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ABSTRACT

In this paper, we define a multi-operation job schedul-
ing problem with parallel machines. What makes this
problem unique is the added machine order constraints,
which require that only certain machine orders be used
for the execution of jobs. We study the complexity of
the problem and analyze two on-line greedy heuristics.
In addition, we explore the relation of our scheduling
problem to a network routing problem.

1 INTRODUCTION

The scheduling problem we consider in this paper be-
longs to the class of multi-operation scheduling problems
[7], in which the execution of a job includes multiple op-
erations to be performed by machines of different types.
These scheduling problems often arise in industrial man-
ufacturing, production planning, and computer control
[1]. For example, consider a large automotive garage
with specialized workshops [5]. A car may require the
following work: replace exhaust system, align wheels,
and tune up. Since the three corresponding workshops
are in different buildings, it is impossible to perform two
operations for a car simultaneously. When there are
many cars requiring services at the automotive garage,
it is desirable to construct a service schedule that takes
the least amount of total time. To distinguish our prob-
lem from the classical multi-operation scheduling prob-
lems, we call ours the parallel multi-operation schedul-
ing problem, where parallel machines, instead of a single
machine, are available to perform a certain type of op-
eration.

In our parallel multi-operation scheduling problem,
there are m types of machines, T1,...,T,,, providing
services to n independent jobs, Ji,..., J,. In the paral-
lel processing environment, each set T; contains k; ma-
chines, M1, ..., Miy,, of the same type and probably
with different speeds (although in this paper we assume
that all machines of the same type are identical). For
each job J;, its execution consists of m operations to be
performed by one machine of each type, in the opera-
tion order of T1,...,Ty,. In other words, job J; will be
executed by machine My;, of type T1, then by machine
My;, of type Tb, etc., and finally by machine M,,;,, of
type T,. The entire execution of a job must be sequen-
tial and strictly in the given order. However, it is up to
the scheduling algorithm to decide which machine Mj;,
of type T; to use for the ith operation, but theoretically,
Jji can be any integer between 1 and k;. Let p[J;, T;, M|
be the processing (ezecution) time of job J; on the lth
machine M;; of type T3, for 1 < j<n,1<i<m, and
1 <1 < k;. For notational simplicity, we will sometimes
use p[j, %, ] for the same definition.

So far, the problem described is no different from
the previously studied hybrid flow shop scheduling [6],
which is a multi-operation scheduling problem with par-
allel machines and a fixed operation order to be fol-
lowed by all jobs. However, what makes our prob-
lem different and likely more difficult is the so-called
machine order constraints imposed on the problem in-
stances, which arise in situations where some machines
of different types may be geographically isolated or mu-
tually incompatible so that they can not be chosen si-
multaneously for the execution of one job. For example,
if job Ji chooses machine M;; of type T4 for its first op-
eration, and M;; and machine Ms3 of type T are not
compatible to be used by the execution of the same job,
then job .J; is not allowed to use M>»3 for its second op-
eration. To enforce the constraints, we define a set of
feasible machine orders, called F, where each element
in F' is an m-tuple, representing one possible machine
order that may be used for the execution of jobs. Set F'
is given as a parameter of the problem instances.

We define the above scheduling problem as an op-
timization problem by employing the makespan of a
schedule as the objective function. The goal is to con-
struct a schedule with the minimum makespan, i.e., the
minimum total elapsed time from the start of the first
job to the completion of the last job in a schedule.



We organize this paper as follows. In Section 2,
we give an NP-completeness proof of the problem. In
Section 3, we define and analyze two on-line heuristics
based on greedy strategies. In Section 4, we explore the
relation of the scheduling problem to network routing.
Finally, in Section 5, we make our conclusions.

2 COMPUTATIONAL COMPLEXITY

In this section, we restrict our attention to the deci-
sion problem, i.e., given a bound B, is there a solution
to the parallel multi-operation scheduling problem with
the makespan no larger than B? In particular, we con-
sider several special cases of the problem.

First, we observe that when there is only one ma-
chine of each type, ie., ki =1for 1 <i<m, and F =
{(My1, Ms1, ..., Mm1)}, the problem degenerates to the
classical NP-complete flowshop scheduling problem [4].
Secondly, when m = 1 and F = {(Mu),(Miz),...,
(M, )}, the problem then becomes the single-operation
multi-machine scheduling problem, which is also NP-
complete [3]. Next, we assume that the processing time
of any job on each machine is either 1 or oo, i.e., p[j, 1, (]
isloroo,for 1 <j<n,1<i<m,andl <[] <k.
Since its NP-completeness is not as obvious as the pre-
vious two special cases, we provide the proof in the fol-
lowing theorem.

THEOREM 1 The parallel multi-operation scheduling
problem with machine order constraints is NP-complete
even when the processing time of any job on each ma-
chine is either 1 or co.

Proof Consider the NP-complete timetable design [2].
Given a set of three work hours H = {h1, h2, hs}, a set
of craftsmen C' = {ci,c2,..., ¢m}, and a set of tasks
T = {t1,t2,...,tn}. Let A(c) C H be the available
hours for ¢ € C, A(t) = H be the available hours for
t € T, and R(c,t) = 0 or 1 be the required work hour for
ce€ ConteT. The problem asks to define a function
f:CxHxT — {0,1} such that (1) f(c, h,t) =1 only
if h € A(c); (2) Ve, Vh, there is at most one ¢ for which
f(e,h,t) = 1; (3) Vh, Vt, there is at most one ¢ for which
f(c,h,t) = 1; and (4) Ve, Vt, there are exactly R(c,t)
values of h for which f(c, h,t) = 1.

Let us define an instance for our scheduling prob-
lem. Assume there are two types of machines, in T}
and T3, respectively. Each machine in 7} is represented
by a craftsman-hour pair and 71 = {(c, h)|h € A(c)}.
Each machine in 7% is represented by an hour-task pair
and 17> = {(h,t)|h € A(t)}. For the feasible machine
orders, let ' = {(p,q)lp = (¢,h) € T1,q = (h,t) € T},
i.e., each element (pair/order) in F' consists of two ma-
chines whose representations share the same work hour.
For each R(c,t) = 1, we create a job, represented by
the corresponding craftsman-task pair (c,t). For the
processing times of the jobs, define p[j,1,I] = 1 if job
j = (¢,t) and machine [ = (¢, h) for some c, h,t, define
plj, 2,1 = 1if job j = (¢,t) and machine [ = (h,t) for
some c, h,t, and define p[j,,[] = co otherwise. Finally,
let the bound in the decision problem be 2.

We claim that the timetable design problem has a
solution f satisfying requirements (1)-(4) if and only if

there is a schedule with makespan 2 for the instance of
the parallel multi-operation scheduling problem.

Assume that there is f : C x H x T — {0, 1} satisty-
ing requirements (1)—(4) in the timetable design prob-
lem. Consider all triples (c, h,t) with f(c, h,t) = 1, each
of which corresponds to a machine order ((c, h), (h,t)),
where (c, h) is a machine in 77 and (h,t) is a machine
in T». We use these machine orders to form a set, F’.
Obviously, F' C F (due to requirement (1) and the defi-
nition of F'). Because of requirements (2) and (3), there
is no machine appearing in more than one feasible ma-
chine order in F'. Furthermore, because of requirement
(4), for each job (c,t), there is exactly one machine or-
der, ((c, k), (h,t)), in F' which yields a finite total pro-
cessing time. This means that all jobs can be executed
in parallel starting at time 0 and finishing at time 2.
Therefore, we have a schedule with makespan 2.

Assume that there is a schedule with makespan 2 for
the instance of the parallel multi-operation scheduling
problem. Then there must be machine-disjoint machine
orders in F', one for each job. We define f such that
f(e,h,t) =1 if and only if machine order ((c, h), (h,t))
in F is used to execute job (c,t). It is easy to verify
that requirements (1)-(4) are all satisfied. Therefore,
the timetable design problem has a solution.

Since the parallel multi-operation scheduling prob-
lem is in NP and a polynomial reduction from an NP-
complete problem to the scheduling problem exists, we
conclude that the parallel multi-operation scheduling
problem with processing times of 1 or co is NP-complete.
O

The NP-completeness of the scheduling problem in-
dicates that no polynomial-time algorithm has been de-
signed to construct optimal schedules for the problem
and thus research should focus on designing fast algo-
rithms that give near-optimal solutions.

3 ON-LINE ALGORITHMS

In a realistic situation, jobs are not available all at once
before any scheduling decision is made, but instead they
arrive one after another in a sequence Ji,...,J, and
have to be processed in the order given. We call algo-
rithms that are able to process jobs one by one without
knowledge of future jobs on-line algorithms.

Competitive analysis is commonly used to judge the
quality of solutions produced by an on-line algorithm.
Let A be the on-line algorithm under consideration and
OPT be the optimal (off-line) algorithm for the same
problem. Furthermore, let Ca(I) and Copr(I) be the
values of the objective function (makespan) when al-
gorithms A and OPT are applied to instance I, re-
spectively. If there are ¢ (a constant or a function of
the size of I) and a (a constant), such that Cx(I) <
¢-Copr(I)+afor any I, then we say that on-line algo-
rithm A is c-competitive, where c is its competitive ratio.
The c-competitiveness of an algorithm indicates that in
the worst case the value of the objective function of a
solution produced by the on-line algorithm is at most ¢
times that of the optimal solution.

Next, we study two on-line algorithms, GREEDY1
and GREEDY?2, for our scheduling problem, both based



on some greedy strategies. The first algorithm uses a
naive greedy strategy, in which for each job J; (j =
1,...,n), the algorithm picks an arbitrary feasible ma-
chine order from F that yields a finite total processing
time for J;, and schedules the job on those machines
in a way that gives the smallest increase in the current
makespan of the schedule. In other words, the algorithm
tries to balance the load of each machine at any time of
the schedule. We call this algorithm GREEDY1.

Since the algorithm chooses a feasible machine order
arbitrarily, it can not be avoided that some machines be
used heavily in some instances. As a matter of fact, in
the worst case we can force one particular machine order
to be used over and over again by the execution of all
the jobs.

THEOREM 2 GREEDY1 is at least ©(n)-competitive,
where n s the number of jobs.

Proof Consider an instance I, where in each T; there
are n machines, i.e., k; = n for 1 <4 < m. Assume that
each of the m operations of a job takes unit time by
any machine of the corresponding type, i.e., p[j,¢,l] = 1
for 1 <j<n 1<i<m,and 1l <1l < n. Also,
let F' = {(Mll,M2l, .. -7Mml)|1 <Il< n} Clearly, job
J; can use machine order (Mi;, Maj,..., My ) for its
execution, and all jobs can be processed in parallel from
time 0 to time m. So the optimal makespan Copr(I) =
m. See Figure 1.
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Figure 1. The optimal schedule.

As for the schedule produced by GREEDY1, since
machine orders are chosen arbitrarily from F, in the
worst case all jobs will be using the same machine order,
say (Mi1,Mo1,...,Mpn1). Therefore, jobs will line up
for the service of a single machine. It is easy to figure
out that Careepyi1(I) = m+n — 1. See Figure 2.

The ratio fesgebyill) — min=l — ©(n), when
m is a constant. Since we have found one instance
(described above) which yields a ratio of ©(n), then
the worst-case ratio among all instances must be at
least ©(n). Therefore, GREEDY1 is at least ©(n)-
competitive. O
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Figure 2. The GREEDY1 schedule.

To improve the performance of a greedy algorithm,
we have to adopt a smart strategy to select machine or-
ders to spread the processing load among all machines.
Here we propose another greedy algorithm, GREEDY?2,
where we define pu(M) to be the number of jobs that
have used machine M for their operations so far into
the schedule. For each job that comes in the on-line
sequence, GREEDY?2 always selects a feasible machine
order that causes the smallest increase, if at all, in
maxvy {u(M)}, also denoted by pmaz-

THEOREM 3 GREEDY?2 is at least ©(\/n)-competitive,
where n s the number of jobs.

Proof We consider an instance I with n on-line jobs
such that n = 142+ --+h = $h(h+1) for some integer
h. So h = ©(y/n). The jobs are denoted by J; for 1 <
i < hand1 <[ <i. Assume that there are two types of
machines, i.e., m =2. Let T1 = {Ay|l <i<hand 1<
I<iland T, = {Byll < i< handl <1< 2 —1}.
The set of feasible machine orders, F', is the union of
subsets, Fi,...,F}, where for any 1 < ¢ < h, F; =
{(Ai1, Bi1), (Ai1, Bi2), ..., (Ai1, Bii)} U {(Aiz2, Bi(i+1)),
(Aig, Bi(i+2)); ey (A“, Bi(gi_l))}. We define the pro-
cessing times in such a way that jobs Ji1, Ji2, ..., Ji
have no choice but to use the machine orders in F;. That
iS, let p[Jil)T]-) All] =1forl < l < i) p[Jil7T1) Ai(l+l)] =
Lfor 1 <1<i—1,p[Ju,Ts,By] =1for 1 <1<i, and
plJit, T2, Biiq)] = 1 for 1 <1 < i — 1. Set the rest of
p[*, *, *] to be co.

Let us consider the optimal schedule. For job Ji,
1 <1< i—1, machine order (A;; 41, Bi+1)) is chosen.
For job J;;, machine order (A;1, Bi;) is chosen. Since no
machine is used by more than one job, all jobs can be
executed in parallel from time 0 to time 2 (one unit for
each operation). Therefore, Copr(I) = 2.

Now for the greedy algorithm GREEDY?2, first ini-
tialize g to be 0 for all machines. Assume that jobs
are ordered J11, J21, J22, J31, J3z, J33, .... For ]Ob J11,
since there is only one feasible machine order (411, B11),
GREEDY?2 picks it and assigns the job on machines
A11 and Bii, forcing p(Aii) = p(B11) = 1, and hence
tmaz = 1. Clearly, the current makespan is 2. For
the next job J2; in the sequence, GREEDY2 has two
choices, machine orders (A21, B21) and (As2z, Bag). Since



both can be used for the execution of job J21 and nei-
ther causes any increase in fimez, GREEDY2 pick an
arbitrary machine order. Assume it is (431, B21). Then
job Joa comes. Since only machine order (A21, B22) is
feasible for the job, GREEDY?2 has no choice but to se-
lect (Az1, Ba2), forcing machine As: to be used by two
jobs, thus pimee = 2. The current makespan is 3 after
the first three jobs are scheduled. Next consider jobs
J31, J32, J33. If GREEDY2 happens to choose machine
order (Asi, Bs1) for job J31 (this is certainly a possibility
since the selection does not change pimqz), then for the
next two jobs J3» and Jss3, the algorithm has no choice
but to ple machine orders (A31,ng) and (A31,333),
respectively. Thus pmes = 3 and the makespan be-
comes 4. We continue this reasoning until the last group
of jobs Jh1, Jn2, ..., Jnn are scheduled. We can see that
the final value of pmqez is h and the makespan of the
schedule is h + 1. So CGREEDyz(I) =h+1.

The ratio 0032957%3(1) = il = ©(y/n). Since we

have found one instance (described above) which yields
a ratio of ©(y/n), then the worst-case ratio among all
instances must be at least ©(y/n). Therefore, the com-
petitive ratio of GREEDY?2 is at least ©(y/n). O

We are unable to prove the tight competitive ratios
for GREEDY1 and GREEDY2, but preliminary experi-
ments show that on average GREEDY2 performs much
better than GREEDY1, i.e., the makespan of the sched-
ule constructed by GREEDY?2 is much shorter than that
of the schedule constructed by GREEDY1.

4 A RELATED NETWORK ROUTING PROBLEM

Let us consider a network routing problem [8] [9]. Define
a layer graph G = (VoUVAU--- UV, E1UE2U---UEy,),
where Vp, V1, ..., Vi, are disjoint sets of vertices and E;
is the set of directed edges between vertices in V;_1 and
Vi. See Figure 3 for an example.
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Figure 3. A layer graph with m = 2.

In the network routing problem, the underlying net-
work is described as a layer graph, where vertices rep-
resent processors and edges represent message-passing
links. Assume that n files are to be transferred from
their pre-specified sources in Vp to their pre-specified
destinations in V;,. The network routing problem asks
to assign to each file a route between its source and des-
tination and construct a schedule for each file so that
the location of the file is accounted for at each instant
of time and network resources are not over-utilized (as-
suming that at any time only one file can be traversing
a link), with the goal to minimize the overall makespan.
Using the link speed and file length, it is easy to com-
pute the time needed for a file to traverse a certain link
in the network.

We show in this section that the above network rout-
ing problem can be converted to our parallel multi-
operation scheduling problem. However, as we shall see
later, the conversion does not hold true vice versa.

Given a network graph with m + 1 vertical layers of
nodes, with the leftmost layer to be the possible source
nodes and the rightmost layer to be the possible des-
tination nodes. For each edge in E;, we define a ma-
chine of type T;. So the number of parallel machines
of type T; is |E;|, and there are m types of machines
altogether. Each path from a source (in Vp) to a des-
tination (in V;,) corresponds a feasible machine order
for the execution of jobs. For example, if edges (1, 3)
and (3,5) in a layer graph with m = 2 represent ma-
chines M1 and Mo, respectively, and there is a path
1 — 3 — 5 between source node 1 and destination node
5, then machine order (Mi1, M>21) is a member of the
set of feasible machine orders, F. For each file with
source s; and destination dj, we create a job J; which
has to go through m operations. As for the processing
time, we use the following principle: If job J; is created
from a file with file length h and machine M;; of type T;
corresponds to an edge with speed ¢, then p[J;, T, M,
the processing time of job J; on machine M;; of type
T;, is defined to be % However, there is one exception
to this principle. If the machine’s corresponding edge is
either the first or last edge on a path, then assign co to
plJj, Ti, M;;] for the case when the nodes on the edge
do not match the source s; or the destination d;. This
prevents a job from selecting a machine order when the
corresponding path in the network can not be used to
transfer the file from its source to destination. For ex-
ample, if edge (a,b) with a € Vj corresponds to machine
M1, and file fi with source ¢ # a corresponds to job
Ji, then p[Jl,Tl, Mll] = o0.

Assume the graph in Figure 3 is used to transfer 3
unit-length files. For simplicity, assume the link speed
is also unit. Let file f1 = (1,5), where node 1 is its
source and node 5 is its destination, file fo = (2,5),
and file f3 = (1,7). The following tables describe the
corresponding instance for the parallel multi-operation
scheduling problem. The first table shows the edge-to-
machine correspondence. The second table shows the
path-to-order correspondence. The third table defines
the processing times of the jobs.

edge | machine

(1,3) My

(2,3) | M

(2,4) M3

(3,5) Moy

(3,7) M>»

(4,5) M3

(4,6) | M

Path Machine order

1—-3—>5 (Mll,M21)
1—-3->7 (Mll,MQQ)
2—+3—5 (My2, May)
253—>7 (M12,M22)
245 (M3, M23)
2546 (M3, M34)




P Ji J2 J3
M11 1 oo 1
M12 o0 1 o0
M13 oo 1 (0]
M21 1 1 (o)
M22 o0 o0 1
M23 1 1 (o)
Moy | 00 o0 00

We can show that there is a solution to an instance
of the network routing problem with layer graphs if and
only if there is a solution to the defined instance of the
parallel multi-operation scheduling problem with ma-
chine order constraints. The formal proof is omitted in
this paper. In this one-way conversion, files are mapped
to jobs, edges are mapped to machines of various types,
and paths are mapped to feasible machine orders. How-
ever, the conversion does not hold true in the opposite
direction. That is, given any instance of the parallel
multi-operation scheduling problem with machine order
constraints there is not always an equivalent instance
of the network routing problem with layer graphs. The
reason for this claim is that feasible machine orders do
not necessarily define paths in layer graphs. For exam-
ple, assume m = 2 and F = {(MH,MQl), (Mll,MQQ),
(M2, M>21)}. Creating an edge for each machine, we get
a network graph as shown in Figure 4. While for each
feasible machine order there is a corresponding path in
the graph (e.g., for machine order (M11, M21), it is path
1 — 3 — 4), there exists a path, 2 - 3 — 5, for which
there is not a corresponding feasible machine order since
(M2, M>22) ¢ F. So the feasible machine order set F'
does not uniquely define the set of all paths in the net-
work graph. Hence, the conversion from the scheduling
problem to the routing problem does not hold true.

1 My My, 4
3 :
2 M, M,, O5

Figure 4. A network graph.

5 CONCLUSIONS

In this paper, we defined a scheduling problem, in which
parallel machines of various types are available to pro-
cess jobs consisting of multiple operations. What makes
our problem different from all of the previously studied
scheduling problems is the added machine order con-
straints. We provided the NP-completeness proof for
the problem, and designed and analyzed two on-line
greedy algorithms for the problem. We also gave our
observation that a network routing problem can be con-
verted to our scheduling problem. However, the conver-
sion does not stand vice versa.

For future research, we are interested in proving the
tight competitive ratios for both greedy algorithms. We
also wish to explore further the relation between the
scheduling problem and the routing problem. We sus-
pect that many results developed for the network rout-
ing problem may be applied to the scheduling problem.
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