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Abstract

We consider a communication problem, in which re-
quests for data items arrive from time to time via a terres-
trial network and at each broadcast tick the single server
chooses a data item to broadcast via a satellite downlink to
satisfy all the requests for the item. The goal of the server
isto minimize the total wait time of the requests. In this pa-
per, we examine two well-known on-line algorithms used by
the server to decide which data item to broadcast at each
broadcast tick. In particular, we present complete compet-
itive analysis of the algorithms, a research aspect of the
problem which had not been studied before. Our results
are consistent with observations obtained by simulation ex-
periments reported in past literature. In addition, we prove
a general lower bound to the competitive ratios of all on-
line algorithms. The competitive ratios obtained for the two
on-line algorithms in fact match our general lower bound,
indicating the optimality of the algorithms.

1 Introduction

guest can only be satisfied after it arrives. So if a request
arrives after the broadcast of the page it happens to request
the same page has to be broadcast again at a later time to
satisfy the request. The degree of satisfaction of a request
can be measured by its wait time, which is the length of
the time period between the arrival time and the time when
it is satisfied (or the time broadcast of the requested page
starts). At the server’s end, a queue is maintained to keep
all the requests that have arrived but not yet been satisfied.
Assume that each data item is of one unit of length. There-
fore, it takes one time unit to broadcast an item. Once the
single broadcast channel (the satellite downlink) becomes
idle, the server selects a new data item to broadcast. This
activity as a result will satisfy all requests for the itemitwa

ing in the queue. Deciding which data item to broadcast is
in fact a scheduling decision. The server may play fairness
by broadcasting the item requested by the earliest arriving
request, or it may favor popularity by broadcasting the item
requested by the most requests. To reflect the quality of ser-
vice, the server’s goal is to make the total wait time among
all requests as small as possible.

Several greedy scheduling algorithms were proposed in
[4] and [8] back in the late eighties. More sophisticated

We consider on-demand data broadcast, in which clientsalgorithms were given in [1], [2], and [3]. All of these al-

send requests for data items (such as a web page or databagerithms are on-line in the sense that broadcast decisions
object) that are not available locally via a terrestrial-net are made solely based on the requests waiting in the queue
work, and the single server broadcasts the requested dataithout any knowledge of future requests. The analysis of
items in a certain order it chooses via a satellite downlink t the algorithms, in terms of the quality of broadcast sched-
satisfy the clients’ requests. Such an arrangement is&imil ules measured by the total (or average) wait time, was done
to many satellite data services including Hughes Network mostly through simulation experiments. The implementa-
System’s DirecPC architecture [3]. tion of these algorithms had been considered straightfor-
A scheduling problem arises in this situation. Requestsward until recently new data structures were developed and
for various data items arrive from time to time. Each re- used in [5] to achieve better time efficiency. One aspect
guest is specified by its arrival time and the item requestedof the algorithms that was not examined is how well they
(e.g., a page number). We say a request is satisfied onc@erform as compared to an optimal off-line schedule (com-
the item it has requested is being broadcast. Note that a reputed with knowledge of the future), with respect to a cri-



terion such as minimum total wait time. This is called the page selected by the server at the previous broadcast
competitive analysis, commonly used to study on-line algo- tick [t — 1, ¢). While no algorithm is needed for the channel
rithms [6] [7]. In fact, competitive analysis was mentioned activity and the two steps of request processing in the serve
in [5] as a future research topic for data broadcast schedul-activity, sophisticated algorithms (heuristics) are rsseey
ing. It motivated our research to be reported in this paper. to help the server choose pages with the goal to minimize
We organize the paper as follows. In Section 2, we for- the total wait time of the requests. Since a request arriving
mally define the problem and describe the environment andat time¢ can only be satisfied no earlier than time- 1,
assumptions. In Section 3, we describe two previous algo-its wait time is therefore at lea$t giving a lower bound of
rithms, the First Come First Served algorithm (FCFS) and n to the total wait time. The scheduling algorithms (which
the Most Requests First algorithm (MRF), which make de- may also be called page selection algorithms) have access to
cisions in favor of “cold” and “hot” data items, respectiyel  the queue of waiting requests, but have no knowledge about
In Section 4, we present the competitive analysis of thesethe future requests. Their decisions of which page to broad-
two algorithms. In Section 5, we give a general lower bound cast at the next broadcast tick are local and approximate.
to the competitive ratios for all on-line algorithms for dat  Which strategies may help produce a solution with a rela-
broadcast scheduling. Finally, in Section 6, we make our tively small total wait time close to that of the optimal so-
conclusions and discuss future research directions. lution? We will next discuss two page selection algorithms,
both of which are based on the greedy method.

2 Definitions and Assumptions _ )
3 On-line Algorithms

Suppose that there are pages (data items) that will be ) )
requested and that each page takes one time unit to broad- | "€re are several algorithms for page selection, well-
cast. The unit time period during which broadcast of a pagestud|ed in the context of simulation experiments and perfor

takes place is called a broadcast tick. Suppose that therdn@nce analysis using queueing theory. Two of them are the
aren requests all with non-negative integral arrival times T Irst Come First Served algorithm (FCFS) and the Most Re-

and that the pages being requested are all available in théluested First algorithm (MRF). FCFS always chooses the
server's database. page of the request with the earliest arrival time. In other

The server maintains a queue. Once a request arrives it i€V0rds it focuses on faimess and favors “cold” pages. MRF
placed in the queue immediately. Assume the current time2Ways chooses the page with the most requests. So it con-

is ¢, which is the start of the broadcast tigkt + 1). The ~ Cerns with popularity and favors *hot” pages.
server does three things: According to [4], when the arrival rate of the requests

(which is measured by the number of in-coming requests
1. Request receipt: Add the requests arriving at time per broadcast tick) is low, say no larger thidn FCFS beats
into the queue; MRF by a reasonable margin. Specifically, the average wait
time (i.e., total wait time divided by) of the FCFS solution
2. Page selection: Choose a page (among those requestad about75% of that of the MRF solution. However, when
by the requests in the queue) to broadcast at the nexthe arrival rate increases, the difference gets smalldéacin
broadcast tickt + 1,¢ + 2); and when the arrival rate goes beyoh@, the performance of
the two algorithms converges to identical. Our analytical
results in the following section verify this observatione W
Swill show that in the worst-case both FCFS and MRF pro-
duce solutions of total wait time withim times the total

The time needed to complete the above three steps is usuallj¥@it time of optimal solutions. Recall that is the number

smaller (in most cases much smaller) than the time needed®f Pages. This type of analysis is called competitive analy-

to broadcast a page. So it is safe for us to assume that wheiS: It S always done to analyze on-line algorithms. In the

the server finished processing requests and selecting a pag€Yes Of theoretical computer scientists, the jigsaw puaizle

the next broadcast tick + 1, ¢ + 2) has not started yet. So  a@n on-line algon.thm is never complete_wnhogt f_|nd|ng the

the page selected will be ready for the broadcast tick. piece representing competitive analysis. This is what we
To summarize, at the broadcast tigkt + 1), there are ~ Will try to accomplish in the next section.

two kinds of activities taking place simultaneously. The

server activity includes adding requests arriving at time 4 Competitive Analysis

selecting a page to be broadcast at the next broadcast tick

[t + 1,t + 2), and deleting requests which will be satisfied Consider problem instances witth pages and: re-

at timet¢ + 1. The channel activity includes broadcasting quests. For request assume that the page requested is

3. Request removal: Delete the requests which will be
satisfied by the broadcast of the selected page from th
queue.



p; and the arrival time is;. Letb; be the page broadcast contradiction to the FCFS algorithm — requéstrrived at
during[t,t + 1) in the schedule obtained by an algorithm. a; so pagep; should have been chosen to broadcast instead
(Whether it is FCFS or MRF will be made clear from the of pagep being broadcast the second time. To conclude,
context.) We say that requesds satisfied at timg;, where all requests have wait time no larger thanin any FCFS
s; is the smallest integer greater thansuch thab;, = p;. solution.
We then define the wait time of requésb bew; = s; —a;.
Sincesi > a;, We havaui >1 in any schedule. Therefore, THeEOREM 2 There exists at least one instance for which
the total wait time of any schedule is at leastOr equiv-  2_i=y Wi(FCFS) =m 37, wi(OPT).
alently, >  w; > > 1", 1 = n. Son is a lower bound
to the total wait time in any schedule, including the optimal
schedule.

In the following subsections, we will present our com-
petitive analysis for the FCFS and MRF algorithms. In par-

Proof Consider the following instance with = [m for
somel. Assume that for request= km + j, wherej =
1,...,mandk =0,...,l—1, the requested pageps = j
andthe arrivaltime ia; = 0if k = 0 anda; = (k—1)m+j

ticular, we will prove that for any problem instance the tota ifk > 1. ) . .
wait time of the solution given by FCFS (or MRF) is never The_FCFS_ algorithm gives a schedul_e which broadcast
pages in a circular order df 2, ..., m until all n requests

larger thanm (also called the competitive ratio) times that
of the optimal solution. Clearly, competitive analysis ldea
with the worst case and may be overly pessimistic. In fact it
is possible that for most instances (except for very fevd, th
ratio is much smaller tham. However, the analysis does 2
provide a worst-case guarantee and is an important measurE©r the remaining, —m requestsyw;
of the overall quality of an on-line algorithm.

are satisfied, i.e., the page broadcast at tirhe= j, where

j is the integer betweehandm such that = km + j for

k > 0. Now consider the wait times of the requests. We
havew,; = 1,ws = 2, ..., w,, = mforthe firstm requests.

= m. Therefore,

Y wi(FCFS) = (1+42+---+m)+(n—m)m
4.1 First Come First Served (FCFS) i=1

For any instance, [, w;(FCFS) be the total wait = nm—gm(m=1).
time of the solution given by FCFS and’’ , w;(OPT') be
the total wait time of the optimal solution. Let be the
number of pages.

The optimal schedule will have unit wait time for most
of the requests. Specificallyy; = 1w, = 3,ws =
4,...,w,;, = m + 1 for the firstm requests anay; = 1

Treorem 1 37 w;(FCFS) <m Y., wi(OPT). for the remaining: — m requests. Therefore,
Proof We already know tha}"" , w;(OPT) > n. If we . (OPT) = (1+3+44+... 1
can show thatv; < m fori = 1,...,n in the FCFS solu- ;w’( ) (1+3+d4-+(m+1))
tion, then we have i —m)
n n 1
Zw,'(FCFS)SmnSmei(OPT). = n+§(m+2)(m—1).

= = Therefore, for fixedn and arbitrarily large:, the ratio of
By contradiction, assume that there is a request,isay S wi(FCFS) overy)"_ w;(OPT) approaches ten.
with w; > m. In other words, the request arrives at time
a; and is satisfied at time; + w;. Sincew; > m, between 4.2 Most Requested First (MRF)
a; + 1 anda; + m pagep; is never broadcast. During this

period, there are: broadcasttickda;+1, a;+2), . . ., [a;+ For any instance, 165", w; (M RF) be the total wait

m, a; +m + 1), to broadcast pages chosen from— 1 time of the solution given by MRF ang."_, w;(OPT') be
pages (excludl_ng pa_gg). I_\Iote_that the brqadcast channel e total wait time of the optimal solution. Let be the
stays busy during this period since otherwise pageould number of pages.

have been chosen to broadcast to fill the idle tick, which

would result inw; < m. By the pigeonhole principle, at  Tugorem 3 37 | w;(MRF) < m Y.", wi(OPT).

least one page, say among then — 1 pages must have

been broadcast more than once. The second broadcast d®roof We define the following notation. Lef; be the
the page satisfies requests all of which have arrival times nonumber of requests arriving &t Let .S; be the number of
earlier tham; + 1 (while the first broadcast satisfies those requests satisfied by the page broadcast athich is b;.
requests with arrival times earlier than + 1). This is in Let W; be the number of requests still waitingtatet k be



the last broadcast tick in the MRF schedule. Observe thatnot have access to the entire request sequence at once, but
W =0,A4, =0,5, >0, andz,'f:1 Sy = f;ol A =n. instead it only sees the requests that have arrived and has
Because MRF always chooses the page requested fjost, to make page selection decisions without any knowledge of
is at least as large as the number of requests for any pagéuture requests. Because of this limitation of the on-line
other than pagé;,. So(m — 1)S; > W;. We have algorithm, the adversary is able to give out the request se-

- . guence little by little, making adjustments according te th

- - decisions the algorithm has made, as long as it seems con-

We < (m —1) Z Se < (m —1) Z S¢ = (m —)n. sistent in the eygs of the on-line algorithmg

=1 =1 To begin, the adversary first give otit requests with
Consider the total wait im&." | w;(MRF). A, isthe @ =0andp; =dfori =1,2,...,m. The on-line algo-
amount of wait time accumulated duriffy 1). W, + A is r|thm_ then selects one of the pages to broadcas.t attirbe
the amount of wait time accumulated duriiig2). W, + A, say, it is pageé,. From then on, t_he adV(_arsary will generate .
is the amount of wait time accumulated duriizg3). And one request at each broadcast tick, asking for the pagesthat i
finally, Wy_1 + Ax_; is the amount of wait time accumu- Justbeing chosen. To be more specific, requesti arrives

lated duringk — 1, k). So we have at time; and asks for pagg;, fori = 1,2,...,n —m. It
results in a schedule in which for each page there is exactly

=

-1

o~
Il

1

n one request waiting at any time betwdeandn — m. After
Y wi(MRF) = Ao+ (Wi + A1)+ (Wa + Ay) timen — m no more requests will come and each of the
=1 pages have to be broadcast one more time to satisfy all the
oot (Weor + Ak—1) waiting requests. Letl denote the on-line algorithm. Con-
k-1 k-1 sidering the total wait time, we notice that for page ,;,+,
= Z Ay + Z Wy with i = 1,2,...,m, the total wait time of all the requests
t=0 t=1 for the page iss — m + i. Summing up, we have
< n+(m-1n "
= mn ZW(A) = n—-m+1)+n—-—m+2)+---
Together with)""" | w;(OPT) > n for the optimal algo- = +(n—m+m)

rithm, we gety " | wi(MRF) <m}_; , w;(OPT). 1
= mn— -m(m —1).

THEOREM 4 There exists at least one instance for which 2

Y wi(MRF)=mY."  w;(OPT). Next we will argue that for the same input instance there
is a schedule in whicly; = 1 for most requests. Studying

Proof Interestingly, the instance used for the FCFS proof the input provided by the adversary, we notice that there

(Theorem 2) can be used to yield the same result for theare2m — 1 requests arriving before timea, among which

MRF algorithm. Note that when MRF is applied to the in- requests arrive at timé andm — 1 requests arrive at

stance, every page selection decision is made breaking afime instantsl, 2, ...,m — 1. We will construct a schedule

m-way tie in favor of the page requested by the earliest ar- that broadcasts pages to satisfy these— 1 requests at or

riving request. before timem. From timem and beyond, since there will
be just one request arriving at each time instant, it can be

5 A General Lower Bound easily satisfied after just one time unit of minimum waiting.
Thus,w; would bel fori = 2m,2m +1,...,n.

In this section, we will prove that no on-line algorithm V& now focus on how to satisfy the first: — 1 requests

for page selection has a competitive ratio better thathe by_tlmem, We dseflne-R.p = f{ilaih< m ar]1cd pi = p} fohr. )
number of pages. This indicates that the on-line algorithms? = 152, .-,m. SO, is in fact the set of requests whic

we have studied in this paper are optimal, with competitive arrive bel;ore t'inen and request for P";‘]gﬁ- Ob\r?ously,
ratios matching the general lower bound. |[Btp| > 1forp =1,2,...,m. For R, with more than one
request, lef(p) be the request with the latest arriving time

TreoReEM 5 For any on-line algorithm for page selection, among allinR,. We defir_1e a schedule that broadcasts page
its competitiveratio is at least m, where m is the number of pattimea(,) + 1 forpwith |R,| > 1 and broadcasts page
pages. p at any of the remaining idle ticks (at or befare for p

with |R,| = 1. Note that since there is only one request
Proof Using an adversary argument, we assume that thearriving at each tick afted and beforen the schedule just
input instance is provided by an adversary. Since the arbi-described will never try to broadcast two different pages at
trary scheduling algorithm we consider is on-line, it does the same broadcast tick. It is not very hard to see that for



thosem requests arriving at time, their total wait time is
142+ --+m = $m(m+1), and for each of the remaining
m — 1 requests arriving between timend timem — 1, its
wait time is at mostn — 1, with the total wait time to be at
most(m — 1)%. Considering alk requests, we have

%m(m +1) + (m —1)?

+(n—2m+ 1)1

<

n+ %(m —1)(3m —4).

Therefore, for fixedn and arbitrarily large:, the ratio of
>, wi(A) overy. "  w;(OPT) is at least a bound that
approaches te. Since algorithmd is arbitrary throughout
the proof, such a lower bound holds for all on-line algo-
rithms for page selection.

6 Conclusions

In this paper, we gave competitive analysis of two sim-
ple on-line algorithms for page selection in on-demand data
broadcast. We proved that for both the FCFS and MRF al-
gorithms the competitive ratio is and that this bound is
tight. Our competitive analysis filled a gap that had been
ignored in past research. Furthermore, it verified previous
simulation results in a rigorous mathematical manner. We
also proved that no on-line algorithm for page selection has
a competitive ratio better tham. This suggests that both
the FCFS and MRF algorithms are optimal in the worst
case.

There are two other algorithms which showed much bet-
ter performance in simulation. They are the Longest Wait
First algorithm (LWF) and the Requests Times Wait algo-
rithm (RxW). The algorithms are more sophisticated — even
their implementations require complex data structures [5]
An obvious topic for future research is to study the LWF
and RxW algorithms through competitive analysis. Using
the general lower bound result in this paper, we know that
the competitive ratio is at least for both algorithms. So
the nextimmediate step is to determine upper bounds of the
competitive ratios.
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