Exploring the Full Flexibility of Pattern Search^1

Elizabeth Dolan and Virginia Torczon Department of Computer Science College of William & Mary

1With thanks to the National Science Foundation for support under Grant CCR-9734044

Problem:

minimize f(x) subject to x ∈ R^n,

where f : R^n → R.

This talk will concentrate on the unconstrained problem.

But there is a suite of analytical results (with Robert Michael Lewis) to handle classes of constrained problems of the general form:

minimize f(x) subject to x ∈ S ⊆ R^n.

Generalized Pattern Search:

Given x_0 ∈ R^n, f(x_0), P_0 ∈ R^{n×p0}, p_0 ≥ n + 1, Δ_0 > 0, and ϵ, for k = 0, 1, . . . until Δ_k < ϵ do { 1. Find a step s_k = Δ_kp_k using the procedure

Exploratory Moves(Δ_k, P_k).

2. If f(x_k + s_k) < f(x_k) then x_{k+1} = x_k + s_k;

otherwise, x_{k+1} = x_k. 3. Update(Δ_k, P_k). }

The Curious Hypotheses:

A key condition for the convergence analysis for pattern search algorithms are the following hypotheses on the result of the Exploratory Moves: 1. s_k ∈ Δ_kP_k ≡ Δ_k[BΓ_k BL_k]). 2. If

min{f(x_k + y), y ∈ Δ_kBΓ_k} < f(x_k) then f(x_k + s_k) < f(x_k).

What Do These Hypotheses Say?

1. The s_k returned by the Exploratory Moves must be a column of the matrix Δ_kP_k (so that x_k + s_k is contained in the rational lattice that underlies all pattern search methods).

2. The step s_k must satisfy either f(x_k + s_k) < f(x_k) or s_k = 0.

Furthermore, s_k may be 0 only if none of the steps in Δ_kBΓ_k yielded simple decrease on f(x_k).

What Makes This Unusual?

1. The simple decrease condition.

We can accept any step s_k ∈ Δ_kP_k that satisfies f(x_k + s_k) < f(x_k) and still obtain global convergence.

2. We only need full local information to reduce Δ_k.

In other words, to set s_k = 0, we need to know that for all y ∈ Δ_kBΓ_k, f(x_k + y) ≥ f(x_k). But for any other choice of s_k ∈ Δ_kP_k, it is sufficient to know that f(x_k + s_k) < f(x_k)

What Are the Consequences?

1. We may be able to conclude an iteration with a new iterate using only a single new function evaluation.

2. The necessarily expensive iterations are those that require us to obtain full local information before setting s_k = 0 since we must evaluate f(x_k + y) ∀ ∈ Δ_kBΓ_k and n + 1 ≤ |BΓ_k| ≤ 2n.

Possible Sequence of “Low-Overhead” Iterations:

x_{k+1}

Δk

x_{k+2} x_k

What It Takes to Then Reduce Δ:

Δk+2 x_{k+3} x_{k+2} Δk+3

We Can Have Even More Speculative Strategies:

x_k + s^1_k x_k + s^2_k

x_k + s^3_k

x_k Δk x_k + s^4_k

What Is Their Role?

1. By requiring the iterates to remain on a rational lattice, we ensure that we cannot take steps that are either too long or too short.

2. By requiring full local information before reducing Δ, we ensure that the steps cannot decrease prematurely, but we also ensure that we have at looked along at least one gradient-related direction.

The hypotheses relax the sufficient decrease condition to one of simple decrease.

But the trade-off is to place stronger conditions on the form of the step s_k.

Do They Matter in Practice?

The answer is “Yes.”

• The tale of Hooke and Jeeves. • The useful role of Δ.

Iteration 1

Iteration 2

Iteration 2, continued

Iteration 2, resolved

Iteration 3

Iteration 3, first reduction...

Iteration 1—Revisited

Iteration 2—With One Numerical Error

Iteration 3—With One Propagated Error

Iteration 4—With One Propagated Error

Iterates 1–5... (With the Propagated Error)

Note:

• It is not the nondifferentiability of f that is a problem—the iterates are piling up in a neighborhood where the f is continuously differentiable.

• The original Δ is never reduced—and yet the step sizes are O(err) (where, typically, err ≈ eps).

• The problem is not unique to this example. We first (re)discovered the same phenomenon for a quadratic of the form q(x) = H^T Hx + c where H =

1.125043498418210 2.939352373629113 0.301824399995522 0.772323384033667 −0.704674515756150 −0.038293989982856 −0.707583376350226 0.948456135457931 ,

so that the condition number of

H^T H = 7.95551336264464,

Δ_0 = 6.0,

x_0 = ( 0.1123135875305460 0.9266765162475219 ) , and x_∗ = ( 0.0 0.0 ) .

What Is Going On?

It is possible in practice for a step to shift off of the rational lattice by O(eps). We see it for other pattern search algorithms, but it never seems to matter in practice.

Why does it matter for Hooke and Jeeves?

In exact arithmetic, one can show that the pattern step taken by the Hooke and Jeeves pattern search algorithm will be ≥ Δ. Thus—in exact arithmetic— the length of any step considered by the algorithm must be ≥ O(Δ).

But numerical error can lead to pattern steps that are O(eps). Thus the length of the step taken can be considerably less than Δ.

Inadvertently, we have allowed the step to become too small.

Several Remarks:

1. We were not the first to observe this phenomenon.

The observation goes back at least as far as September 1966 in a Remark by Bell and Pike that appeared in Communications of the ACM.

2. The “fix,” as both they and we discovered, is easy:

before accepting any pattern step, ensure that it is of length > 0.5Δ (i.e., that it is a “real” step rather than one due to spurious numerical error).

3. This is a problem that only happens with the pattern step—which is unique to the Hooke and Jeeves algorithm.

4. The problem would not have occurred if we were enforcing any reasonable sufficient decrease condition; the difference in function value between the two points was O(eps).

5. In practice, the hypotheses do matter to the extent that they help safeguard the length of the step.

The important thing seems to be that the step accepted is of length ≥ O(Δ).

6. Otherwise, in practice, it does not seem to matter whether or not we stay exactly on the rational lattice so long as the length of the step is safeguarded.

Why Full Local Information?

We have always known that the core pattern BΓ_k defines a sufficient set of search directions to ensure at least one-gradient related direction

x_k

−∇f(x_k)

−∇f(x_k) x_k

—even though we never explicitly compute an approximation to the gradient.

What Is New:

• A recent result shows that because we require sufficient local information before reducing Δ_k, when we reduce Δ_k, we have an upper bound on ‖∇f(x_k)‖. • This result confirms that one only need to check convergence after reducing Δ_k.

• This result also confirms that Δ_k is a reasonable measure of progress toward the solution.

• Further, recent numerical tests show that these observations bear out in practice.

Conclusions:

• It is worth exploring the flexibility afforded by the theory.

• It is worth exploiting the flexibility afforded by the theory.

• The interaction between the theory and practice can be subtle.

Web address:

http://www.cs.wm.edu/~va

Links:

Publications
presentations
articles
students