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tWe study a hybrid 
ow shop s
heduling problem, inwhi
h the exe
ution of ea
h job must go through multi-ple stages in one spe
i�
 order and at ea
h stage thereare parallel ma
hines available to pro
ess the jobs thathave entered the stage. The obje
tive is to minimize themakespan. In this paper, we propose two on-line algo-rithms based on the greedy strategy. We also presentanalysis on the performan
e of the algorithms.Keywords. Job s
heduling, Hybrid 
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tionIn the traditional 
ow shop s
heduling problem, it isassumed that there is only one ma
hine at ea
h stageto exe
ute passing jobs [6℄. For example, when thereare two stages (hen
e two ma
hines with di�erent fun
-tions) in the 
ow shop and the goal is to minimize themakespan, i.e., the time when all jobs are 
ompleted,the 
orresponding s
heduling problem 
an be solved inO(n logn) [5℄. However, when the exe
ution of ea
h jobhas to pass three or more stages, the problem be
omesNP-
omplete [1℄.With the development of hardware, software, and theoryin parallel 
omputing, the traditional model of 
ow shops
heduling is be
oming somewhat unrealisti
. De�ned to
apture the essen
e of parallel 
omputing is the so-
alledhybrid 
ow shop model, in whi
h ea
h job has to gothrough multiple stages with parallel ma
hines instead ofa single ma
hine. Results on hybrid 
ow shop s
hedulingto minimize makespan are limited. To list just a few, ithas been proved that the problem is NP-
omplete even ifthere are two stages and there is only one ma
hine at oneof the two stages [3℄; also, heuristi
s have been proposedfor the 
ase that there is one ma
hine at stage one andparallel ma
hines at stage two [4℄.

In this paper, we study the general hybrid 
ow shops
heduling problem with parallel ma
hines at all stagesto minimize the makespan. In Se
tion 2, we propose agreedy on-line algorithm, GREEDY, for the m stage hy-brid 
ow shop problem and give an analysis on the per-forman
e of the algorithm. In parti
ular, we show thatthe makespan of the s
hedule produ
ed by GREEDY isat most m+n�1m � pmaxpmin times that of the optimal s
hedulefor the same instan
e, where n is the number of jobs, mis the number of stages, and pmax and pmin are the max-imum and minimum pro
essing times respe
tively. Wealso show that this bound (also 
alled performan
e ratio)is tight. In Se
tion 3, we study a spe
ial 
ase when thereare two stages in the 
ow shop and at ea
h stage, thereare the same number of identi
al ma
hines. Although,GREEDY 
an be applied to this spe
ial 
ase a
hieving atight performan
e ratio of n+12 � pmaxpmin , we present a bet-ter on-line algorithm based on the greedy list s
heduling.We 
all this algorithm GREEDY-LIST. We prove thatGREEDY-LIST a
hieves a 
onstant performan
e ratiobetween 2 and 4.2 Multiple Stage Hybrid FlowShop S
hedulingConsider the m stage hybrid 
ow shop s
heduling prob-lem to minimize makespan. Assume that at stage i, thereare mi parallel ma
hines and that the required pro
ess-ing time of job Jj at stage i is pi;kj if it is assigned to thekth ma
hine at stage i to exe
ute.In an on-line setting, jobs are given in a sequen
e su
h asJ1; J2; : : : ; Jn and an on-line algorithm must de
ide howto s
hedule ea
h job for all stages without the knowl-edge of the jobs following it in the sequen
e. To bespe
i�
, suppose the algorithm is 
onsidering Jj at themoment. The algorithm knows pi;kj for i = 1; : : : ;m andk = 1; : : : ;mi (Note that there are a total of Pmi=1mipositive numbers asso
iated with ea
h Jj .) and the



s
hedules for J1; : : : ; Jj�1. It then has to 
onstru
t as
hedule for Jj , i.e., whi
h ma
hine to use at ea
h stageand when the exe
ution starts on the 
hosen ma
hine.Be
ause on-line s
heduling algorithms do not have theknowledge of the entire instan
e, they 
annot produ
eoptimal s
hedules and so are often used as heuristi
s.In this se
tion, we study an on-line algorithm for the mstage hybrid 
ow shop problem. It is 
alled GREEDYsin
e it is also a greedy algorithm. We de�ne the algo-rithm as follows:Algorithm GREEDYFor j from 1 to nFor i from 1 to mChoose the ma
hine at stage i with thesmallest pro
essing time for job JjS
hedule the job on that ma
hine asearly as possibleAlgorithm GREEDY takes n � Pmi=1mi time steps toprodu
e a s
hedule. It always 
hooses the fastest ma-
hine to use at ea
h stage with the intention to makethe makespan small. Next, we analyze the performan
eof GREEDY, i.e., how good/bad is the s
hedule 
on-stru
ted by GREEDY 
ompared to the optimal s
hed-ule.THEOREM 1 There exists an instan
e of the m stagehybrid 
ow shop s
heduling problem for whi
h themakespan of the s
hedule given by GREEDY is m+n�1m �pmaxpmin times that of the optimal s
hedule, where n is thenumber of jobs, m is the number of stages, pmax =maxi;j;kfpi;kj g, and pmin = mini;j;kfpi;kj g.Proof. Let Cmax(GREEDY ) be the makespan of thes
hedule given by GREEDY and C�max be the optimalmakespan for the same instan
e. We de�ne our instan
eas follows: mi = n for all i = 1; : : : ;m and pi;kj = 1 forall j = 1; : : : ; n, i = 1; : : : ;m, and k = 1; : : : ; n. Clearly,for this instan
e pmax = pmin = 1.In the optimal s
hedule, all n jobs are exe
uted in par-allel by all n ma
hines at ea
h stage. Sin
e for ea
h jobthe exe
ution at stage i will not start until the exe
utionat stage i� 1 is 
ompleted (whi
h is the requirement ofa 
ow shop) and there are m stages, we haveC�max = m � 1 = m:Sin
e for �xed j and i, pi;kj = 1 for all k = 1; : : : ; n,it is possible for GREEDY to always pi
k the �rst ma-
hine at ea
h stage to exe
ute a job. So only the �rstma
hine at ea
h stage will be used and all jobs are exe-
uted sequentially on the �rst ma
hine at ea
h stage. Sowe have,Cmax(GREEDY ) = (m+ n� 1) � 1= (m+ n� 1) � pmaxpmin= m+ n� 1m � pmaxpmin � C�max:

THEOREM 2 For any instan
e of the m stage hybrid 
owshop s
heduling problem, the makespan of the s
hedulegiven by GREEDY is at most m+n�1m � pmaxpmin times thatof the optimal s
hedule.Proof. First we establish a lower bound to the optimalmakespan, C�max. In the perfe
t s
enario, all jobs are ex-e
uted by the 
orresponding fastest ma
hines in parallelat ea
h stage. SoC�max � max1�j�nf mXi=1 mimink=1fpi;kj gg � m � pmin:Next we 
onsider the s
hedule 
onstru
ted by GREEDY.Let Cij be the 
ompletion time of Jj at stage i. Sin
e J1is the �rst job 
onsidered by GREEDY, we haveC11 � pmaxC21 � C11 + pmax� � � � � �Cm1 � Cm�11 + pmax:For J2, it may be s
heduled on a di�erent ma
hine orthe same ma
hine as J1 at ea
h stage. Upper bounds
an be established by hypotheti
ally s
heduling both J1and J2 on one ma
hine at ea
h stage and using pmax forthe exe
ution time for both jobs. In addition, the upperbounds should also take into a

ount the fa
t that thestarting time of J2 at stage i should never be earlier thanthe 
ompletion time of J2 at stage i� 1. So we haveC12 � C11 + pmaxC22 � maxfC12 ; C21g+ pmax� � � � � �Cm2 � maxfCm�12 ; Cm1 g+ pmax:We follow this reasoning for all jobs. Finally, we get thefollowing upper bounds about Jn:C1n � C1n�1 + pmaxC2n � maxfC1n; C2n�1g+ pmax� � � � � �Cmn � maxfCm�1n ; Cmn�1g+ pmax:Obviously, Jn is the job s
heduled and �nished last. SoCmax(GREEDY ) � Cmn . To estimate Cmn , we startwith the last inequality, whi
h gives an upper bound toCmn . Whether it is Cm�1n or Cmn�1 for the max fun
tion,Cmn is redu
ed to some Ci1j1 with i1+ j1 = m+n�1 pluspmax. We next use the upper bound to Ci1j1 , whi
h issome Ci2j2 with i2+j2 = m+n�2 plus pmax. So the upperbound to Cmn be
omes Ci2j2 +2pmax. We then noti
e theupper bound to Ci2j2 is some Ci3j3 with i3+ j3 = m+n�3plus pmax. Therefore, Cmn is bounded from above byCi3j3+3pmax. If we 
ontinue this, we will eventually rea
h



C11 and the bound to Cmn is C11 +(m+n�2)pmax. Usingthe very �rst inequality about C11 , we get Cmn � (m +n� 1)pmax. So we haveCmax (GREEDY )� Cmn� (m+ n� 1)pmax= m+ n� 1m � pmaxpmin � (m � pmin)� m+ n� 1m � pmaxpmin � C�max:3 Two Stage Flow Shop S
hedul-ingIn this se
tion we assume that a job's exe
ution only hasto go through two stages, i.e., m = 2 and that pi;kj = pijfor all k, i.e., all ma
hines at the same stage are iden-ti
al. Sin
e this s
heduling problem remains to be NP-
omplete, we 
onsider on-line heuristi
s. We 
an 
er-tainly use our algorithm GREEDY given in the previousse
tion, yielding a performan
e ratio of n+12 � pmaxpmin . Weare interested to know if there are some other on-linealgorithms with better performan
e. The algorithm weshall propose and analyze is based on the greedy lists
heduling algorithm [2℄ designed for the single stagemultiple ma
hine job s
heduling problem. For this rea-son, we 
all our algorithm GREEDY-LIST.Algorithm GREEDY-LISTFor j from 1 to nStage 1: S
hedule job Jj on the ma
hinewith the smallest 
urrent load(makespan)Stage 2: S
hedule the job as early aspossibleAlgorithm GREEDY-LIST takes n(m1+m2) time stepsto produ
e a s
hedule. At stage 1, it behaves exa
tlythe same as Graham's List S
heduling algorithm. Atstage 2, it is just a simple greedy algorithm. Clearly, thealgorithm is on-line sin
e it s
hedules the jobs one-by-one in the order of J1; : : : ; Jn. Similar to our approa
hto GREEDY in the previous se
tion, we will give twotheorems on the performan
e of GREEDY-LIST.THEOREM 3 There exists an instan
e of the 2 stagehybrid 
ow shop s
heduling problem for whi
h themakespan of the s
hedule given by GREEDY-LIST is 2times that of the optimal s
hedule.Proof. We de�ne the instan
e as follows: m1 = m2, n =2m1, p1j = 1 and p2j = � for j = 1; : : : ; n2 , p1j = � andp2j = 1 for j = n2 + 1; : : : ; n, We assume that � is anarbitrarily small positive number.In the optimal s
hedule, Jn2+1; : : : ; Jn will be s
heduledin parallel on all ma
hines followed by J1; : : : ; Jn2 in par-

allel. Sin
e at stage 2, there is an idle period of length �at the beginning of the s
hedule, we haveC�max = 1 + 2�:For the same instan
e, GREEDY-LIST s
hedulesJ1; : : : ; Jn2 in parallel and then Jn2+1; : : : ; Jn in parallelon all m1 ma
hines at stage 1. Therefore, the makespanfor stage 1 is 1 + �. At stage 2, the algorithm has toleave all ma
hines idle until time 1 and then s
hedulesJ1; : : : ; Jn2 in parallel followed by Jn2+1; : : : ; Jn in par-allel on all m2 ma
hines. Therefore, the makespan forstage 2 is 2 + �. So,Cmax(GREEDY � LIST ) = 2 + � = 2C�max � 3�:Sin
e � is arbitrarily small, we have a ratio approa
hing2.THEOREM 4 For any instan
e of the 2 stage hybrid 
owshop s
heduling problem, the makespan of the s
hedulegiven by GREEDY-LIST is at most 4 times that of theoptimal s
hedule.Proof. A lower bound to C�max 
an be easily established:C�max � maxfmaxj fp1j + p2jg; 1m1Xj p1j ; 1m2Xj p2jg:Sin
e we will use this lower bound often in the proof, letus denote the inequality with (�). To pro
eed, we observethat Cmax(GREEDY � LIST ) = C2max, the makespanfor stage 2. To prove this, let Jl1 and Jl2 be the jobsthat �nish last at stages 1 and 2, respe
tively. (Notethat they may be the same job.) Then, C1max = C1l1. Sowe have C2max � C2l1� C1l1 + p2l1= C1max + p2l1� C1max:Therefore, we have Cmax(GREEDY � LIST ) =maxfC1max; C2maxg = C2max.Consider the s
hedule at stage 2 
onstru
ted byGREEDY-LIST. For Jl2, there are two possibilities 
or-responding to whether or not the starting time of Jl2 atstage 2 is equal to the �nishing time of Jl2 at stage 1.We 
onsider the �rst 
ase, in whi
h equality holds, i.e.,C2l2 = C1l2 + p2l2. We haveCmax (GREEDY � LIST )= C2max= C2l2= C1l2 + p2l2� ( 1m1Xj p1j + p1l2) + p2l2� 2C�max by (�):



Next we 
onsider the se
ond 
ase, in whi
h C2l2 > C1l2 +p2l2. Let � be the di�eren
e between the starting timeof Jl2 at stage 2 and the �nishing time of Jl2 at stage 1.If there is no idle time in �, then � � 1m2 Pj p2j . So weget Cmax (GREEDY � LIST )= C2max= C2l2= C1l2 +�+ p2l2� ( 1m1Xj p1j + p1l2) + 1m2Xj p2j + p2l2� 3C�max by (�):If there is idle time in �, then let Jh be the job s
heduledright after the rightmost idle period overlapping � andlet �0 be the starting time of Jl2 minus the starting timeof Jh at stage 2. Note that �0 might be negative. How-ever, if it is positive, then �0 � 1m2 Pj p2j . Therefore,we haveCmax (GREEDY � LIST )= C2max= C2l2� C1h + j�0j+ p2l2� ( 1m1Xj p1j + p1h) + 1m2Xj p2j + p2l2� 4C�max by (�):4 Con
lusionsIn this paper, we proposed and analyzed two on-line al-gorithms of the hybrid 
ow shop s
heduling problem.In parti
ular, we proved a bound for our �rst algorithm,GREEDY. The bound is tight, it is however proportionalto the number of jobs n, a parameter whi
h may be ar-bitrarily large. Our se
ond algorithm, GREEDY-LIST,is for the two stage spe
ial 
ase. We showed that ita
hieves a small 
onstant bound, although we are unableto eliminate the gap between the lower (2) and upper (4)bounds.For future resear
h, we will fo
us on proving a tightbound for GREEDY-LIST. We suspe
t it is 2. Also, weare interested in on-line algorithms with 
onstant perfor-man
e bounds for the multiple stage 
ase. If there areno su
h algorithms, we wish to establish a lower boundproof using perhaps adversary arguments.A
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