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ABSTRACT

In this paper, we study a parallel job scheduling model
which takes into account both computation time and the
overhead from communication between processors. As-
suming that a job/; has a processing requirementand

is assigned té&; processors for parallel execution, then the
execution time will be modeled by = p; /k;+ (k; —1)-¢,
wherec is the constant overhead cost associated with each
processor other than the master processor. In this model,
(k; —1)-crepresents the cost for communication and coor-
dination among the processors. This model attempts to ac-
curately portray the actual execution time for jobs running
in parallel on multiple processors. Using this model, we
will study the online algorithm Earliest Completion Time
(ECT) and show a lower bound for the competitive ratio
of ECT form > 2 processors. Fom < 4, we show the
matching upper bound to complete the competitive analysis
for m = 2,3,4. For largem, we conjecture that the ratio
approache80/13 ~ 2.30769.
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1 Introduction

Along with the power of parallelization on supercomputers
and massively parallel processors (MPPs) comes the prob-
lem of deciding how to use this capability efficiently to uti-
lize the available processing power. In this world of par-
allel computing, multiple processors are available for-con
currently completing submitted jobs. Therefore, the task
of job scheduling in a parallel environment becomes more
difficult than in the traditional world of computers with a
single processor. It must be determined how to schedule
these jobs in a manner that most effectively makes use of
the multiple available processors while taking into ac¢oun
the added overhead due to communication and coordina-
tion among the processors. In an ideal situation, the com-
putation time for a job would scale linearly with the num-
ber of processors assigned to the job. This means that a job
J; with processing requiremept would execute in time
p;/k; when assigned té; processors. However, there is
an inherent cost of communication between the processors

executing the job due to thread creation, data movement,
and message passing for coordination.

In a system withmn identical processors, the input is
a sequence of independent jobdy, Js, ..., J,, each of
which must be scheduled on some or all of thgpotential
processors. Our goal is to schedulerajbbs in the order
they are submitted to minimize the makespan of the entire
schedule. We study the scheduling of a group of jobs that
aremalleable. Malleable jobs can run on any number of
processors available. There are other groups of jobs such
asmoldable jobs, which can be executed on any number
of processors within certain constraints, argid jobs [1],
where the number of processors is specified as input. The
way a program is written will determine the type of job it
is. While it may be more difficult to write an application
that can be executed on a varying number of processors, a
scheduler is able to make better use of moldable or, in the
best case, malleable jobs to create an efficient schedule of
jobs [2].

The model chosen to represent the execution times of
jobs can have an important effect on the competitive ratio
of a scheduling algorithm. It is necessary to have a simple
model that mirrors the performance of parallel jobs in real-
ity [3]. The simple aspect is desirable, if not necessany, fo
theoretical analysis, and the realistic aspect is necessar
give validity to the model. To this end, we use the model

ti=pj/kj+(kj—1)-c

for the actual execution timg of a job J;, given thatJ;

has processing requirememyt and is assigned té; pro-
cessors, and is the constant representing communication
overhead. This model accurately accounts for the commu-
nication and coordination costs presentwhen a job is runin
parallel on multiple processors. Due to the fact that we are
judging the quality of the algorithm based on the makespan
of its schedules, we are concerned with the processing re-
quirementp;, execution timef;, and completion time’;

of jobs. Completion time is defined as

Cj = s; + 1y,
where s; is the start time of the job in the schedule.

Makespan can be defined as the maximum completion time
of any jobJ;.



In this paper, we will study the performance of the
Earliest Completion Time (ECT) algorithm. This is an on-
line algorithm that requires malleable jobs with known or
estimated processing requirements in order to determine
its schedule. Because ECT is an online algorithm that
schedules jobs in the order of input, we will investigate
the competitive ratio of the algorithm with regards to the
makespan of the schedule it produces. This technique ef-
fectively bounds the performance of the algorithm when
compared to an optimal schedule. We will show that for
anym > 2 processors the competitive ratio of ECT is at
least30/13 ~ 2.30769. We will prove that this bound is
tight for m = 2,3, 4. A tight bound 0f30/13 means that
the makespan of the online schedule produced by the ECT
algorithm is never more thas0/13 times that of the opti-
mal (offline) schedule.

The rest of the paper is structured as follows. Section
2 formally defines our model for the parallel job schedul-
ing problem and provides a detailed description of the ECT
algorithm. Section 3 describes previous research related t
the parallel job scheduling problem. Section 4 outlines the
analysis, including theoretical bounds. Section 5 coretud
the paper.

2 Problem Formulation

In this section, we formally define the parallel job schedul-
ing problem we study. We consider a model for the ex-
ecution time of jobs that accounts for both computation
and communication among processors. This mogdek
pj/k; + (k; — 1)c shows the linear speedup from paral-
lelizing the job onk; processors in addition to the overhead
costs from coordinating the job on the processors. In the
model,c is a constant overhead cost associated with each
processor other than the processor where the job is origi-
nated. It should be noted that when a job is run on one pro-
cessor, i.ek; = 1, the execution time is; = p; as would
be expected from a job executing on a single processor.

We study a parallel system witt identical proces-
sors available. The independent jobd, Js, ..., J, ar-
rive and are scheduled in order. Each jobis malleable,
i.e. can be executed on any subset ofithavailable pro-
cessors, and has a known processing requirepent

To evaluate the quality of the schedule produced, we
study the makespan. The makespan can be defined mathe-
matically as the maximum completion time among all jobs
or

C = max{C;}.
J

As discussed in Section 1, the competitive ratio is the best
measure of an online algorithm. For an arbitrary instance,
we will denote the makespan of the ECT schedul€'and

the makespan of the optimal schedul&€és Therefore, the
competitive ratio- can be defined as the smallest possible
value such that

C<r-C*+b,

whereb is an additive term that may be a functionaf
In the case whem = 0, the competitive ratio becomes
max{ &} for all instances.

2.1 ECT Algorithm Description

An online algorithm for our problem will schedule jobs in
the order of arrival without any knowledge of future jobs.
It is assumed that all jobs are available at tithbut are
still scheduled in order in an online manner. We study the
Earliest Completion Time (ECT) algorithm.

The ECT algorithm will use the previously defined
model of job execution time to determine the number of
processors < k; < m with k; € N. Oncek; is known,
the algorithm will identify the start time; to be the earliest
time whenk; processors are available (idle) to execute the
job.

As suggested by the name, the ECT algorithm will
choosek; for a job.J; such that; processors will give the
earliest time that/; can possibly complete. This can be
expressed as choosikg such that

Cj = lg}clgnm{pj/k +(k—=1)c+s;}.

From the expression, we see that the minimum comple-
tion time is dependent on both the execution tim¢k +

(k — 1)c and the start time; of the job onk processors.
The these two factors, execution time and start time, tell
the algorithm the size of the job and the status of the sys-
tem, respectively. The current status of the system, re-
flected through the time whelnprocessors become avail-
able, manifests itself through the start timeof a job. A

job J; will start as soon as the necessary number of proces-
sors become available.

It should be obvious there may be a tradeoff between
beginning the execution of a job quickly and waiting for
more processors to become available. A job may complete
more quickly if it uses fewer processors but begins execut-
ing immediately. The main idea of choosing a sulisedf
processors that minimizes the completion time is the most
important aspect of the algorithm.

The practical details of the algorithm are not alto-
gether specified. One way of finding the earliest comple-
tion time for a job would be to maintain a vector of the
times when each processor is next available. For each
k; = 1,2,...,m calculate the possible start time for the

job on that number of machines, i.e. th}‘@ earliest avail-
able time is the possible start time on that number of pro-
cessors. Then it is simple to compute the execution time
using the model; = p;/k;+(k; —1)c. Adding togethet;
ands;, we arrive at the completion time;. After schedul-
ing the job on the specifig; processors, we can update the
available time of thosé; processors to b€’;, or the time
when jobJ; will finish.

Since this is an online algorithm, the scheduling of
the jobs will be done in order without knowledge of jobs



coming in the future. This means that the earliest comple-
tion time for a job.J; will be computed and the job will be
scheduled before any consideration is given to.jab; .

3 Redated Work

Scheduling is a prevalent aspect of most areas of computer
science. Job scheduling, and more specifically parallel job
scheduling, has been the target of more research as paral-
lel machines have become more ubiquitous. Du and Leung
first broke from the assumption of single processor execu-
tion to propose a system of parallel job scheduling, where
tasks can be executed by more than one processor concur-
rently, also showing this new problem to be strongly NP-
hard for certain variants [4]. Within this area, many vari-
ants of the problem arise. There are other algorithms and
approaches for solving our parallel job scheduling problem
some of which are similar to our ECT approach and some
of which are very different. One such similar approach is
the Shortest Execution Time (SET) algorithm [5]. SET first
computes the number of processkrswvhich minimizes a
job’s execution time. It then determines the earliest tipe
processors will be available simultaneously and schedules
the job for that time. SET was shown to have a competitive
ratio of 4(m — 1)/m for evenm > 2 and4m/(m — 1)

for oddm > 3. This bound approachdsfor largem. A
similar approach to the problem can also be foundin [6, 7].
algorithm. Another approach, the offline variant, has also
garnered attention from the research community. The of-
fline approach leads to approximation algorithms with cor-
responding approximation ratios [8, 9, 10]. In the offline
problem, all jobs to be scheduled are known prior to mak-
ing the scheduling decisions. However, the online approach
must schedule the jobs in order of arrival to the system
without any knowledge of future jobs [11].

Other variations of the problem include job preemp-
tion [12] and precedence constraints among jobs [13]. Met-
rics such as sum of completion times, sum of response
times, and average .stretch have also been studied to an-
alyze the quality of scheduling algorithms [14, 15]. Feit-
elson et al. [2] and Sgall [16] provide surveys of both the
theoretical and practical challenges involved in paradiel
scheduling. In this paper, we focus on analysis of indepen-
dent jobs without preemption by using the makespan as a
metric.

4 Analysisand Results

We next study the competitive ratio of the ECT algorithm.
We first present a lower bound on the competitive ratio for
anym > 2. We then give a matching upper bound for<

4 to complete the competitive analysis far= 2, 3, 4.

4.1 Lower Bound for arbitrary m > 2

We show that for an arbitrary number of processarg 2,
the competitive ratio of the ECT algorithm is at least
2m((m —[m/3| —1) + (m—1))
(m — [m/3])(m — [m/3] — 1) + m(m — 1)

which approache30/13 for largem.
Before moving to the lower bound, we first present
the following two lemmas.

Lemma 1. When choosing from m processors and all m
processors are idle (available) at the same time, a job J;
with processing requirement p; = (m — |m/3])(m —
[m/3] — 1) - ¢ + €, with arbitrarily small ¢ > 0, will be
assigned k; = m—|m/3 ] processorsinthe ECT schedule.

Lemma 2. When choosing from m processors, |m/3]
processors are idle (available) at time 7' and the
remaining processors are available at time T +

(2((m — [m/3)) = 1)+ 5—57a7 ) @iob Jj with pro-
cessing requirement p; = m(m —1) - c+ ¢, with arbitrarily
small e > 0, will be assigned k; = m processors at time
T42((m— Lm/3j)—1)c+m inthe ECT schedule.

Proof. The proofs for Lemmas 1 and 2 are omitted. [

With these lemmas, we can now proceed to the lower
bound for the competitive ratio of the ECT algorithm.

Theorem 1. The competitive ratio of ECT for m > 2 isat
least

2m((m — |m/3] 1)+ (m —1))
(m —[m/3])(m —[m/3] = 1) +m(m —1)’

Proof. Our goal is to construct an instance with a shorter
job J; for all oddj wherek; < m and a longer jolJ; for

all evenj wherek; = m. (Note: k; = m for odd jobs
only for the case ofn = 2. For otherm, k; < m for odd
jobs, meaning these jobs leave at least 1 processor idle.)
For this instance, let there be= 2 - m - « jobs, for some

a > 0,a € Z. Let the processing requirement for odd jobs
be

pj = (m—[m/3])(m—|m/3] —1)-c+e
and the processing requirement for even jobs be
pj=(m)(m—1)-c+e

wheree > 0 is arbitrarily small. From Lemma 1, we know
that all odd jobs will be assigned to; = m — |m/3]
processors in the ECT schedule. From Lemma 2, we get
that all even jobs will be assigned ¢ = m processors in
the ECT algorithm.

Using the execution time model = p,/k; + (k; —
1)e, we find that the odd jobs have execution time

2((m = [m/3]) = e+

bo = /3]



The even jobs have execution time

€
2(m—1 —.
(m—1)e+ =

t; =

Now that the execution times and processor partitions
have been established for each job, the next step is deter-
mining the makespan of the ECT schedule. Since no two
jobs are being run concurrently, the completion time of the
last job will simply be the sum of the execution times of all
jobs scheduled. Therefore, the makespanill be

C

St >t

odd; even;
= Z(2m =15 ) = De+20m - e+

€

m+m— fm/3j)

In the optimal schedule, all jobs will be assigned to a
single processor with no idle time with all odd jobs sched-
uled first followed by all even jobs. Each job will have
t; = p; in the optimal schedule. The resulting makespan
C*is

1D DL S
odd; even;
1 n m m
= — Z(m-15Dm- 1T -1

+m(m —1)e+ 26).
Given this instance witlt’ and C*, the competitive
ratio of ECT is at least

C . 2m((m—[m/3] 1)+ (m 1)
G- 7 (m—[m/3))(m — [m/3] ~ 1) + m(m 1)

ase — 0.
O

Theorem 1 provides the lower bound for any> 2.
Given the|m/3] term in the lower bound, it is apparent
that there are 3 distinct cases to consider wieis a mul-
tiple of 3, m mod 3 = 1, andm mod 3 = 2. multiple of
3 . Upon inspection of these cases, we find three differ-
ent monotonically increasing functions that approach the
same bound for large:. More specifically, we see that as
m — +oo, C/C* — 30/13. The cases match the bounds
previously proved by Havill and Mao [7] for the cases of
m = 2,3.

4.2 Upper Bound

We next present the matching upper bound proofs to com-
plete the competitive analysis fon = 2,3,4. Hauvill

and Mao [7] previously proved tight bounds for the cases
m = 2,3 for ECT with a different method from ours. We

adapted the proof construction and have now proved a tight
bound for then = 4 case. Due to the length and complex-
ity of the m = 4 proof, we show the entirex = 3 case
with the same proof method as the = 4 proof and then
present an outline fom = 4. The lower bounds o2, %,
and% form = 2,3, and4, respectively, can be calculated
from the bound shown in Theorem 1.

We turn to ablock method where the ECT schedule
will be partitioned into blocks according to job start times
and analyzed accordingly. We define a blaBk as the
maximum time intervalb;, b;+1) during which no new job
begins executing. Let the work of a joy be the total
amount of time that all assigned processors are dedicated
to J;, orw; = k; - t;. W; is the work done in block; and
I; is the idle area fronB;. Let W andI be the total work
and idle area in the ECT schedule, respectively. To prove
an upper bound ok, , we wish to show

Xm
2

for someb that is independent of the input but may be re-
lated tom. Or alternatively

I<

2w TS g Rylhy — D) mb ()

q

q

S« Y (Xg*wﬁ
X,,
2

=1

S ey — ky (ky—1)e) + mb) @)

JEF,

for each block sequends,, . . ., By, starting fromB; .

The objective is to show the inequality in (1) holds
for the entire schedule. We will prove this by showing in-
equality (2) must hold for each block or group of consecu-
tive blocks, thereby implying that inequality (1) must hold
Equation (2) shows the variation of the inequality when
considering a group of blocks, ¢q] wherei < ¢. From
(2), F. is defined as the set of jobs executing at any point
during the time interval of bloclB,.. «;, defines the frac-
tion of the job’s processing that occurs during bldgk

As defined above, the work of a joby isw; = k; -

t;. This can also be written as; = p; + k;(k; — 1) - c.

The termWW denotes the total work of all jobs scheduled.
The idle ared is defined as all area of a schedule where
processors are not dedicated to executing jobs. It is also
helpful to know that(1/m) )" p; is a lower bound ta&”*.

The following derivation shows that proving the inequality
in (1) proves the desired upper bound, whéfg is the
competitive ratio we are trying to prove fot:

c = LW
m

Xm Xm
%W + % Z(pj - k;(kj - 1)0) +b

1
X =Y pj+b

m p7+
< Xp-C*+b

IN

IN

By substituting the competitive ratio of,, = 9/4



for m = 3, we arrive at the inequality

1 9
I< §W+§;(pj — kj(k; — 1)c) + 3b. ©)
J

Theorem 2. The competitive ratio of the ECT algorithm
for m = 3is9/4.

Proof. The lower bound of/4 for m = 3 was shown in
Theorem 1. Now we must prove the matching upper bound
to complete the competitive ratio. We wish to prove the
inequality from (3) for an entire schedule. More specifi-
cally, we wish to show a version of the inequality similar
to (2) holds for each block or group of consecutive blocks.
Let us consider a bloclB; starting fromB;. Because of
the definition of the partitioning scheme for the blocks, we
encounter 3 cases to consider.

Case 1: There is no idle time irB;.

Because there is no idle time i8;, I; = 0 and inequality
(3) holds true.

Case 2: Exactly one processor is idle ;.

Subcase 2a: BlocB,;,; contains a jobJ; on 3 pro-
cessors (a3-job). Because this group of blocks shares
properties with Case 3, we combine their proofs below.

Subcase 2b: BlociB;; contains a job/, on 2 pro-
cessors (&-job) and blockB; ., has a jobJ; on 3 proces-
sors. We need to show

142 1 9
oI < Wity > ajilpy = kj(k; — 1)e)
r=i JEF;
5 )
+pn+ oo —8e.
In this inequality, the work term&V;,; and W; 5 have
been incorporated into the last three terms of the inequal-
ity. Assume the length of the time interval &% is z and
the length of the (partial) job finishing before the endf
is z1. SinceJy, is a 2-job andJ; is a 3-job, we know that
2¢ < pp, < 6candp; > 6¢. From the rules of ECT, we also

know
< 2 1 3
zZ—Zz =P1 — =Pn — 3cC.
1 3pl 2Ph

Therefore,

i+2

St -

(z—21)+ (pr/2+¢)

1
= gWi+g(z—z1)—gz1+ph/2+c
1 5 5
< gWi+th+Zpl_8C
1 9
< gWitg ; a;i(p; — kj(kj —1)c)
MASER

+5 + > 8
- —p1 — 3¢
4ph 4pz

Case 3: Exactly two processors are idle isy.
In this case, we know that blodk;,; contains only a job
J; on 3 processors.

Consider cases 2a and 3 together. Let us assume again
that the time interval faB; has lengthz. Let z; and z;
be the length of (partial) jobs on the two processors with
idle time duringB; wherez > z1, z > z9, andzy > z;.
BecauseJ; is a 3-job, we know thap;, > 6¢. We can also
guantify the lengths of the idle periods i in terms ofp,,

2
z—21 < gpl—Qc and
p
Z— 29 < EI — 2.
We wish to prove the inequality
1 9
Ii + IiJrl < ng + g Z ozji(pj - kj(kj — l)c)
JEF;
5
+-p; — 6Ge.

4

As with Case 2b, the equation has been simplified by incor-
porating the work terni; ., with the terms on the second
line of the inequality. We know that

IfL'+IfL'+1 = (Z—ZQ)+(Z—21)
1 9 6 3
= gWi+§(2_22)_§(2_21)_§21
1 9 6 2 3
Wi+ (o)~ 2 (Ep—2¢) = 2
< gWit5G -9 sGn -2 —5a
1 5
< gWi-i-Zpl—GC
1 9
< §W1+§Za31(pj kj(kj —1)c)
JEF;
5
+Zpl—60

Theorem 3. The competitive ratio of the ECT algorithm
for m = 4is20/9.

Proof. The lower bound for the competitive ratio was
shown in Theorem 1. To complete the proof, we must show
the matching upper bound by proving the inequality
1 10
I< oW+ j;(p,- —kj(kj—1)c) +4b. (4

Let us consider a blocB; (starting fromB;). Because

of the definition of the partitioning scheme for the blocks,
we encounter 4 cases to consider. We simply list the cases
below due to space considerations.

e Casel: Thereis no idle time irB;.
e Case2: Exactly 1 processor is idle iB;.

e Case 3: Exactly 2 processors are idle isy.



e Case4: Exactly 3 processors are idle isy.

In the upper bound proof fan = 4, we need to ex-
amine up to 4 consecutive blocks to prove inequality (4).
Because the proof fam = 3 requires examining up to 3
consecutive blocks, this method appears to require examin-
ing at leastn consecutive blocks to prove the inequality for
an arbitrarym. If the number of blocks to examine grows
linearly with the number of processors, the proof method
would prove prohibitive for larger values of.

O

5 Conclusions

In this paper, we examined the parallel job scheduling prob-
lem using a model for execution time which accounts for
both computational speedup and communication slowdown
with the goal to minimize makespan. The scheduling prob-
lem for a sequence of submitted jobs studied involves the
determination of how many processdrs to assign to a
job and a start time; for beginning execution. We inves-
tigated a simple yet powerful algorithm, Earliest Comple-
tion Time. This online algorithm minimizes the completion
time for a job given the current status of the system after all
previous jobs have been scheduled. We showed a lower
bound on the competitive ratio of

2m((m —[m/3| 1)+ (m—1))
(m — m/3])(m = [m/3] = 1) +m(m —1)

foranym > 2 processors. Fon = 2, 3, 4, the competitive
ratio is exactly2, %, and%, respectively. However, as
becomes large, the competitive ratio is at le&®t13 ~
2.30769. Due to the simple yet efficient nature of ECT, the
algorithm is a good candidate for practical use once it can

be shown to be competitive from a theoretical standpoint.
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