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Abstract— Practical quantum computing requires error rates
much lower than those achievable with physical qubits. Surface
codes provide a reliable method to implement logical qubits
using physical qubits. However, when these physical qubits are
transmitted within quantum networks, their error rates can
vary due to differences in the routing paths. Our experimental
results indicate that the geometric arrangement of these physical
qubits within a surface code significantly impacts its logical error
rate. In this paper, we address this issue by proposing disparity
surface codes, which are a group of geometric configurations for
surface codes that adapt them for transmission within quantum
networks. For a distance-d disparity surface code, only d physical
qubits need to be transmitted with low error rates, and we
identify multiple equivalent choices for selecting these d qubits.
Additionally, we propose Di-MWPM, a new decoder designed to
exploit physical error rate disparity for enhanced error correc-
tion. Results demonstrate that disparity surface codes maintain
favorable performance in different network scenarios, even under
high noise conditions. Our Di-MWPM decoder achieves improved
Pauli-error thresholds.

Index Terms— Quantum Network; Surface Code; Error Cor-
rection; Error Correction Decoder

I. INTRODUCTION

Quantum networks offer a promising framework for ad-
dressing large-scale problems such as distributed quantum
machine learning, quantum key distribution, and clock syn-
chronization [1]–[12]. However, due to inherent noise during
transmission within networks, achieving practical quantum
networks requires error rates much lower than those achievable
with physical qubits. Thus, an effective and efficient way
of encoding quantum messages as logical qubits becomes
demanding.

Surface codes are a class of quantum error correction codes
that represent each logical qubit as a d × d square lattice
of physical qubits. These d2 physical qubits, referred to as
data qubits, collectively encode the logical quantum state of
the surface code. Additionally, each surface code contains
d2−1 measurement qubits, which facilitate error detection and
correction. One of the key advantages of surface codes is their
high tolerance to noise [13]–[16], making them a promising
encoding method for quantum communication. However, due
to limited quantum computing resources within contemporary
quantum networks [17], transmitting an entire surface code
through a single routing path is often infeasible. Instead,
data qubits within each surface code are typically transmitted
separately through multiple routing paths. Due to variations
in the length and transmissivity of these paths, the resulting
physical error rates of the data qubits exhibit disparity [18].

As discussed later in Section V, these disparities can have
a profound impact on the logical error rate of each surface
code, depending on how these data qubits are geometrically
arranged. This leads to an assignment problem of determining
optimal routing path for each data qubit. In the meantime,
identifying the minimal subset of data qubits that must be
transmitted through routes with low error rates arises as
another problem, as it is critical to minimizing the cost of
quantum communication resources.

In this paper, we address these two problems by proposing
disparity surface codes, a group of geometric configurations
for surface codes that adapt them for transmission within quan-
tum networks. Disparity surface codes significantly reduce
logical error rates while requiring only a small subset of data
qubits to be transmitted with low physical error rates. Within
each disparity surface code, certain data qubits form the “core”
of the code, which needs to be transmitted with low error rates
to ensure fault tolerance of the code. The remaining data qubits
can be transmitted with slightly higher error rates without
significantly impacting the overall performance of the code.
The size of the core is deliberately kept small, and is equal to
the minimal length of the logical operator of the code. Thus,
for a distance-d disparity surface code, only d data qubits need
to be transmitted with low error rates. Furthermore, we also
identify multiple geometries for the core, allowing disparity
surface codes to better adapt to quantum processors with
varying connectivity and topological constraints.

We also propose a specialized error correction decoder
tailored for disparity surface codes. While conventional surface
code decoders can be directly applied to disparity surface
codes, they either overlook or fail to fully exploit the error rate
disparity between the data qubits in cores and the remaining
data qubits. To address this, we propose the Di-MWPM de-
coder, designed to efficiently and effectively leverage the error
rate disparity, optimizing the performance of disparity surface
codes. For this paper, we adopt depolarization channels as
the noise model, with each qubit subject to single-qubit Pauli
errors. Although our approach is demonstrated under minimal
noise assumptions to emphasize its core contribution, it can
be easily extended to more realistic network environments.

Our main contributions are summarized as follows:

• We propose disparity surface codes, a group of geometric
layouts for surface codes that leverage error rate disparity
observed among data qubits. Disparity surface codes
demonstrate favorable scalability with code size.
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• We provide an extensive analysis on the size and ge-
ometry of the cores in disparity surface codes. For each
distance-d disparity surface code, we find the size of its
core to be d, and we identify multiple alternative choices
for the geometry of the core, allowing disparity surface
codes to be implemented on quantum processors with
varying connectivity and topology.

• We present Di-MWPM, a novel decoder that efficiently
utilize the error rate disparity among data qubits for error
correction. It surpasses its baselines decoder in error
thresholds, facilitating real implementation of disparity
surface codes.

II. BACKGROUND

A. Surface code

Surface code was developed to effectively detect and correct
quantum errors. Among various quantum error correction
codes, it stands out for its compact size and high error
threshold. Each surface code consists of two groups of physical
qubits: data qubits and measurement qubits. The quantum
information of each logical qubit is encoded and stored within
the data qubits, while the measurement qubits protect the quan-
tum information from random errors. Illustrated in Fig. 1(a),
each data qubit is connected to its neighboring measurement
qubits, comprising two measure-X qubits and two measure-Z
qubits, except on the boundaries. If a random error occurs in a
specific data qubit, all of its neighboring measurement qubits
would indicate the error: its Y or Z types errors are captured
by the measure-X qubits reflect, and its X or Y types errors
are captured by the measure-Z qubits. Hence, measurement
qubits are also known as syndrome qubits.

Each surface code encodes a single logical qubit. There exist
variants on surface codes such as X-cut, Z-cut, or multi-cuts
surface codes [13] that are encoded with a multi-qubits state.
In this paper, we use surface codes as logical qubits that carry
single-qubit states. Their logical states can be modified by
logical operations. Each logical operation on surface codes
is defined as the tensor product of physical operations on
a string of an odd number of data qubits connecting two
boundaries. For example, a logical Z operator is typically
defined as a sequence of single-qubit Pauli-Z gates acting on
an arbitrary row of data qubits. Surface codes are subject to
logical errors, which arise when logical Pauli operators are
unintentionally applied. However, as will be demonstrated in
the next subsection, physical qubit errors in a surface code can
be corrected in a timely manner before they accumulate to be
logical errors.

B. Error correction

Error correction can be performed on surface codes for cor-
recting physical errors in individual data qubits. To initialize a
surface code, it begins with only the data qubits. Each surface
code is commonly prepared in its logical |0⟩ state, so all data
qubits are initialized in the |0⟩ state. Next, we put on the
measurement qubits and connect them to their neighboring
data qubits using quantum CNOT gates, as depicted in Fig.1(b)

Fig. 1. (a) Distance-3 surface code. Distance refers to the minimum number
of data qubits for a logical operation. Open dots represent data qubits, and
filled dots represent measurement qubits (green for measure-z, yellow for
measure-x). (b) Quantum circuit for measure-z qubits. (c) Quantum circuit
for measure-x qubits.

and (c). For the ease of syndrome readout, all measurement
qubits are commonly prepared in their |0⟩ states. After all the
CNOT gates are established, we need to perform at least one
round of error correction cycle to complete the setup of surface
code. As in Fig.1(b) and (c), each cycle involves a sequence of
CNOT gates and a final measurement on each measurement
qubit. Each measurement forces its neighboring data qubits
to be in a simultaneous eigenstate of this initial measurement
outcome.

At this point, we successfully initialize a surface code,
with all data qubits and measurement qubits becoming highly
entangled. And we name the first round of measurement result
of all measurement qubits as the quiescent state. If no error
occurs in the future, all measurement results in subsequent
error correction cycles would stay in this quiescent state.
And if the result of any measurement qubit changes, then at
least one of its neighboring data qubits has an error, and we
mark this measurement qubit as a “syndrome”. In each error
correction cycle, all syndromes collectively form a syndrome
pattern. Next, an error correction decoder is applied to the
syndrome pattern to find all data qubits with errors. The
decoder aims to connect all syndromes either into pairs or
to the boundary, with each syndrome must be connected and
connected exactly once. Any data qubit along the connection
are determined with errors. The decoding result does not need
to match the actual erroneous data qubits, and only needs to
be equivalent upon stabilizers [13]. However, if the decoding
result differs from the actual erroneous data qubits by a logical
operator, then a logical error will be raised. Notably, logical
errors in surface codes do not induce any syndrome, and thus,
will not be caught by the measurement qubits.
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III. RELATED WORK

Due to the non-cloning theorem within quantum mechan-
ics, most classical error correction code [19]–[21] cannot be
directly applied in quantum networks. Most quantum error
correction codes are stabilizer codes. Calderbank-Shor-Steane
(CSS) codes have been the mainstream stabilizer codes, in-
cluding Shor codes [22]–[24], Steane codes [25]–[27], and
more [28]–[30]. Another main branch from the stabilizer codes
is the quantum LDPC codes [31]–[33] known for their fast
and parallelizable decoding process. Recent works on non-
additive quantum codes [34]–[36] that are not associated with
stabilizers also find potentials in computations. An extensive
list of error correction codes is available in [37].

Surface codes, which arise as a promising stabilizer code,
was firstly proposed in [38]–[40] as toric codes. Later the
torus geometry was proven to be unnecessary, and a planar
version of surface codes had been developed [41]–[43]. Many
efforts have been made in the analysis on surface codes about
their performance [13], [44], [45], and their applications [46]–
[48]. Various decoders [14], [49]–[54] have been proposed to
enhance the error threshold of surface codes. To the best of our
knowledge, this work is the first to investigate the influence
of assigning low error rates to a specific subset of data qubits
in surface codes.

IV. SURFACE CODE IN QUANTUM NETWORKS

In quantum networks, different routing paths often exhibit
varying error rates for qubit transmission. This error rate
disparity arises primarily from differences in path length and
the transmissivity of optical fibers, as illustrated in Fig. 2(a).
It may also result from a differing number of entanglement
purification or error correction rounds applied along each path,
depending on the routing protocol employed.

In an ideal scenario, all data qubits would be transmitted
along the route with the lowest error rate, such as Route 1 in
Fig. 2(a). However, practical constraints make this infeasible.
The limited capacity of each optical fiber, along with the
simultaneous communication demands of multiple user pairs,
prevents all qubits from being routed through the most reliable
path. As a result, in a quantum network, different qubits may
be transmitted through different paths, each with a different
error rate.

Now, consider a surface code composed of n data qubits,
each positioned differently on the surface code and routed
through a distinct path with its own error rate. A natural
question arises: Are all data qubits in the surface code equally
sensitive to transmission errors? In other words, does assigning
higher-quality (i.e., lower-error-rate) paths to certain qubits
have a more significant impact on the overall logical error
rate of the surface code?

Our observations indicate that not all physical qubits in a
surface code contribute equally to its logical error performance
— some are more critical than others. Therefore, if we have the
opportunity to assign lower-error-rate paths to only a subset of
the qubits, the choice of which qubits to prioritize can make
a substantial difference in the resulting logical error rate.

(a)

Route 1

Route 2

(c) Surface Code at Sender Surface Code at Receiver

transmitted

(b) Data Qubits Routing Paths

Fig. 2. (a) Routing paths between two users in quantum networks. Route 1
in red represents a path with lower error rate, and Route 2 in green represent
a path with higher error rate. (b) Assignment for data qubits to routing paths.
In this example, three data qubits need to be transmitted, within which one
can be transmitted through Route 1, and the other two need to be transmitted
through Route 2. (c) Assignment for a complete surface code to routing paths.
In this example, the three data qubits in the diagonal are transmitted through
Route 1, and the other six data qubits are transmitted through Route 2.

To address this, we ask: How should we select a subset of
qubits for transmission over higher-quality channels in order to
maximize the improvement in logical error rate? For instance,
consider the transmission of data qubits in the surface code
shown in Fig. 2(c). Suppose three qubits can be transmitted
through the high-quality Route 1 and the remaining six through
the lower-quality Route 2. An effective strategy is to assign
the three qubits located along the diagonal of the surface
code, where qubits tend to have higher importance, with the
more reliable path (Route 1), while the remaining qubits are
transmitted through Route 2. As we will show, such geometry-
aware selection leads to significant improvements in logical
performance.

V. IMPACT OF LOW-ERROR-RATE DATA QUBITS ON
SURFACE CODE

In this section, we investigate which subsets of data qubits
in a surface code, specifically their number and positions, most
significantly influence the logical error rate when transmitted
with lower error rates. We identify those as critical data qubits
whose improved transmission quality results in the greatest
reduction in logical errors. Furthermore, we examine how the
size of the surface code impacts the minimum number of low-
error-rate qubits required to achieve a substantial improvement
in logical error performance.

A. Finding the most important data qubit

Our analysis begins by investigating the single most impor-
tant data qubit in a surface code. In Fig. 3(a), we analyze a
distance-3 surface code. This code contains nine data qubits,
so we have nine choices, protecting one data qubit with a low
error rate in each choice while assigning the other eight data
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Fig. 3. (a) Logical error rates of a distance-3 surface code with a random
qubit protected with a lower error rate. (b) Distance-3 surface codes with
two data qubits being protected. (c) Distance-3 surface codes with three data
qubits being protected. (b) Distance-3 surface codes with three data qubits
being protected, and the other data qubits are with a 20% error rates. (e)
Distance-3 surface codes with four data qubits being protected. All logical
error rates are evaluated using logical X measurements.

qubits a higher error rate. The x-axis of Fig. 3(a) represents
these nine choices: for example, ”choice 0” represents only
protecting the first data qubit (counting from left to right,
top to bottom on the lattice), and ”choice 1” represents only
protecting the second data qubit.

We conduct four sets of experiments, varying the error
rate of the protected data qubit (0.5%, 1%, 1.5%, and 2%)
in each experiment set, while keeping the error rate of the
unprotected data qubits constant at 10%. Across all four sets
of experiments, we observe that the data qubit positioned at
the center of the distance-3 surface code (labeled as 4 on
the x-axis) has the greatest influence on the logical error
rate. However, a distance-7 surface code analyzed in Fig. 4(a)
exhibits a different result, with no clear indication of a most
important data qubit. This is primarily due to the different
sizes of these two surface codes, since a distance-7 surface
code consists of 49 data qubits, and merely protecting one
data qubit among them is clearly not enough for an obvious
reduction on the logical error rate.

B. Finding the most important data qubit pair

Building upon the previous analysis, we now investigate the
most important subset of two data qubits in a surface code. In
Fig. 3(b), we examine a distance-3 surface code by conducting

Fig. 4. (a) Logical error rates of a distance-7 surface code with a random
qubit protected with a lower error rate. (b) Distance-7 surface codes with two
data qubits being protected. All logical error rates are evaluated using logical
X measurements.

experiments in which two data qubits are randomly selected to
be protected with low error rates, while the remaining seven
data qubits are assigned higher error rates. Thus, in total we
have

(
9
2

)
= 36 choices. The x-axis represents these 36 choices,

each corresponding to a unique pair of protected data qubits.
For example, ”choice 0” represents protecting the first and
second data qubit, and ”choice 1” represents protecting the
first and third data qubits. And Fig. 4(b) analyzes a distance-
7 surface code following the same approach, with two data
qubits protected with low error rates and the remaining 47
assigned higher error rates. Similarly, we observe several
assignments for distance-3 surface codes with relatively lower
logical error rates, while the variation becomes less obvious
in distance-7 surface codes.

C. Finding the most important subset of data qubits

When investigating the most important subset of three data
qubits in a distance-3 surface code, the logical error rate
differences between choices become the most obvious, as
shown in Fig. 3(c). These differences become even more
obvious when we increase the error rates of the unprotected
data qubits from 10% to 20%, as illustrated in Fig. 3(d). The
eight choices with the lowest logical error rates are marked in
blue and will be further analyzed in Section VI-A. Another
observation here is that in both Fig. 3(c) and (d), the eight
well-performing choices demonstrate similar logical error rates
when the three protected qubits are assigned a low error rate of
0.5% (indicated by the red plots). In contrast, the other choices
exhibit logical error rates of approximately 13% in Fig. 3(c),
which increase dramatically to 30% in Fig. 3(d) when the
unprotected data qubits experience higher error rates. These
findings highlight the potential of surface codes to maintain
functionality even under extremely poor network quality of
service (QoS), as long as a carefully selected subset of data
qubits is well-protected. We will further analyze this property
of surface codes in Section VI-D.

Notably, when we investigate the most important subset of
four data qubits in a distance-3 surface code, the difference
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Fig. 5. (a) Disparity Surface Code of distance 3. Green and yellow dots
represent measurement qubits, respectively for measure-z and measure-x.
Black dots (solid: core, empty: the remaining) represent data qubits. (b)
Alternative choices of cores for distance 3 disparity surface codes. When
represented in the lattice form, each square represents a data qubit, and the
filled squares represent the core.

in logical error rates between choices becomes less obvious,
as shown in Fig. 3(e). Specifically, most choices exhibit mod-
erately low logical error rates, suggesting that protecting four
out of the nine data qubits is generally sufficient to achieve a
noticeable reduction in the logical error rate. Another possible
explanation is that as in Fig. 3(c), there are eight identified
subsets of three data qubits with the lowest logical error rates.
Adding one additional data qubit to any of these subsets
qualifies it as a potential candidate for the most important
subset of four data qubits, thereby diminishing the differences
in logical error rates between choices.

A similar pattern emerges in the case of distance-5 surface
codes when we try to find the most important subset of five
data qubits. Among the 53,130 possible choices, 52 exhibit
relatively lower logical error rates. And similarly, the differ-
ences between choices become less obvious when searching
for the most important subset of four or six data qubits in
distance-5 surface codes. However, despite these findings, this
exhaustive search approach becomes impractical for surface
codes of distance 7 or larger due to the rapid growth of the
search space. Specifically, for a distance-d surface code, the
number of possible subsets of size d is given by

(
d2

d

)
, which

increases exponentially with d.

VI. DISPARITY SURFACE CODE

As mentioned previously in Section IV, it is often impracti-
cal to route all data qubits in a surface code through paths with
the lowest error rates. Thus, we aim to identify the minimal
subset of data qubits that must be transmitted with low error
rates to maintain a low logical error rate. For the rest of this
paper, we refer to these minimal subsets as the core of each
surface code, while the remaining data qubits are referred to
as the remaining data qubits.

In this section, we build on the observations from Section V,
which demonstrates the impact of the number of position of
low-error-rate data qubits on the logical error rate of surface
codes. Leveraging these observations, we identify the cores in
different surface codes and propose an effective strategy for
addressing the assignment problem for surface codes in quan-
tum networks. Specifically, our strategy involves assigning all
data qubits in the core to routing paths with the lowest error

Fig. 6. Disparity Surface Code of distance 5. Green and yellow dots represent
measurement qubits, respectively for measure-z and measure-x. Black dots
(solid: core, empty: the remaining) represent data qubits.

rates, while the remaining data qubits can be transmitted with
slightly higher error rates.

To distinguish our approach from traditional surface codes,
where all data qubits have roughly equal error rates (assuming
no defects induced during fabrication or by cosmic rays), we
name our surface codes with a protected core as the disparity
surface code. This variant of surface code features a well-
defined disparity in error rates, with the core data qubits being
protected by lower error rates and the remaining data qubits
tolerating slightly higher error rates. These specialized config-
urations provide a practical and efficient means of optimizing
surface codes for use in quantum networks.

A. Optimal geometry of cores

As noted earlier in Fig. 3(d), we observe eight trials with
significantly lower logical error rates. The geometry of one
of these eight trials is shown in Fig. 5(a), where three data
qubits (marked with solid dots) along the diagonal are assigned
low error rates, while the remaining six data qubits (marked
with empty dots) are assigned slightly higher error rates. The
geometries for the other seven trials are listed in Fig. 5(c). In
Section VI-B, we will demonstrate that the cores for distance-3
surface codes correspond precisely to these eight geometries.

For larger surface codes, performing an exhaustive search
to identify cores becomes infeasible due to the exponential
growth of the search space. However, we identify certain
geometries that consistently yield low logical error rates across
all surface code sizes. These geometries include the diagonal
core shown in Fig. 5(a) and the column cores illustrated in the
first row of Fig. 5(b). For example, Fig. 6 shows the diagonal
core in a distance-5 surface code. Thus for each distance-d
surface code, we can identify at least (d+1) potential cores. As
illustrated in Fig. 3(d), these cores exhibit similar performance
in reducing logical error rates. In Section VI-C, we will explain
why these geometries consistently serve as cores.

B. Optimal size of cores

We analyze the minimal size of the core in each disparity
surface code by experimenting with incomplete cores and
evaluating their impact on logical error rates. Each incomplete
core is created by selecting only some of the data qubits within
our proposed cores and assigning them low error rates, as

2497

Authorized licensed use limited to: William & Mary. Downloaded on August 21,2026 at 16:32:31 UTC from IEEE Xplore.  Restrictions apply. 



Fig. 7. (a) Incomplete cores (except the last one, which is a complete core) in disparity surface codes of distance 7. (b) Logical error rates based on number
of data qubits in the incomplete cores. (c) Comparison of proposed cores and randomly selected qubits, with respect to number of data qubits protected with
low error rates. Within plots, Core represents our disparity surface code with its core transmitted with comparatively lower error rates, and Random represents
a basic surface code with randomly selected data qubits transmitted with comparatively lower error rates.

illustrated in Fig. 7(a). The results, shown in Fig. 7(b), indicate
that removing the low-error-rate protection of any data qubit
within the core leads to an approximate 2% increase in the
logical error rate. Thus, when sufficient low-error-rate routing
paths are available, users should always implement a complete
core by assigning low error rates to all its data qubits.

Additionally, we analyze the effect of adding more data
qubits into cores and protecting them with low error rates, as
shown by the red scatter plot labeled “Core” in Fig. 7(c). We
compare its performance against a random selection from all
data qubits in surface codes to be protected with low error
rates (labeled “Random” in Fig. 7(c)). The results show that
cores consistently outperform random selections in reducing
logical error rates. We also observe that the slope of the plot for
cores is steepest (highlighted by the dashed circle) as the cores
approach completion, indicating the most significant reduction
in logical error rates. Beyond core completion, adding more
protected data qubits shows diminishing marginal benefit in
further reducing logical error rates. Thus, users may consider
adding more data qubits to cores only when there are surplus
computing resources available within the networks.

It is important to note that in Fig. 7(c), the removal of
data qubits from cores is randomly performed among the core
data qubits, while the addition of data qubits into cores are
randomly selected from the remaining qubits. Thus, the red
scatter plot does not necessarily represent the most important
subsets of varying sizes identified in Fig. 4. An exhaustive
search for these most important subsets becomes computa-
tionally infeasible for large surface codes. So far, we have
identified fixed geometries for cores of size d in each distance-
d surface codes. However, identifying fixed geometries for
cores of arbitrary sizes remains an open challenge, assuming
such configurations truly exist.

C. Why cores can reduce logical error rates

We analyze why protecting cores with lower error rates
significantly reduces the logical error rates in disparity surface
codes, using a distance-3 disparity surface code with a diago-
nal core (Fig. 5(a)). Logical errors in surface codes arise from
unintended logical operators, either due to noise or erroneous

Fig. 8. (a) Three shortest logical Z operators for surface codes of distance
3. (b) A long logical Z operator for surface codes of distance 3. In the lattice
form, each square represents a data qubit, and the green squares represent
Pauli-Z gates applied to the corresponding data qubits. Each dot on the
vertex represents a measurement qubit, where the empty dot does not have a
syndrome and the red dot indicates a syndrome.

decoder results (Section II). In surface codes, a logical Z
operator is commonly defined as a sequence of single-qubit
Pauli-Z gates acting along a row of data qubits, as shown in
Fig. 8(a). Thus, a logical Z operator in a distance-d surface
code is typically of length d. Longer logical operators, such as
the one in Fig. 8(b), also exist but are rarely used. These long
logical operators are less likely to be unintentionally applied,
due to their longer lengths. Thus, in the following, we focus
our discussion on the shortest logical error chains.

For logical Z errors induced by noise, every data qubit
along a logical operator must be flipped along the Z axis
by noise. This chain of errors does not trigger syndromes
in measurement qubits, making such errors undetectable by
decoders. In disparity surface codes, the presence of a core
with low error rates significantly reduces the likelihood of
these error chains. Since every logical Z operator intersects
with the diagonal core at least once, and thus, the error rate
for logical Z errors decreases sharply. Assuming core error
rates of 0.05 and remaining qubit error rates of 0.3:

• Without the core, the probability of a noise-induced
logical error is 0.33 = 2.7%.

• With the core, the probability drops to 0.32 × 0.05 =
0.45%, and is even lower if multiple intersections exist
between the error chain and the core.

For logical Z errors induced by erroneous decoding, the
noise needs not flip all data qubits in a logical operator.
Instead, the noise flips only some of them, which induce
syndromes among measurement qubits. A decoder may mis-
interpret these syndromes, flipping data qubits incorrectly and
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Fig. 9. Logical error rates of disparity surface codes (denoted as Core) and
random assignment (denoted as Random) with respect to physical error rates
of the remaining data qubits. Experiments are conducted on distance-9 surface
codes. Physical error rates of data qubits in cores (or randomly selected when
in Random) are varied for each set of experiments, denoted in the legend by
the side of plots.

completing a logical error chain. Consider the first logical Z
operator in Fig. 8(a), and suppose that noise flips the first
two qubits in a row, inducing a syndrome at the red dot.
The decoder can resolve this syndrome by either: flipping the
first two qubits back, or flipping the third qubit instead. If
the decoder chooses the second option, which requires fewer
operations to resolve the syndrome, it inadvertently completes
the logical Z error chain. Again, cores in disparity surface
codes reduce the likelihood of such errors by intersecting the
corresponding logical error chain. Assuming core error rates
of 0.05 and remaining qubit error rates of 0.3:

• Without the core, the probability of a logical error due to
decoder mistakes is 0.3× 0.3 = 9%.

• With a core, this probability drops to 0.3×0.05 = 1.5%,
and is even lower if multiple intersections exist between
the error chain and the core.

Thus, the core in each disparity surface code acts as a
“wall,” impeding logical error chains from forming across the
code. It effectively mitigates errors by serving as a minimal
subset of data qubits that intersects all possible logical error
paths. Therefore, as long as the data qubits in the core are
transmitted with low physical error rates, the logical error rate
of the disparity surface code remains low.

D. Disparity surface code in low QoS

Here, we analyze the performance of our disparity surface
code in networks with poor quality of service, where most
routing paths exhibit high error rates. Notably, in such sce-
narios, successful transmission of quantum messages becomes
infeasible if all routing paths are subjected to high error rates.
Thus, we assume that the core of each disparity surface code
can still be transmitted with low error rates, while the remain-
ing data qubits are transmitted through paths with significantly
higher error rates. As shown in Fig. 9, under these conditions,
our disparity surface codes consistently achieve much lower
logical error rates compared to random assignment. Notably,
when the error rates of the remaining data qubits exceed
0.2, the random assignments (denoted as Random 0.9% to

Fig. 10. (a) Cores for disparity surface codes of distance 3 protected along
logical Z. (b) Two example cores for disparity surface codes of distance 5
with full protection.

Random 0.5%) reach a logical error rate of approximately
50%, which is the highest logical error rate for a surface code
(logical error rates above 50% typically indicate an issue with
the error correction decoder). In contrast, the logical error rates
of our disparity surface codes remain stable around 10%. Thus,
disparity surface codes are significantly more robust under low
QoS conditions.

E. Disparity surface code with measurement X, Z

All experiments above focus on logical X measurements for
disparity surface codes, with the proposed cores effectively
reducing logical error rates along the logical X axis. These
cores can effectively prevent logical Z and Y errors. In the
meantime, a different set of cores can be employed to protect
disparity surface codes along their logical Z axis, as shown
in Fig. 10(a). These cores, of size equal to the code distance
d, act as “walls” preventing logical X errors from traversing
vertically across the code.

Since the two sets of cores (one protecting along the logical
X axis and the other along the logical Z axis) are entirely
distinct, no core of size d exists that can simultaneously
protect disparity surface codes along both logical X and Z
axes. Thus, to implement a full protection along both logical
axes, the minimal core size increases to at least 2d − 1 data
qubits, as illustrated in Fig. 10(b). However, contemporary
quantum computation rarely requires such full protection, as
measurements are typically performed along one logical axis
(X or Z) for each surface code, and logical non-demolition
measurements are not yet fully developed.

VII. DISPARITY SURFACE CODE DECODER

To further reduce the logical error rates of our disparity
surface codes, we propose a novel decoder that leverages
the unique error rate disparity between the core and the
remaining data qubits. Conventional decoders, such as the
PyMatching [49] library for generating all results in the above
section, can be directly applied to disparity surface codes.
However, most of them often fail to fully exploit this disparity.
As a result, they may lead to suboptimal decoding outcomes.
Consider the decoding scenarios illustrated in Fig. 11. Assume
the core is implemented as in (a1), and (b) is the decoding
graph G = {V,E,W} observed by the decoder, where the
weights W are the error rates of data qubits. There are two
potential decoding results given by the decoder:
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Fig. 11. (a1) and (a2) Decoding graphs for disparity surface codes. In each
decoding graph, each vertex dot is a measurement qubit, and each edge is a
data qubit. The five edges in green represent the core, with their corresponding
lattice forms shown aside. (b) Decoding graph with syndromes. The four
vertices in red represent four example syndromes. (c1) Decoding results
without considering the core. (c2) Decoding results considering the core. The
red edges in c1 and c2 represent the decoding results.

• Decoding Result (c1): This approach does not account
for the low error rates of the core. It pairs up syndromes
or connects them to boundaries using the shortest paths
available, resulting in a decoding outcome with a minimal
path length of four edges.

• Decoding Result (c2): This approach incorporates the
low error rates of the core into the decoding process.
Although the resulting path has a greater length of six
edges, it avoids intersecting with the core, reflecting the
lower likelihood of errors within the core.

In both cases, the decoder can resolve the syndromes by
applying Pauli gates to the indicated data qubits. However,
the two decoding outcomes differ by a logical error chain that
traverse across the code horizontally: if the actual error pattern
corresponds to (c2), the correction based on (c1) introduces a
logical error, and vice versa. Although the actual error pattern
may not match either (c1) or (c2) exactly, it is equivalent to
one of them under stabilizer transformations. Theoretically,
either (c1) or (c2) can be the actual error pattern, but given
the error rate disparity between the core and the remaining
data qubits, they are with different likelihoods.

Thus, by explicitly accounting for the error rate disparity,
a core-aware decoder can better prioritize decoding outcomes
that align with the lower error rates of the core. This reduces
the probability of logical errors, particularly in scenarios
where the shortest-path decoding strategy used in conventional
methods is less likely to correspond to the actual error pattern.
In the following, we detail the design of our core-aware
decoder, the Di-MWPM decoder, and demonstrate its effective
and efficient use of the error rate disparity between the core
and the remaining data qubits.

The routine of our Di-MWPM decoder is adapted from
the Blossom decoder [55], which is a minimum weight perfect
matching (MWPM) decoder for surface codes. The Di-MWPM
decoder follows the minimum weight perfect matching de-

Algorithm 1 Di-MWPM Decoder
Input: set of syndromes σ, data qubits in core ρ,

error rate of the core α, error rate of the remaining β
Output: estimated error pattern Γ

1: Create decoding graph G = {V,E,W}
2: Divide V into subsets L,M,R, where M covers ρ
3: L = L ∪M, R = R ∪M
4: Initialize path graph G′ = {σ, {}, {}}
5: for H = L,R do
6: Let H be the induced graph by H in G
7: for u, v ∈ (σ ∩H) with u ̸= v do
8: find shortest path w between u, v in H
9: compute weight for w as:

10:
∑

(i,j)∈w(− ln(α) if (i, j) ∈ ρ else − ln(β))
11: add w = (u, v) as a weighted edge into G′

12: end for
13: end for
14: Apply Blossom to G′ to get a perfect matching P
15: initialize Γ as empty
16: for (u, v) in P do
17: break (u, v) into edges (u, i1), (i1, i2), . . . , (ik, v)
18: add these edges to Γ
19: end for

coder paradigm but incorporates specific modifications to
account for the core structure of disparity surface codes. As in
Alg. 1, the Di-MWPM decoder partitions the decoding graph
G into two subgraphs, positioned on opposite sides of the
core. Depending on the actual error rates of the core, these
subgraphs can be either separated or overlapped.

First we talk about the ideal case, when the error rate of
the core is extremely low (α ≈ 0). In this case, as discussed
previously in Section VI-C, the core acts as a solid wall,
completely preventing error paths from traversing across the
core. Thus, the decoding graph G can be completely separated
into two subgraphs:

• Left subgraph L, which contains all vertices and edges
to the left of the core;

• Right subgraph R, which contains all vertices and edges
to the right of the core.

And the middle subgraph M contains only the core, which
serves as a mutual boundary between L and R. Next, a path
graph G′ is created by computing the shortest paths between
every pair of syndromes within each subgraph L and R. These
paths are efficiently computed using Dijkstra’s algorithm. Any
path attempting to cross the core is disallowed, ensuring no
error chains traverse through M . Then the Blossom algo-
rithm [55] is applied to G′ to achieve a minimal weight perfect
matching P . In the Blossom algorithm, syndromes are treated
as circles with radii, and blossoms are created when circles
collide. Syndromes within a blossom are paired to minimize
the total weight. Finally, the shortest paths in P are reverted
back to edges in the original graph G. These edges correspond
to the data qubits requiring correction.
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Fig. 12. Logical error rates of disparity surface code versus random assignment in (a) dense networks and (b) sparse networks, both evaluated using logical
X measurements. Average fidelity (fidelity= 1−error rate) and fidelity variance of all routing paths in each network scenario are included in the tables above.
Tables (c) and (d) include logical error rates of different versions of disparity surface codes, evaluated using both logical X and logical Z measurements. The
lowest logical error rate across each column is marked red.

However, in practical scenarios, the core is not perfectly
reliable, and error paths crossing it are possible. Thus, in this
case, the middle subgraph M includes not only the core but
also its nearby vertices and edges, depending on α, the error
rate of the core: as α, increases, M grows, resulting in a larger
overlap between the left (L) and right (R) subgraphs. This
overlap region enables syndromes to interact across the core.
A path graph G′ is then constructed as in the ideal case, but
with key differences:

• Shortest paths are firstly computed locally in L and R;
• Syndromes in the overlap region M are considered part of

both subgraphs, and thus, can be paired with syndromes
in both L and R, or within itself.

• Paths crossing the M are still not allowed, meaning that
a syndrome in L cannot be paired with a syndrome in R
if neither of them is in M .

The rest procedure is the same as in the ideal case: the blossom
algorithm is applied to G′ to derive the data qubits requiring
correction. Thus, in this practical scenario, the middle graph
M , instead of the core, preserves its function as a logical
wall that prevents decoding path made across the disparity
surface code. This is also the reason why we make the size
of M dependent on α: when α is low, the core remains a
strong wall, with minimal overlap between L and R, and only
a few decoding paths can be made across the core. Notably,
in the worst case when α is the same as the error rate of the
remaining data qubits, M grows to span the entire decoding
graph G, and the Di-MWPM decoder converges to a standard
MWPM decoder.

VIII. EVALUATION

In this section, we evaluate the performance of disparity
surface code by implementing it in different network scenarios.
We compare its performance against baseline surface codes
that randomly assign data qubits to scheduled routing paths.

A. Evaluation methodology

Considering the variety in real-world network structures, we
randomly generate networks without a predefined topology.
Among these, two representative networks are chosen: a dense
network where each pair of users are connected with multiple
possible paths, and a comparatively sparse network where only
a few possible paths exist between each pair of users. Next, we
assign capacity and error rate to each edge in the two networks.
Sum of capacity of all edges within each networks is identical,
and within each network, each edge has the same capacity.
Thus, each edge in the dense network has a lower capacity than
each edge in the sparse network. Error rate of each edge in
both networks is randomly assigned, but is mostly controlled
under 5% to make surface codes function properly. In each
experiment, communication requests are randomly generated
between user pairs in both networks. We utilize a routing
protocol in to schedule all requests into routing paths. For
each communication of a distance d surface code, d2 routing
paths will be scheduled to transmit the d2 data qubits, and the
error rate of each routing path is determined by the routing
protocol. To implement our proposed disparity surface code,
we transmit all its core data qubits through the ones with
the lowest error rates among all scheduled routing paths. We
compare the performance of disparity surface codes against
a baseline strategy denoted as random assignment, which
randomly assigns data qubits to all scheduled routing paths.

Networks are generated using the NetworkX [56] library,
and the routing protocol in [48] is utilized for scheduling
communication requests. Quantum circuits for disparity sur-
face codes are simulated using the Pymatching [49] library,
and run locally on a classical machine.

B. Disparity surface code evaluation

From Fig. 12, we observe that in both dense and sparse
networks, the disparity surface code significantly outperforms
the random assignment strategy, achieving much lower logical
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error rates. In the dense network (a), both disparity surface
codes and random assignment exhibit low logical error rates,
with both demonstrating favorable scalability: larger code sizes
result in lower logical error rates. However, in the sparse
network (b), where path average fidelity is lower and varies
more, random assignment loses the positive scalability, while
the disparity surface code maintains it. Therefore, compared
with basic surface codes, our disparity surface codes are more
adapted to practical network scenarios.

Figures 12(c) and (d) further compare different versions
of disparity surface codes: disp xz that protects along both
logical X and Z axes, disp x that protects along logical X
axis, and disp z that protects along logical Z axis. In the
tables, disp xz : X refers to a disp xz disparity surface code
evaluated using logical X measurements, while disp xz : Z
refers to evaluations using logical Z measurements.

The results indicate that disp x consistently performs best
when evaluated with logical X measurements, and disp z
consistently performs best under logical Z measurements. In
the meantime, disp xz, which aims to protect both axes simul-
taneously, delivers a more balanced but mediocre performance
in both logical X and logical Z evaluations. An intuitive
explanation for this observation is that: disp x effectively
focuses the surface code decoder on logical Z errors, while
disp z emphasizes logical X errors. Meanwhile, disp xz
, however, distributes the decoder’s emphasis between both
error types, which weakens its focus on either. Developing an
improved approach for achieving full protection along both
axes in surface codes remains a potential direction for further
exploration.

We also observe in Fig. 12(d) that in sparse networks,
when evaluated with logical Z measurements, none of the
three versions of disparity surface codes demonstrate positive
scalability with respect to code distance. As will be discussed
below in Section VIII-C, surface codes only achieve positive
scalability when the error rates of their data qubits are kept
below a certain threshold. The results here correspond to
network scenarios where error rates across all routing paths are
excessively high. While such scenarios are rarely considered in
practice, they may arise occasionally due to insufficient optical
fibers or repeaters implemented within quantum networks. We
include these results here for completeness but consider them
a potential direction for future exploration.

C. Decoder evaluation

We evaluate the performance of our Di-MWPM decoder
against its baseline model [55], focusing on their respective
Pauli-error thresholds on disparity surface codes. We generate
disparity surface codes using the Pymatching [49] library,
with depolarization errors randomly applied to individual data
qubits. The depolarization channel used for testing includes
the identity gate {I} and Pauli errors {X,Y, Z}. For a given
physical error rate p, each Pauli error has a probability of
p/3, while the identity gate (indicating no error) occurs with
a probability of 1−p. To evaluate the decoders, the syndrome
patterns of generated disparity surface codes are input into

Fig. 13. Pauli error thresholds of disparity surface codes using a MWPM
decoder (left) and our Di-MWPM decoder (right). Physical error rates on the
x-axis represent the error rates of the remaining data qubits, while the error
rates of the core data qubits are set at 1/10 of that value.

each decoder. Their decoded results are compared with the
actual observable of the disparity surface code prior to the
introduction of random errors. A logical error is recorded if
the decoded result does not match the original observable. In
Fig. 13, for each distance-d and physical error rate p, 10,000
random disparity surface codes are generated for decoding.
The logical error rate is calculated as the number of occurrence
of logical errors divided by 10,000.

As shown in Fig. 13, our Di-MWPM decoder demonstrates
significant improvements on Pauli-error thresholds, elucidat-
ing its effective utilization of the error rate disparity within
disparity surface codes. Higher Pauli-error thresholds reduce
the technical requirements for implementing larger disparity
surface codes. As illustrated in Fig. 13, larger disparity surface
codes exhibit lower logical error rates when the physical error
rate is below the threshold. Conversely, when the physical error
rate exceeds the threshold, smaller disparity surface codes tend
to perform better. Thus, to optimize the scalability of disparity
surface codes relative to code size, users should ensure that
the physical error rate of individual data qubits remains below
the error threshold. And the data qubits within the core must
be maintained at an even lower error rate to fully exploit the
advantages of the disparity surface code.

IX. CONCLUSION

In this paper, we present disparity surface codes, a group of
geometric configurations of surface codes for optimized per-
formance in practical quantum networks. Our results demon-
strate that disparity surface codes can significantly reduce
logical error rates by assigning their cores to low-error-rate
routing paths. Maintaining the physical error rates for the
core around 0.5% enables disparity surface codes to function
properly even within quantum networks with poor quality of
service. We determine that the minimal core size required for
protection along either the logical X or Z axis corresponds to
the code distance d. For simultaneous protection along both
axes, a minimum of 2d−1 data qubits is required. Furthermore,
we present Di-MWPM, a specialized error correction decoder
for disparity surface codes, which efficiently leverages the
error rate disparity among data qubits. Our decoder achieves
higher error thresholds compared to baseline models.
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