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tIn this paper, we de�ne a parallel version of the multi-dis
iplinary design optimization problem, where parallelpro
essors are available to exe
ute 
omputation mod-ules with input/output 
ommuni
ations in a 
omplexengineering system. In addition, we study the 
omputa-tional 
omplexity issue and present a few heuristi
s forthe problem.Keywords: Mapping and s
heduling, resour
e allo
a-tion, optimization, algorithms.1 Introdu
tionToday's 
omplex engineering systems often 
onsist ofhundreds or even thousands of subsystems (
omputa-tion modules) 
oupled with links that transfer subsystemoutput data. This new area, 
alled the Multidis
iplinaryDesign Optimization (MDO) [5℄, allows the entire engi-neering system to be optimized globally as one unit eventhough the analysis asso
iated with ea
h subsystem maybe performed lo
ally using separate hardware and soft-ware.A very important feature of an engineering systemis 
alled 
onvergen
e. Consider the following example.In building an airplane, di�erent groups of people areinterested in di�erent features of the airplane. For ex-ample, Fluid Dynami
 people 
are about the shape ofthe plane, while the Me
hani
al Engineering people areinterested in the stru
ture. Sin
e one satisfying designfrom one group may not be a good design to the other,the two groups have to work together and the design goesba
k and forth until both ends are happy. This pro
essis 
alled 
onvergen
e. In Figure 1 (a), node 1 and node2 are 
omputation modules, representing the two dis
i-plines, Fluid Dynami
 and Me
hani
al Engineering, re-spe
tively. The output of module 1 serves as the input tomodule 2, and the output of module 2 serves as the inputto module 1. The 
y
le between nodes 1 and 2 loops anunknown number of times before rea
hing 
onvergen
e.

The graph in Figure 1 (b) is 
alled the Design Stru
-ture Matrix (DSM). It represents the same system as inFigure 1 (a). In a DSM, nodes, representing modules,are pla
ed on the diagonal of an imaginary matrix, anddots, representing ar
s, 
onne
t asso
iated nodes. Forinstan
e, in Figure 1 (b), the dot above the diagonal,also 
alled a feedforward, is the ar
 from node 1 to node2, and the dot below the diagonal, also 
alled a feedba
k,is the ar
 from node 2 to node 1.
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(b)Figure 1: (a) A 
y
le of two nodes. (b) The DSM forthe 
y
le of two nodes.The past resear
h has mainly fo
used on making thesystem as simple as possible by redu
ing the number offeedba
ks [4℄ and redu
ing the number of 
ouplings [1℄in the DSM of the system. As for how the 
omputationmodules 
an be exe
uted in the most eÆ
ient way, pre-vious resear
h only assumes sequential exe
ution, i.e.,the modules are exe
uted in the order they appear onthe diagonal of the DSM, and on
e a feedba
k link isen
ountered the exe
ution falls into a loop until the 
or-responding 
y
le 
onverges. When there are multiplefeedba
k links in several nested 
y
les, the exe
ution 
owbe
omes rather 
ompli
ated sin
e loops may overlap andthere is no way to know beforehand when a loop rea
hes
onvergen
e.2 Parallel Exe
ution of a DSMWhile the previous resear
h assumes that there is onlyone pro
essor (ma
hine) available to exe
ute the modulesin a 
omplex engineering system, we 
onsider the parallelpro
essing environment, where multiple pro
essors areavailable to exe
ute the modules. We wish �rst to de�nea partition of the module set and map ea
h subset to a



pro
essor, and se
ond to 
onstru
t a time s
hedule forthe modules mapped to ea
h pro
essor. Our goal is tomake the total elapsed time from the start of the systemto the 
onvergen
e of the system, or the makespan of thes
hedule, as small as possible. We 
all this problem theparallel MDO.Consider a graph that represents an engineering sys-tem. The weight of a node is 
learly the 
omputationtime of the 
orresponding module. Ea
h dire
ted edge(link) has two weights: the internal 
ommuni
ation 
ostwhi
h in
urs when the two nodes the edge 
onne
ts arelater assigned to the same pro
essor, and the external
ommuni
ation 
ost whi
h in
urs when the two nodesthe edge 
onne
ts are assigned to di�erent pro
essors.Obviously, the former is smaller than the latter. Whenmultiple pro
essors are involved, it makes sense to assignnodes 
onne
ted by links with high external 
ommuni
a-tion 
osts to the same pro
essor and nodes in a 
y
le tothe same pro
essor. On the other hand, when two nodesare not 
onne
ted by a path, they 
an be exe
uted inparallel on di�erent pro
essors. In some ar
hite
turessu
h as a network of workstations, 
ommuni
ation mayhave to be monitored by a pro
essor, while some parallelma
hines allow the modules to handle 
ommuni
ation ontheir own. Further, modules may have multiple 
ommu-ni
ation ports so that several messages may be sent andre
eived simultaneously.This problem is very similar to the multiple ma
hines
heduling of jobs with pre
eden
e 
onstraints [3℄ ex
eptthat the graph in the ma
hine s
heduling problem de-s
ribes the pre
eden
e 
onstraints among jobs and thusmust be a
y
li
, while the graph in the parallel MDO re-
e
ts the input/output dependen
y and thus allows thepresen
e of 
y
les. For example, in Figure 1, node 1'soutput serves as node 2's input and node 2's output isnode 1's input. Logi
ally speaking, the 
omputation inthe 
y
le 
an never get started sin
e the 
omputationin node 2 relies on the 
omputation in node 1 and vi
eversa. However, we 
an over
ome this by assuming thatinitially there are some default data on the edges to en-for
e a su

essful start of the 
omputation and on
e the
omputation begins the data dependen
y among mod-ules in a 
y
le 
annot be ignored.3 Complexity ResultsIn this se
tion, we will restri
t our attention to the de
i-sion problem, i.e., given a bound B, is there a solution tothe parallel MDO with the makespan no larger than B?Further, we assume that the 
ommuni
ation is handledby ea
h module independently. That is, ea
h 
ommuni-
ation link 
an be viewed as a 
onveyer belt whi
h movesat a 
onstant speed. Whenever the module 
ompletes its
omputation, it puts its output on the belt, whi
h willdeliver the data to the module that needs it as input,

without the attention of the pro
essor and the module.We show that even the following simplest versions of theparallel MDO are NP-
omplete.1. Modules in the system are all independent, i.e., E =; in the graph.2. The graph is a
y
li
 and E 6= ;.3. The graph has 
y
les, but may not be 
onne
tedotherwise.4. The graph has 
y
les and is 
onne
ted.Ea
h of the above NP-
ompleteness results 
an beobtained by establishing polynomial redu
tion from thewell-known Multipro
essor S
heduling problem [2℄ de-�ned as follows.Multipro
essor S
hedulingINSTANCE: Set J of n jobs, pro
essing time t(j) 2 Z+for ea
h j 2 J , m pro
essors, and a deadline D 2 Z+.QUESTION: Is there anm-pro
essor s
hedule for J thatmeets the overall deadline D, i.e., a fun
tion s : J ! Z+0su
h that, for all u � 0, the number of jobs j 2 J forwhi
h s(j) � u < s(j)+ t(j) is no more than m and su
hthat, for all j 2 J , s(j) + t(j) � D?To save spa
e, we will not follow the standard NP-
ompleteness proving pro
edure, but instead only de-s
ribe the polynomial redu
tion, whi
h is usually the keyin an NP-
omplete proof.For the �rst 
ase when E = ;, the redu
tion is al-most straightforward. Let the graph 
ontain just n nodeswithout edges, ea
h 
orresponding to a job. Let the 
om-putation time of ea
h node be the pro
essing time of the
orresponding job. Finally, let p = m (p is the number ofpro
essors in the parallel MDO) and B = D. The proofthat there is an m-pro
essor s
hedule that meets thedeadline D if and only if there is a partition/s
hedulefor the graph G with makespan no greater than B isomitted. The key in the proof is that ea
h subset of jobsassigned to one pro
essor 
orresponds to a subset in thepartition of G. The s
hedule of the modules within ea
hsubset is simply any sequential exe
ution of the modulessin
e the modules are not 
onne
ted by any edges.The redu
tion for the se
ond 
ase when the graphis a
y
li
 and E 6= ; is similar to the �rst 
ase above,ex
ept that one more node v is added to the graph. Alsoadd edges from ea
h of the n original nodes to v. Let theinternal and external 
ommuni
ation times on ea
h edgeboth be � � minj2Jft(j)g. Let the 
omputation time ofv be 1. Finally, let p = m and B = D+ �+1. The if andonly if proof is also similar to that in the previous proof.Ea
h subset of jobs exe
uted on one pro
essor in theMultipro
essor S
heduling de�nes a subset of modulesin the partition for the parallel MDO. The additional



module v is put in any subset. When all the n originalnodes have 
ompleted their 
omputation, � time units areneeded for the node that is 
ompleted last to transmitits output to v. This is why B is set to be D + �+ 1.In the third 
ase, we assume that the graph has 
y-
les, but may not be 
onne
ted otherwise. We de�nea graph with n + 1 nodes, one more than the numberof jobs. The �rst n � 1 nodes 
orresponds to the �rstn � 1 jobs with the respe
tive 
omputation 
osts, andthe last two nodes 
orrespond to the last job. Thesetwo nodes are 
onne
ted in a 
y
le by two edges. Theinternal 
ommuni
ation 
ost on ea
h edge is �, a smallpositive number, and the external 
ommuni
ation 
oston ea
h edge is �, a very large number, whi
h preventsthe two nodes from being assigned to two di�erent sub-sets in the partition. The 
omputation 
osts of the twonodes are 14 tn � 32� and 14 tn, where tn is the pro
essingtime of the last job Jn. Also, assume that the 
y
le loopsjust on
e to rea
h 
onvergen
e. Clearly, the total timeneeded to 
omplete the 
omputation and 
ommuni
ationin the 
y
le is 2( 14 tn� 32�+ 14 tn)+3� = tn, assuming thetwo nodes are assigned to the same pro
essor. Finally,let p = m and B = D. The proof that there is an m-pro
essor s
hedule that meets the deadline D if and onlyif there is a partition/s
hedule for the instan
e de�nedabove with makespan no greater than B is straightfor-ward and is therefore omitted.For the �nal 
ase when the graph has 
y
les and is
onne
ted, we take the graph 
onstru
ted for the third
ase and add a new node v together with edges fromea
h of the �rst n � 1 nodes and one of the last twonodes to the new node v. Let the 
omputation 
ost of vbe 1 and the internal and external 
ommuni
ation 
ostson all newly added edges be �. Finally, let p = m andB = D + � + 1. The proof that there is an m-pro
essors
hedule that meets the deadline D if and only if there isa partition/s
hedule for the instan
e de�ned above withmakespan no greater than B is straightforward and istherefore omitted.4 Heuristi
sDue to the 
omplexity diÆ
ulty of the parallel MDO, wefo
us our attention on designing heuristi
s. One heuris-ti
 is to re
ognize 
y
les in the graph and assign all nodesin one 
y
le to a pro
essor. Another heuristi
 is to esti-mate the number of iteration for ea
h 
y
le and \unroll"the 
y
les into an a
y
li
 graph so that heuristi
s for thesimilar ma
hine s
heduling problem may be applied. Be-
ause the 
onvergen
e feature of the system adds greatdiÆ
ulty to the problem, analyzing a heuristi
 mathe-mati
ally is almost impossible. As a dire
tion for futureresear
h, we will adopt simulation methods to evaluatethe performan
e of a heuristi
 in pra
ti
e.

Another approa
h we take is to study spe
ial 
asesof the problem. For example, the 
ommuni
ation 
ostsof the links may be negle
ted sin
e they are often verysmall in 
omparison with the 
omputation 
osts. Also,we may 
onsider the 
ase that 
y
les in the graph do notoverlap, i.e., there is no node that appears in more thanone 
y
le. In this 
ase, we 
an 
onvert the parallel MDOto the 
lassi
al ma
hine s
heduling with a
y
li
 pre
e-den
e 
onstraints by 
ontra
ting 
y
les into 
ondensednodes and modifying weights of the new nodes.5 Con
lusionsPrevious resear
h on multidis
iplinary design optimiza-tion has fo
used on attempts to simplify the engineeringsystem by redu
ing the number of input/output links,thus the number of loops. On
e this prepro
essing stageis 
ompleted, 
omputation modules in the system arethen being exe
uted sequentially by a single pro
essor.In our resear
h, we pay attention to the exe
ution stageof the system. To a
hieve high eÆ
ien
y, we allow themodules to be exe
uted by a set of parallel pro
essors. Inthis paper, we de�ned the so-
alled parallel MDO, stud-ied the 
omputational 
omplexity issue, and presented afew heuristi
s for the problem.Referen
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