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tWe 
onsider the following 
ommuni
ation problem.A single server is given a

ess to a set of data items,
hannels over whi
h items may be broad
ast, and re-quests that arrive at various times for the items. Atea
h system ti
k, the server must sele
t an item tobroad
ast for ea
h available 
hannel, thus satisfyingall requests for that item, with the goal of minimiz-ing the total wait time of all requests. Though severalon-line s
heduling algorithms have been developed forthis problem, these algorithms have been studied pri-marily through simulation experiments with little em-phasis on theoreti
al analysis. In this paper we provea general lower bound to the 
ompetitive ratios of allon-line algorithms for the problem in the 
ontext ofunit-sized items and multiple 
hannels. We also pro-vide 
ompetitive analysis of two well-known on-linealgorithms, First Come First Served and Most Re-quested First. The 
ompetitive ratios obtained forthe two algorithms are 
onsistent with previous sim-ulation experiments. The fa
t that the 
ompetitiveratios mat
h our general lower bound indi
ates theoptimality of the algorithms.1 Introdu
tionIn
reasingly high user demands on data dissemi-nation appli
ations have motivated te
hnology im-provements in the areas of mobile 
omputing, satel-lite broad
asting, and 
able networks. While thesesystems provide high bandwidth, their infrastru
-tures are asymmetri
 in that the amount of infor-mation that may be transferred is mu
h larger fromserver to 
lient than vi
e versa. Su
h systems 
reateenvironments in whi
h traditional uni
asting te
h-niques are inappli
able or not s
alable [1, 2℄. In
ontrast, data broad
asting is an eÆ
ient methodof providing large-s
ale data delivery by simultane-ously satisfying requests from multiple 
lients. Sev-eral 
ommer
ial entities use the data broad
astingmethod, in
luding the Hughes Dire
tPC System, theIntel Inter
ast System, the Hybrid System, and theAirMedia System [2℄.In this paper we 
onsider a data broad
asting sys-tem in whi
h 
lients send requests for data items(pages) to a single server. Su
h a system is referredto as pull-based be
ause the transfer of information is

initiated by a 
lient as opposed to push-based deliv-ery in whi
h information is sent without any spe
i�
request [1℄. In a pull-based system, on
e a 
hannelbe
omes available, the server must sele
t a page tosend based on the requests that have arrived. Thesele
ted page is sent on the idle 
hannel to the en-tire 
lient population, satisfying all requests for thatpage. We 
onsider the s
heduling problem that arisesin this situation.2 Model De�nitionWe formally de�ne the general problem of databroad
ast s
heduling as follows. We are given a singleserver with a

ess to a set of distin
t pages. Requestsfor those pages arrive to the server at various timesand are pla
ed into the server's queue. Assume thatthe number of requests is n. The server has 
 � 1
hannels over whi
h pages may be broad
ast to all
lients simultaneously. A ti
k at time t is an interval[t; t + 1) de�ned as the amount of time required tobroad
ast an item of unit size over a single 
hannel.Without loss of generality we assume that the system
lo
k begins at time t = 0.Be
ause the server wishes to minimize the totalwait time, whi
h is also the amount of time spent byall requests in the queue, the determination of whi
hpage to send ea
h ti
k is a s
heduling de
ision. Fur-thermore, s
heduling algorithms used to make thesede
isions 
an only do so based upon the requests 
ur-rently in the queue with no knowledge about whatrequests may arrive later. As su
h, these on-line al-gorithms are ne
essarily based on lo
al informationand will provide approximate solutions [5℄.Suppose the single server has a

ess to m distin
tpages of various lengths. Let lj be an integer-valuedlength of page j su
h that if lj = 1, then j is a unit-length page that 
an be 
ompletely sent in a singlesystem ti
k. A length of 2 will require 2 ti
ks andso on. A 
hannel may only be used to send a sin-gle page and, on
e assigned, 
annot be preempted tosend a di�erent page until the 
urrent one is 
om-pletely sent. Thus, on
e a page j is assigned to a
hannel k, that 
hannel will not be available untillj system ti
ks later. The page broad
ast at time ton 
hannel k is denoted btk. It is therefore possiblethat as many as 
 and as few as 0 pages will beginbroad
asting ea
h ti
k. When m � 
, the problem is



trivial. Whenm > 
, however, the server will have tosele
t pages to send ea
h ti
k based upon the requeststhat have arrived and its s
heduling algorithm.A request i is des
ribed by ai, the arrival timeof the request, and pi, the requested page. It is as-sumed that the server is ignorant of any arrival ratedistribution or the distribution governing what pagewill be requested by an arrival. We say that requesti is satis�ed at time si if si is the smallest integergreater than ai su
h that bsik = pi for some 
han-nel k. Thus the wait time of request i is de�ned aswi = si � ai. Note that wi � 1 for any request inany s
hedule. Given that the server must pro
ess nrequests, the sum of the wait times for any s
hedulewill be Pni=1 wi � n.For the remainder of the paper, we fo
us our at-tention on the performan
e of two algorithms, FirstCome First Served (FCFS) and Most Requested First(MRF), in the 
ontext of 
 
hannels and unit-sizedpages. Under these parameters, the single server willsele
t as many as 
 pages to broad
ast ea
h systemti
k. Be
ause all the pages are unit-sized, every 
han-nel will again be available to send another page thenext ti
k. We note that although these two algo-rithms were originally de�ned for the single 
hannelproblem, no modi�
ations to the algorithms are ne
-essary to utilize them in the presen
e of 
 
hannels.Though all sele
ted pages will be broad
ast simulta-neously, we may view the page sele
tion pro
ess as
 sequential appli
ations of the same algorithm usedin the single 
hannel 
ase.3 Competitive AnalysisA push-based server must anti
ipate the needs of its
lients based on item frequen
ies or other sto
has-ti
 models [3℄. As mentioned above, however, theon-line algorithms used to make pull-based s
hedul-ing de
isions have a

ess to no information beyondthose requests that have already arrived to the queue.These algorithms are 
ontrasted with o�-line algo-rithms whi
h are aware of the entire sequen
e of re-quests in advan
e. That is, on-line algorithms knowonly the present, but their o�-line 
ounterparts knowthe future [4℄. It is intuitive, then, that the on-linealgorithms are at a disadvantage and will, in gen-eral, not perform as well as o�-line algorithms. Inaddition, it is somewhat more diÆ
ult to identifythe optimality of an on-line algorithm sin
e, froma worst-
ase perspe
tive, it is always possible to 
on-stru
t sequen
es of requests that 
an ruin the per-forman
e of the on-line algorithm. The optimal o�-line algorithm, however, will be easily identi�ed bymerit of being the algorithm whi
h minimizes thetotal wait time of a s
hedule for ea
h sequen
e of re-quests. In the absen
e of any assumptions restri
ting

the sto
hasti
 behavior of the request sequen
e, we
hoose a worst-
ase analysis approa
h 
alled 
ompet-itive analysis.An on-line algorithm A is said to be r-
ompetitiveif for any sequen
e of requests �, 
ostA(�) � r �
ostOPT (�), where 
ost refers to the value of theobje
tive fun
tion in the solution produ
ed by theon-line algorithms A or the optimal o�-line algorithmOPT. This r value is known as the 
ompetitive ratio.Competitive analysis does not measure the time eÆ-
ien
y of an on-line algorithm, but rather the qual-ity of solutions produ
ed by su
h an algorithm when
ompared to the optimal solution on the same inputsequen
e. For the 
ompetitive ratio to be meaning-ful, it is ne
essary to bound the value of r from aboveand below. Of these two bounds, the lower bound istypi
ally simpler to provide in that it requires onlya single instan
e in whi
h algorithm A produ
es asolution that is at least r times the solution providedby OPT. Establishing an upper bound requires prov-ing that the 
ompetitive ratio is no larger than r forall �. When the lower bound and the upper boundmat
h, the 
ompetitive ratio is said to be tight.Though the model de�nition is more general, theproof sket
hes in the next two se
tions fo
us on theperforman
e of two algorithms, FCFS and MRF, inthe 
ontext of 
 
hannels and unit-sized pages. Typi-
ally, ea
h proof in its entirety will involve two 
ases:a 
ase in whi
h the number of distin
t pages m isless than or equal to the number of 
hannels 
 and a
ase in whi
h m is greater than 
. The �rst 
ase istrivial in all proofs and is not des
ribed in the proofsket
hes. However, the ratios derived do in
lude theterm d = min(
;m), re
e
ting the possibility of both
ases.4 First Come First ServedIn FCFS, the page requested by the earliest arriving(oldest) request in the queue is 
hosen by the serverevery time a 
hannel be
omes idle. For any instan
e,let Pni=1 wi(FCFS) and Pni=1 wi(OPT ) be the to-tal wait times of the FCFS and optimal s
hedules,respe
tively.THEOREM 1. Pni=1 wi(FCFS) � md Pni=1 wi(OPT ).We prove the upper bound by 
ontradi
tion. As-sume that there exists some request with a wait timelarger than md . This assumption would 
ause theFCFS algorithm to broad
ast some page twi
e beforesome other page in the queue has been broad
ast atall, thus 
ontradi
ting the behavior of FCFS.THEOREM 2. There exists at least one instan
e forwhi
h Pni=1 wi(FCFS) = md Pni=1 wi(OPT ).We prove the lower bound by establishing thatthere is at least one instan
e for whi
h the total wait



time of the FCFS s
hedule is equal to md times thatof the OPT s
hedule. We 
onstru
t this instan
e asfollows. The �rst m requests arrive at time t = 0,ea
h for a di�erent page. Knowing the behavior ofFCFS, we further design the arrival sequen
e so thatthere is exa
tly one request per page waiting at anytime t. This instan
e 
auses the FCFS algorithm tosele
t pages to broad
ast in a 
ir
ular order whereasthe optimal s
hedule will sele
t a page to broad
astsu
h that it will satisfy as many requests as possi-ble. The �rst m requests will be satis�ed with thesame amount of 
umulative wait time in ea
h s
hed-ule, but the remaining n�m requests will experien
emore wait time under the FCFS s
hedule. We 
anshow that this additional wait time 
reates a ratioof md between the FCFS s
hedule and the optimals
hedule.5 Most Requested FirstIn MRF, the page requested by the largest numberof unsatis�ed requests in the queue is sele
ted by theserver every time a 
hannel be
omes idle. For anyinstan
e, letPni=1 wi(MRF ) andPni=1 wi(OPT ) bethe total wait times of the MRF and optimal s
hed-ules, respe
tively.THEOREM 3. Pni=1 wi(MRF ) � md Pni=1 wi(OPT ).We prove the upper bound by 
omparing the num-ber of pages satis�ed by ea
h page broad
ast at anyti
k to those left unsatis�ed. This 
omparison is ef-fe
tive be
ause the total wait time of the s
hedule
an be alternatively viewed as the sum of all requestsleft unsatis�ed at the end of ea
h system ti
k. Due tothe behavior of MRF, the number of requests satis-�ed by broad
asting a page is at least as large as thenumber of unsatis�ed requests dependent upon anyother page not sele
ted for broad
ast. Thus the to-tal wait time of the s
hedule 
an be des
ribed as thesummation of wait times for ea
h system ti
k whereea
h ti
k's wait time is the number of requests stillwaiting at that ti
k added to the number of requeststhat arrived. It 
an be shown that this summationis at most md times that in the optimal s
hedule.THEOREM 4. There exists at least one instan
e forwhi
h Pni=1 wi(MRF ) = md Pni=1(OPT ).We prove the lower bound by using the same in-stan
e and strategy illustrated in the lower boundproof for FCFS. Note that this is made possible be-
ause the 
onstru
ted instan
e results in exa
tly onerequest per page waiting at any time t. Sin
e MRFwill view all these requests as having the same pri-ority, we 
an assume without loss of generality thatMRF will 
hoose to broad
ast pages in the same or-der sele
ted by FCFS.

6 General Lower BoundIn this se
tion, we 
onsider the general lower boundfor multi-
hannel data broad
ast s
heduling.THEOREM 5. For any on-line algorithm for page se-le
tion with 
 
hannels and unit-sized pages, its 
om-petitive ratio is at least md , where m is the number ofpages and d = min(
;m).We use an adversary argument and assume thatthe input instan
e is provided by the adversary. Theadversary is a theoreti
al agent that uses its under-standing of the behavior of an algorithm to 
hooseinputs that for
e the worst-
ase performan
e of thatalgorithm. Be
ause the algorithms under study areon-line, they have no knowledge of the request se-quen
e ex
ept for the requests that have already ar-rived by the time a s
heduling de
ision is to be made.Thus, the adversary is able to wait until the algo-rithm has made its s
heduling de
isions ea
h broad-
ast ti
k before de
iding whi
h pages to request forthe up
oming ti
k. This enables the adversary to
onstru
t a sequen
e of requests that will produ
e thehighest possible 
ost from an arbitrary algorithm Awhile at the same time, the optimal algorithm OPTprodu
es a small 
ost. Sin
e algorithm A is arbitrarythroughout the proof, su
h a lower bound holds forall on-line algorithms for the problem.The adversary initially makes m requests with ar-rival times of ai = 0 and requested page of pi = ifor i = 1; 2; : : : ;m. The on-line algorithm will se-le
t d = min(
;m) pages to broad
ast ea
h ti
k, andon the �rst ti
k this will be pages b11; b12; : : : ; b1d.For ea
h su

essive broad
ast ti
k the adversary willgenerate d requests, a request for ea
h page that wasjust broad
ast. Spe
i�
ally, requests m+ d(t� 1) +1;m + d(t � 1) + 2; : : : ;m + d(t � 1) + d arrive attime t requesting pages bt1; bt2; : : : ; btd respe
tively,for t = 1; 2; : : : ; n�md . This 
reates a s
hedule inwhi
h for ea
h page there is exa
tly one request wait-ing at any time t, for 1 < t � n�md . After timet = n�md no more requests will arrive and m� d re-quests will remain to be satis�ed. These remainingrequests will be satis�ed in dm�dd e additional ti
ks.That is, the s
hedule will be 
ompleted at the endof time t = n�md + dm�dd e. This des
ription pro-vides enough information for the total wait time ofall requests to be 
omputed.For the same input instan
e there exists an op-timal s
hedule in whi
h wi = 1 for most requests.In the trivial 
ase of 
 � m, the optimal s
hedule isequivalent to the on-line s
hedule. If 
 < m then wemust 
losely observe the input provided by the ad-versary. Be
ause the adversary will always generaterequests for a page to repla
e requests that have justbeen satis�ed by the on-line algorithm, we note that



the on-line algorithm is never able to satisfy morethan one request per page broad
ast. In 
ontrast,there exists a s
hedule 
onstru
ted with knowledgeof the future in whi
h a page is sele
ted to be broad-
ast at the ti
k in whi
h most of the most immediaterequests for that page have already arrived.It is with this motivation that the optimal s
hed-ule is 
onstru
ted. An algorithm with 
ompleteknowledge of the input generated by the adversarywill 
hoose to sele
t su
h a page to broad
ast thatthe di�eren
e between the 
urrent time and the ar-rival time of the next request for the same page ismaximized. (The distan
e is assumed to be in�nityif a request is never followed by a request for thesame page.) In this way, requests generated by theadversary will tend to be for the same pages as otherrequests already arrived thus de
reasing the numberof unique pages requested.At time t = 0 OPT knows that m unique requestshave arrived at t = 0 and d additional requests willarrive at t = 1. Based on the above sele
tion strategyOPT will 
hoose d pages to broad
ast at time t = 1.If any of these pages 
orrespond to those pages to berequested at time t = 1, then ne
essarily it must betrue that m < 2d. In this 
ase it is obvious that allrequests arriving before or at t = 2 will be satis�ed atthe end of t = 2, otherwise ea
h page broad
ast willnot be requested at t = 1 and the number of uniquerequests at t = 2 will be m� d. That is, in 
ontrastto the on-line s
hedule in whi
h there was a requestfor every page throughout the s
hedule, the optimals
hedule has already eliminated up to d unique re-quests ea
h ti
k. By 
ontinuing this method of pagesele
tion, the optimal s
hedule is able to qui
kly sat-isfy all the initial requests that have arrived at orbefore time dmd e.The total wait time for the optimal s
hedule
an also be 
omputed. Given Pni=1 wi(A) andPni=1 wi(OPT ), we 
an easily show that for �xed mand d, and an arbitrarily large n, the ratio of the to-tal wait time for the arbitrary algorithm A over thetotal wait time for the optimal s
hedule produ
ed byOPT is a bound that approa
hes md .7 Con
lusionsIn this paper we de�ned the general problem of on-line data broad
ast s
heduling. We presented analyt-i
al results des
ribing the performan
e of two well-known s
heduling algorithms FCFS and MRF in the
ontext of unit-sized pages and multiple 
hannels.We also established a general lower bound for all on-line algorithms for page sele
tion.This paper fo
used on unit-sized pages. An obvi-ous topi
 for future resear
h is to study the FCFS andMRF algorithms with arbitrary page sizes through


ompetitive analysis. Additionally, other algorithmshave been presented [2℄ that would bene�t from sim-ilar study. Ultimately, a thorough study of the prob-lem in the 
ontext of arbitrary page sizes and multi-ple 
hannels is desired.Additional modi�
ations 
ould be made to themodel itself. First, assigning a 
ost for broad
ast-ing ea
h kind of page [6℄ will result in a more realisti
trade-o� between qui
kly satisfying pages and broad-
asting a page too frequently (at great expense). Ob-viously, su
h an extension to the model will demandmore 
omplex s
heduling algorithms 
apable of ad-dressing two minimizing 
riteria. Also, this paperassumes that the broad
asting of pages 
annot bepreempted. Relaxing this restri
tion, parti
ularly ina arbitrary page-size setting, opens several areas offurther study. Intuitively, we would expe
t the useof preemption to lower the total wait time experi-en
ed by new on-line algorithms 
apable of takingadvantage of this option in 
ontrast to their non-preemptive 
ounterparts [6℄. Finally, ea
h request inthe 
urrent model arrives with the assumption thatthe request 
an be satis�ed at any time in the s
hed-ule. A more realisti
 model would in
lude deadlinesfor ea
h request. If a request is not satis�ed be-fore the deadline, it 
an never be satis�ed afterward.Su
h an extension to the model would also 
reate anew metri
 of performan
e as it now allows the pos-sibility that not all requests arriving are satis�ed.Referen
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