'cQ`> � $ � � (I4OQZ!;��'I�,' !
%,4.T;��')Q`>! a#&%3' ! 4O� G+<
4.Q`� �
#.�E��GR' � �
��6&#.��')<5�a��4^'7#.(C9�4&��9+'c% 0
� 7 � G�4O��(c#.<L>,4.��65' 4O<+' '��R(I�E'c<���� G � G54O�b(c#.<�>34O� 65'�'I6O'c%�G84O<+' 4 � �C9+'cQ  0

) #



����� �N�
� � ��� � � 	$� 	

��� � � ��
 � 	 � � ��� �E> #bXO'c<+'I%C#&� � !;�+%3! 4.>3'Y#&�EX54.%,� �C9
Q ��4�>34O� 65'`#&<�G�(c4.Q^T;�E<;#D��4.%,�_#.�
4.!+���EQ`�EP)#D���=4O< !
%�4&T;�E'cQ 0

� V �EX54.%,� �C9
Q�-
	 ��
 � 	 � �
����� ���������������! #"%$'&(��)%��$��*"%+

/&0 � -�� �E<
�����_#&� >S�C#D�,' ��,(, ' 0 X 0 � �=<
�����=#.�F��4O�+%
?@0 	�

��
����
U+0 � � -�� ����-����*$/.�����01��23��)�.4$/.�� � �  ��,(, <+' � ��4O�+%
\ 0 �65 � � � �  !7 � � �  ,(, <+' � ��4O�+%�9;#.>J��')>3>J(I4O>S�
e@0 � -�� � � �
�+0 (:9;#.<+XO'cK -�� �,%��+' ��@0 

�68=

�+0 (:9;#.<+XO'cK -�� � #.�=>�' �
�+0 

��
 �65 �
/��+0 ������� � � � � (:9;#.<+XO'cK �
/O/&0 	�
 ��� 	 � � � � � �  �

� � 4�� ��4 XO'c<+'I%C# ��' <+' � >��C#D�,'c> 6
' 0 X 0 � � %�#76O')�E�=<+X A #.��')>3QR#.<R!
%,4.T;��')Q1-

' A �+!
! 4O>�' (I�+%3%3')<5�a��4O�+%J�E> � � � 
 � � � � � 
 � � 0
' � �E(C2`�"�a4^(c� ���E'c>J#D�J%�#.<
K
4OQ � ' 0 X 0

9/: 9<; 9>= 9@? 9<A
B B

' A ��#&! �C9+'�� ��4^(I�����E'c>I- � � � � 
 ��
����	� � �
� 0

) 2



� � 4�� � ')�E� K
4�'c> � �*�����������! "%$�&@��)���$��*"%+ �a4.%32 6
V <
>c- <
4&��65'I%�G �a'c�=�d4O<LQ`4O>S��!
%,4.T;��')Q`> 0
� 95G 6
V <
>c- � 9+'R�E4@(c#.� >��,%,�
(*�C�+%3'Z4 � ��9+'R(I4O>S� 
 � � � � � � � 	�%3'[65'7#&�=> �=� �,����'`#&T 4O�H� �C9+'
X5�E4.T$#.��>S�,%,�
([���+%3' 0

s1 s2 s3 s4 s5 s6 s6 s7 s8 s9 s9 s10

local
minimum

global minimum

� � T;>�'c%�6&#D���E4O<d- ! 'I%,9;#&!;> � 'R>39
4O�
�=K #.�=�E4 � #.< #.��X54.%,����9
Q ��4 ��(c�E�=Q T��b4O�H�N4 �
�E4@(c#.��Q`�E<
�=QR#�6

f �



����� �
� 
 
 � 	�� �J� � � 	

���1#&%3254768(:9;#.�E<
>I-

' V !
%,4@(['c>,>a��9;#D� � �
Q !;> � %,4OQ >��C#D�,' ��4Y>S�:# ��' 0
' � 4O<+X&�"�,'I%,Q !
%�4&T$#&T;�=�E�����E'c> (c#.< T ' (c4OQ !;�H��'cK 0

��M 4O���,PcQR#.<
<8K
�=>S�,%,�ET;�H���=4O<d-

' ] 4.<
>,�EK+'c% #�>SGH>S��'cQ ��9;#D�Y(c#.< T 'b�=< 4O<+'b4 � QR#.<5G >S�:# ��'c> � #.<
K � 9+'c%3'
')#.(:9b>��C#D�,' 9;#.>�#.<b'c<+'c%3X.G ��'I65'c� 0

' A �+!
! 4O>�' 'c<+'I%,X&GR6&#.�=�+'c>J#&%3'.- � 
 � � � � � � � � � � 0
'	� 9+'NM 4O���,PcQR#.<
<8K
�=>S�,%,�ET;�H���=4O<d-

-,/ #Y>S�C#D�,' 9;#.>�'c<+'c%3X.G � � 4 �-, � ���+* . �
� 9+'I%3'

,3�
/

0 � � ���+*#1 �
' A Q`#.�=� � � �=4 ��� 'c<+'c%3X.G`>S�:# ��'c>�9;#)65' 9
��X59+'c%a!
%�4&T$#&T;�=�E����G 0

� V <
<+'7#.�E�=<+X;-

' A �E4 � (I4@4O�E�=<+X � #�� �,'c%a9+'7#D���E<+X  9+'c�E!;>J�EQZ!
%,4765' !
%,4.!F'c%����E'c>a4 �WQR#D�,'c%,�=#.�=> 0

� ] 4OQ T;�E<;#D��4.%,�_#.�;4.!+���=QZ�EP)#D���=4O<Y!
%�4&T;�E'cQ1-

' A '[� 4 � >S�C#D�,'c>J#.<
K1#Y(c4O>S� � �
<
(*���=4O< 4765'c% �C9+' >S�C#D�,'c> 0
'�� 45#.� - 9$<
K1Q`�E<
�=Q^�
Q (c4O>S�
>S�C#D�,' 0

��� 4@(c#.�d>�'7#&%,(:9d-

' A �C#&%��
�E<�#.<5G >S�C#D�,' 0
'�� �
Q !L��4Z#Y<+')��X59�T 4.%,�=<+X^>S�C#D�,' � �W��� � >�(C9+'7#&!F'c% 0
' A ��4.! � 9+')<8G�4O�b(c#.< � �JX54 #.<�G � 9+'I%,' 0

f )



����� �
��
 � �"�B� � � � ����� � �S�S���

��� '[Gb�EK+'7#&>c-

' A �EQ^�
�_#D�,'cKL#&<
<+'7#.�E�=<+X � �=4 (c#.��>�'7#&%,(:9 � ����9bQZ4@K
� 9$()#D���E4O<
> 0

' V �=�E4�� � �
QZ!;> ��4Y9
�EX59+'I%�(I4O>S� >S�:# ��'c> 0
'�� >�'R#b(I4O�=<��$��! ��4bK+'[��'I%,Q`�=<+' � 9+'[��9+'c% G54O� >39
4O�
�=K � �
QZ!���4b#b9
�EX59+'I%

(I4O>S� >S�C#D�,'
� � � �C9 !
%,4.T$#&T;�=�E��� G � � � � � ��� $ � � � � $�����	 � 0  

' � ')([%3'7#.>�'���9+' !
%�4&T$#&T;�=�E����G`#.>a���=Q ' X54�')>�4.< 0
�"M GbK+'c([%,')#.>3�=<+X ��9+'��,')QZ!F'c%�#D���+%3'� 0

'	� 9+' 9
4.!F' �=>I-� 7 <
� ���_#.�E��G � 9
�EX59+'I%S� (I4O>S� � �
QZ!;>a4 (I(c�+% � � �C9 9
�EXO9b!
%,4.T$#&T;�=�E��� G
� #.�E�=4 � > '��H!;�=4.%�#D���=4.< 4�� >S�:# ��' >�!$#.([' 0� � #D�,'I% � 9
�EX59+'I%S� (c4.>�� � �
QZ!;>�4 (c(I�+% � ����9L�=4 � !
%,4.T$#DT;�=�=� ��G
� K+'c(I%3')#.>�'��C9+' (C9;#.<
(I'c>J4 � � �
QZ!;�E<+XY4O�H�
4 � �E4 � (I4O>S�
>S�:# ��'c> 0

f:f



� V �EX54.%,� �C9
Q�-
	 ��
 � 	 � �
����� )�������&@$/.*���'��� -�-���$'&���-
	

/&0 � -�� �E<
�����_#&� >S�C#D�,' �
?@0 � � ! � -�� � �
U+0 � -�� �E<
�����_#&� �,'cQZ! 'I%�#D���+%,' �
\ 0 	�

��
����
e@0 � � -�� ����-����*$/.�����01��23��)�.4$/.�� � �  �
�+0 �65 � � � �  !7 � � �  �@0 � -�� � � �
�+0 

�68=
&��5 �
<
� � 4.%,Q %�#.<
K
4OQ �� 7 � � � � � ��� $ � � � � $�����	 �
�+0 � -�� � � ��,(, '[65'c<L��9
4O�+X59 � � � �  � � � �  
/��+0 

�68=

/O/&0 >S�:#)G �E<b>,#.QZ' >S�C#D�,' �
/7?@0 

��
 �65 �
/cU+0 �65 � � �  7 � � � � ! �  
/ \ 0 � � ! � -�� � �
/7e@0 

��
 �65 �
/=�+0 � -�� 01� 23��� ����
�����$/.������ � �  �
/ �@0 ������� � ����%,'cK �
/��+0 � � ����� � � � ! � � � � � � ! �  �

f!$



� $ 4&�,'O- !
%�4&T$#&T;�=�E����G`4 � � �
QZ!LK+'c!F')<
K
>
4O<L(c4.>�� K
� � 'I%3')<
([' 0

ss’ s’

C(s’)−C(s)
C(s’)−C(s)

jump probability = e −[C(s’)−C(s)] / kT

f �



����� � � � 	�� 
 � �
��� � ��� �
��
 � �"�B� � � � ����� � �S�S���

� � �
#.QZ!;��'O- � %�#)65')�E�=<+X A #.��')>3QR#&<L4765'I% e (c� �C��')> 0

� ] 4O<
>3�EK+'c%��C9+' >S�C#D�,' 2�� � � � - � 9+'I%3' (c#.< �a' � �
QZ! �C4 � %,4OQ 9+'c%3'�6

A B C D E

B A C D E

C B A D E

A B C E D

.

.

.

swap

15 possible
next states
from ABCDE

5
2 =

� 9;#D�
#&%3' �C9+' � �
QZ! !
%,4.T$#&T;�=�E�����E'c> 6

A B C D E

B A C D E

C B A D E

A B C E D

.

.

.

1/15

1/15 x exp(−[C(CBADE)−C(ABCDE)] / kT)

lower cost than 
ABCDE

higher cost
than ABCDE

$ ' �@� � �E'[�5( * � >��C#D�,' #�� �,'I% ! �"��9 � �
QZ! 0
� 9+'c< � ( * �=>
#Z� #&%3254768(C9;#.�=<��

f C



� # � �H'cK@�"�,')QZ!F'c%�#D���+%3' QR#D��9+')Q`#D���=(I>c-

' A �+!
! 4O>�' � �=>�(I4O<
>S�C#.<�� ��9+%�4.�+X59
4O�H�a��9+'�'��+'c(I�H�C�E4O<b4�� ��9+' #&�EX54.%,� �C9
Q 0

'87 �J���+%,<
>J4O�H����9+' � #D%,2O4 6R(:9;#.�=<L()#&<bT ' >34O��6O')K '7#.>3�E��G`��4 XO��65'.-

�=�=Q*=<?> -,/@( * � � 4 � � � � � �)$ ��	 �
� ��9+' >S�C#D�,'�K
�E>��,%,�ET;�H���E4O<8�=>a��9+'NM�4O� ��PcQR#.<
<RK
�E>S��%,��T;�H�C�E4O< 0

' ] 4.<
>,�EK+'c%�>��C#D�,'c> ��
 #.<
K � � >,�
(C9L��9;#D� � � � �  � � � ��
  0
# 4.%
�=#&%3XO' !��

� � -0/@( * � � 
 4
-0/@(0*A� � � 4

� � � � � � � $ ��	 �
� � � � � � $ ��	 �

� � � � � � � � $ � � � � �)$�����	 �
$ 4&�,'O-� # 4.%
�_#&%3XO' � � � � /&0� # 4.%
>3QR#.�=� � � � � � 0

'	� 9+'c4.%3'[�C�E()#&� %3')>3�
���)-

�=�=Q� < �
�=�=Q*=<?> -0/1( * � � � 4 � / �

� ��'c()#.�E� - � � � >�'I� 4 �W4.!+���=QR#.�F>S�:# ��'c> 0  

f 




� � 'c([%,')#.>3�=<+XD�"�,')QZ!F'c%�#D���+%3' QR#D��9+'cQR#D���=(I>I-

' V > ! � � � � � �+0

'	� 9+' !
%,4@(['c>,>8�E>L>S���=�E� # � #&%325476 (:9;#&�=< � T;�H�b# <
4O<@� >S�C#.<
K;#&%,K �1#&%325476
(C9;#.�=< � <
4.<@� 9
4OQ`4.X.')<+'c4O�
>! 
� K
� �R(I�
��� ��4Z#.<;#&��G@Pc' 0

'	� 9+'c4.%3'[�C�E()#&� %3')>3�
���)- 7 � � * � � >3�=4 � ��G � ' 0 X 0 � � *�� ������	� *  ��9+'c<

�E�=Q*=<;> -0/1(+* � � � 4�� / �
' � '[GL�=K+')#Y�E<b!
%,4@4 � -
�d'I��
5� QR# � �
� � / � � � �  �� � � � �  4 0
� 9+'c< �

�=�EQ*=<;> -0/1(+* � � � 4 � /

� �
-0/ >����
(C2 �E<1# � 'c�=��4 � �

� 9
�E(:9b�E>a�,%��+' � �
�
* � ��� ��	 ��� � � �"M�4&%,'c� � ] #.<��,'c�=�E�F��')Q`Q`#  

� 9
�E(:9b�E>a�,%��+' � �
�
* � � ��� ��	 � $ ����� * � �

� 9
�E(:9b�E>a�,%��+' � �
�
*

/
! � �

� 9
�E(:9b�E>a�,%��+' 0

f �



������� �
��
 � �"�B� � � � ����� � �S�S����� �
� 
 
 � 	 �

� V QZ'[�:#D!;9
4.% � %,4OQ ��9+'
!;9�GH>3�=(I> 4 �dQZ'[�:#&�=>���#.> �
>�'cK ��4 ([%,')#D�,' #.<R#&�EX54.%,� �C9
Q 0

� A �EQY�
�=#D�,')K V <
<+'7#.�E�=<+X �=>�# XO')<+'I%�#.�
!;�+%3! 4O>�' #.�EXO4.%,����9
Q ��4 >34O� 65'
(c4.Q^T;�E<;#D��4D�
%,�_#&��4.!+���=Q`��P7#D���E4O<Z!
%,4.T;�E'cQ`> 0

� � 4L>,4.��65' #L!$#&%����=(I�
�_#D% !
%,4.T;��')Q � G�4O��<+'c'cK���4bK+' 9$<+'`# ����-�����$/.�� ��0 � 23�
)�.4$/.�� � �  � �
(I<����E4O< � 4.% �C9;# ��!
%,4.T;�E'cQ 0

� � 9+'^�E<
�����_#.�d�,')QZ!F'c%�#D���+%3'�� �=�=� 9;#76O' ��48TF'Y>3'c�E'c(*��'cK�K+'I! 'c<
K
�=<+X 4O< ��9+' !$#&%S�
���=(I�
�_#D%��=<
>S�C#.<
(['�4 �W��9+'�!
%,4.T;�E'cQ 0

� � 9+' QR#D��9+'cQR#D���=(I> 4 � >3�=Q^�
�=#D�,')K #.<
<+')#.�=�E<+XY�=<56�4O��6O' �1#&%325476 (:9;#.�=<
> � #^(I4O<@�
>S�,%,�
([�
�E<L!
%,4.T$#&T;�E�=� ��GZ��9+'c4.%�G  0

� 7 <b!
%�#.(*�C�E(I'.-

' A �EQ^�
�_#D�,'cKL#&<
<+'7#.�E�=<+XY�=> '7#.>SG8��4 �EQZ!;�E'cQZ'c<�� 0
' A �EQ^�
�_#D�,'cK`#.<
<+')#.�=�E<+XN9;#.>�T 'I'c< � 4O�
<
KZ��4 �a4.%32 � 'c�=��� 4&%a#D!
!
%�4��+�=QR# ��'c��G

T 4 � � � �E�E2O'��=#.<
K
>3()#D! 'c> 0
' � 'I% � 4.%,QR#&<
(I'��E> >S�,%,4O<+X5��G K+'I! 'c<
K+'c<�� 4O<NX54 4@K^<+'c�EX59�T 4.%,9
4 4@K � �
<
(*���=4O<
> 0
' � 'I% � 4.%,QR#&<
(I'J(c#.<RT ' ')<
9;#&<
(I'cK8� � >3�+!
!;�E'cQZ')<5�,')K � ����9R4&��9+'I%�>��,%�#D�,'IX5�E'c>
� ' 0 X 0 � �
>�' Q^�
� �C��!;�E' >��C#&%����=<+X ! 4O�=<5��>! 0

'	� 9+'���9+'c4.%3'I���=(c#.�F�,'cQZ! 'I%�#D���+%3' >3(:9+'cK
�
�E' �=>a��4 4 >3�E4�� 0

' $ ' � 'I%a#&�EX54.%,� �C9
QZ> � ' 0 X 0�� � V M � >�'7#D%�(C9  T;�
�E�=KR4O< #.<
K8#D%,' T '[�3��'I% ��9;#.<
>3�EQY�
�=#D�,')K #.<
<+')#.�E�=<+X 0


