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Abstract

The goal of a resource assignment problem is to sat-
isfy a sequence of requests for a limited number of
resources. Traditionally, online algorithms have been
used to solve these problems, however there has been
interest recently in semi-online algorithms, specifi-
cally lookahead algorithms. We explore the advan-
tages of lookahead when applied to job scheduling,
a representative resource assignment problem. We
show results in three areas. First, we develop an
original model for lookahead job scheduling on multi-
ple processors in a real-time framework. Second, we
show competitive analysis of some scheduling algo-
rithms developed using the lookahead model. Third,
we describe in detail a lookahead algorithm for a two-
processor system, show that the algorithm can make
each scheduling decision in near-constant time, and
evaluate the average-case performance of the algo-
rithm through simulation. Qur results demonstrate
that lookahead algorithms consistently produce better
schedules than online algorithms with little cost in
addition to a built-in lookahead mechanism.

Keywords: Job Scheduling, Online Algorithms,
Lookahead Algorithms

1 A Lookahead Model

In our job scheduling problem, we have n jobs to
schedule on m processors. Associated with each job
J; is a processing time p; and an arrival time a;. The
goal is to create a schedule that executes all n jobs so
as to minimize the total completion time, Z?Zl Cj,
where C} is the completion time of J; in the schedule.

A scheduling algorithm must decide when to exe-
cute each job and on which processor. An offline al-
gorithm knows everything about the jobs when mak-
ing decisions. It knows when jobs will arrive and the
processing time of each job. Using this information,
an offline algorithm can create an optimal schedule.
On the other hand, an online algorithm considers
the jobs in the order of arrival and schedules each
job without knowledge of future jobs.

We are interested in algorithms that differ from
offline and online algorithms in two ways. First, we
utilize lookahead. Unlike an offline algorithm that
knows everything about future jobs or an online algo-
rithm that knows nothing about future jobs, a looka-
head algorithm has knowledge of some future jobs.

We feel that this middle ground represents a more
realistic situation. Consider a doctor who responds
to patients’ requests for an office visit. The doctor
is unable to know all such requests that will occur
in the future, however, she has access to an appoint-
ment book which records all requests in the near fu-
ture, say, up to next month. In general, lookahead
is used to find out future requests and then allocate
resources in such a way to optimize the quality of ser-
vice. The second difference relates to the algorithm’s
sense of time. Offline and online algorithms operate
outside time. Both are free to schedule jobs at any
time, so long as it is not earlier than the arrival time
of the job. As a result, the running time of these
algorithms is rarely considered. However, in a real-
time environment, once a job arrives, the time used
to make scheduling decisions affects the time the job
begins execution. Thus, the amount of time used to
make decisions cannot be ignored.

Because of these differences, a lookahead algo-
rithm represents a more realistic approach that
falls between overly optimistic offline algorithms and
overly pessimistic online algorithms. To implement
a lookahead algorithm, we need a variety of compo-
nents. First, we require a wait queue, Qw, to hold
jobs that have arrived but are not yet scheduled. To
incorporate lookahead, we need a second queue, Q1
to hold information about some jobs that will arrive
in the near future. An algorithm is lookahead-k if the
size of Qp4 is k, thus can hold the next & immedi-
ately in-coming jobs. The central component of the
algorithm is the scheduler which is responsible for
making decisions. When a processor becomes idle,
the scheduler decides, based on the contents of Qu
and Q4 at the time, whether to wait for the first job
in Q1 4 to arrive or to execute the first job in Qw on
the idle processor. We will discuss the principles of
the design of an efficient and smart scheduler later.

Although many previous scheduling results use
lookahead [1, 4], the definitions differ. Our work is
a continuation of [2], which shows the benefits of
lookahead on a one-processor scheduling problem.

2 Competitive Analysis

Competitive analysis compares the worst-case per-
formance of an online or semi-online algorithm with
that of an optimal offline algorithm. An algorithm



is said to be c-competitive if for any instance it pro-
duces a solution that is always within ¢ times the
optimal. The ratio is said to be tight if there is an
instance that obtains the stated value.

Consider the problem defined earlier of schedul-
ing n jobs on m processors. We study a lookahead-k
algorithm, LAK, in which the lookahead queue Q4
contains the next k& immediately arriving jobs and
the wait queue QQy contains jobs that have arrived
but not yet been scheduled in the non-decreasing or-
der of their processing times. That Qy is ordered by
non-decreasing processing times is based on the easy
fact that if Qr4 is empty at the time the optimal
schedule is produced by scheduling the jobs in Qw
using the rule of Shortest Job First.

When a processor becomes idle, the scheduler is
called to make a decision, which can be to schedule
the first job in Qw on the idle processor or to make
the processor wait for the first job in Q1 4 to arrive.
To make the locally best decision, the scheduler as-
sumes that no more jobs will come other than those
already in QQra, then determines the best remain-
ing schedule of the jobs in Qw and Qp4 with the
minimum total completion time, and finally make a
decision consistent with that schedule, i.e., the sched-
uler will choose to execute the first job in Q if the
best schedule executes at the same time and it will
choose to wait if the best schedule waits at the same
time. Note that the naive implementation of LAk
which exhausts all possible remaining schedules to
determine the locally best decision is not efficient.
We will present a near-constant implementation in
the next section.

We have studied the competitive performance of
this LAk algorithm and proved the following;:

THEOREM 1. The competitive ratio for LAk is
at least m (Z + Lk(k+1)), where m is the
number of processors and n is the number of jobs.

Proof: To prove a lower bound, we need to simply
show an instance that achieves the stated ratio. Since
the competitive ratio measures the worst-case perfor-
mance of an algorithm, an existing instance with a
given bound proves the lower bound.

The proof uses the instance where m long jobs
with processing time L arrive at time 0, another k-m
long jobs with processing time L arrive at time € and
l - m short jobs with processing time 1 arrive at the
2¢.

In the optimal schedule, all m processors wait
from time 0 to 2¢ and then execute all short jobs
before executing any long jobs. In the LAk schedule,
all m long jobs with arrival time 0 will be executed
before any short jobs. The second batch of longs jobs
will be schedule last. It is easy to verify that the ratio
of the total completion time of the optimal schedule

to the total completion time of the LAk schedule is
wrmary (e + sk(k+1)). a

We conjecture that the established lower bound
is also an upper bound, thus indicating that
m (2 4+ Lk(k +1)) is the tight competitive
ratio for LAk. The reason for this conjecture is
twofold. One, when £ =0 and m = 1, LAk is in fact
the Shortest Job First algorithm (SJF) in a single-
processor system. It has been proved [3] that the
competitive ratio for the algorithm in this special
case is n, matching the general lower bound in The-
orem 1 with ¥ = 0 and m = 1. Two, when k£ =1
and m = 1, LAk is in fact a lookahead-1 algorithm
in a single-processor system. It has been proved [2]
that that the competitive ratio for the algorithm in
this special case is %(n + 1), matching the general
lower bound in Theorem 1 with £ = 1 and m = 1.
Although these consistencies do not prove the upper
bound, they do provide strong evidence to support
our conjecture.

Assuming the bound for LAk is tight, an inter-
esting fact comes out of the mathematics. First,
note that in general, the bigger the size of k, the
smaller the competitive ratio. Intuitively, as k ap-
proaches infinity, we have the optimal offline algo-

rithm. In fact, when k > /-2; - 2 for some fixed
constant ¢, we get m (& 4+ 1k(k+1)) <

2
1) + kLH < (¢ —1) + 1 = c. This indicates that the
competitive ratio for LAk becomes bounded by the
constant ¢ for large k.

3 The LA1 Algorithm for the
Two-Processor System

The most important component of our lookahead
model is the scheduler. In this section, we describe
an efficient scheduler for the LA1 algorithm for a sys-
tem with two processors, P, and P». As mentioned
earlier, the scheduler is responsible for making deci-
sions and is called in two situations, when a processor
becomes idle, and when a job arrives and there is al-
ready an idle processor. If either of Qw and Q4 is
empty, the decision to be made by the scheduler is
trivial. Now assume that both Qw and Q4 are not
empty. Specifically, we assume that

e The wait queue Qw contains [ jobs, Ji,..., J;, all
of which have arrived but have not been scheduled,
with py <--- <py.

e The lookahead queue, ()1 4, contains the next in-
coming job J;+1 (called the lookahead job) with
processing time p;y1 and arrival time a;q1.

As pointed out earlier, when the scheduler has to
make a decision, it always assumes that no jobs will
arrive other than the lookahead job and then tries



to make the locally best decision at the time, with
the hope that a series of locally optimal decision will
eventually lead to an optimal schedule at the end.
In the previous section, we described a naive but ex-
pensive method that exhausts all possible remaining
schedules of the jobs in Qw and Q14 to make each
decision optimally. Here we are interested in an effi-
cient algorithm, ideally constant-time, that can make
a decision based on the contents in @)y and Q) 4, the
status of P, and P», and the current time.

We first consider some cases in which the choice
to schedule Ji, the shortest and first job in Qw, is
obvious. Without loss of generality, assume P, is idle
at time ¢ and we need to make a scheduling decision.
Also, let ¢’ be the time when P, becomes idle and
let A = a;41 —t > 0 be the amount of time before
the lookahead job arrives. In each of the following
cases, the scheduler executes J; rather than waiting
for Ji41 to arrive.

e t > t': When both processors are idle, it does not
make sense to make both wait.

e p1 < A: Jp can fit into A without increasing the
completion times of other jobs.

e a;11 > t': In this case, Ji41 will arrive after ¢'. If
P is kept idle, then at time ¢ both processors are
idle and we have the first case.

® pir1 > pr: If the algorithm waits, then when Jy4q
arrives, it will be placed in the queue somewhere
behind J;. Therefore, the jobs will be scheduled
in the same order regardless of whether or not the
algorithm waits. It follows that starting the se-
quence of jobs earlier produces a better schedule.

e piy1 < pp and A+ pryp1 > pr: We leave the rea-
soning for this case to the reader to figure out.

When none of the above hold, we have t < #/,
pL > A, aip <t pgr < pr, and A4 py < pr.
The decision whether or not to wait requires further
consideration. We break the remaining possibilities
into four cases:

e Case l: t+p; >t and t + A+ ppyy <.
e Case 2: t+p; >t and t + A+ ppyg >t
e Case3: t+py <t' and t+ A+ p1 +p1 >t
e Cased: t+py <t'andt+ A+ p1+p1 <t

We define three job sets based on the waiting
schedule, which is the schedule leaving P; idle from
t to a;4+1. Set A contains all jobs on P; which start
after a;+1 and complete before t'. Note that A may
be empty. Set B contains jobs on P; following A.
Let Jy be the first, and therefore the shortest job in
B. Finally, set C contains jobs on P, which start
after ¢'. Note that because the jobs are scheduled
in the order of non-decreasing processing times, jobs
B = {Jy, Jyt+2, Jpt4 ...} will be scheduled on P; and
jobs C' = {Jp41, Jp+3, Jp+5 - . .} will be scheduled on
P,. Tt follows that we have |B| = |C| or |B| = |C|+1.

The following four lemmas (one for each case)
show that even in these more complex situations,
the scheduling decision can be made by only con-
sidering a small portion of the known jobs. Each
lemma assumes t < t', p1 > A, aj41 < t', piy1 < p1,
and A + pi41 < p1- In the omitted proofs, the dif-
ference between the waiting schedule (the remain-
ing schedule of jobs in Qw and Q)14 that makes P;
wait at t) and the non-waiting schedule (the remain-
ing schedule of jobs in Qw and @Qp4 that sched-
ules a job on P at t) is calculated. If the differ-
ence is non-negative, the scheduler should choose to
schedule, otherwise it should choose to wait. De-
fine A to be the largest set of the first few consecu-
tive jobs in the sequence Ji41,J1, Ja, ..., J; such that
> aPj < t'—apq1, and identify the next job following
the longest job in A in the sequence to be J,. Let
= Al y= B = [“2=2], and z = || = | =2 ].

LEMMA 1. Supposet+py >t andt+A+p <t'.
The scheduler chooses to schedule J, on Py att if and
only if (L+y)A+(y—z—D)min{t' —t,p1 —pr+1} +
(y —2)(t+py1 —t') >0.
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LEMMA 2. Suppose t+p; >t and t+A+pq1 > t'.
The scheduler chooses to schedule J; on Py att if and
only if yA + (z —y)min{t' — ¢t,p1 — pi41} > 0.
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LEMMA 3. Suppose t+p; <t and t+A+pi+1+p1 >
t'. The scheduler chooses to schedule J, on Py att if
and only if (1+y)A+pip1 —p1+(2—y+1) max{0,¢ —
t—piy1 —po} > 0.
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LEmMMA 4. Supposet+p; <t and t+A+p1+p1 <
t'. The scheduler chooses to schedule Jy on Py at t if
and only if (z+y)A+pry1 —p1+(z—y+1) max{0, ¢ —
t— ZApj _pb} > 0.
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Figure 4



Figures 1 through 4 correspond to Lemmas 1
through 4. Each shows the schedule produced when
the scheduler waits for Jjy; to arrive. The sets A,
B, and C are labeled in each figured as well as the
relevant jobs. When considering the possible non-
waiting schedules, an important fact (not proven
here) is that all the jobs in A and B except the first
stay together (in most cases the first job remains as
well). That is, the jobs keep the same order and are
not split up on different processors. This fact allows
us to calculate the difference between the waiting and
non-waiting schedules.

Together, these four lemmas and the five “obvi-
ous” cases specify the algorithm used by the sched-
uler. In the pseudo-code that follows, “schedule”
means that J; will be executed on the idle proces-
sor starting at time t. Accordingly, “wait” means
that the processor will be idle from ¢ to aj41.

Algorithm for each decision making step in LA1

if Qw is empty then return

if Q4 is empty then schedule

elseif t >t or py <Aorapy >t or pir1 > p1
or A + pi+1 > p1 then schedule

else if Lemma 1 holds then schedule

else if Lemma 2 holds then schedule

else if Lemma 3 holds then schedule

else if Lemma 4 holds then schedule

else wait

4 Analysis of Algorithm

An important feature of our algorithm is that it
makes each scheduling decision in near-constant
time. This allows the scheduler to operate in a real-
time context because it can make instantaneous de-
cisions and not delay the execution of any waiting
jobs.

The first five “obvious” cases can be calculated by
only considering the first job in Qyw, the lookahead
job and the completion times on the two processors,
t and t'. Further, in the first three lemmas |A| is
zero or one and all the parameters in the conditions
can be obtained easily. Therefore, the conditions of
these lemmas can be evaluated in constant time. In
the fourth lemma, |A| is some unknown value greater
than 1 that we need in order to compute y and z. In
the worst case, A may contain all the jobs in Qw
and Qra. Therefore, |A| = O(l + 1) = O(n), where
n is the number of jobs to be scheduled. Given this
pessimistic result, we are interested in the average
size of A, or E[|A]].

THEOREM 2. E[|A|] < 3.

Proof: We assume that the average job inter-arrival
time is p, and the average job processing time is p,,.
Suppose processor P is idle at time ¢. Let Jy be the

last job scheduled on P, with starting time ¢t and
completion time ¢’ = t° 4+ py. Without loss of gener-
ality, assume ¢’ > ¢. Consider the waiting schedule
in Figure 5.
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Note that 0 < |A] <1+ 1. Also, for the moment,
we ignore .J;11 and consider only those jobs from Qw
that fit in the time span ¢’ —¢. Let this set of jobs be
A’. We wish to construct a set of jobs larger than A'.
First, we will look at how many of the individual jobs
would fit between ¢’ — t. Clearly this number is at
least as large as |A'|. Second, we will maximize the
time available. If | 4’| is large, we would expect t' — ¢
to be large as well. For a given pg, this time span is
maximized when t = t°. However, note that at time
t% Jo was the smallest job in Qw. Therefore, any
job in A’ must have arrived after time ° (and before
time t). Consequently, as t approaches t°, we mini-
mize the amount of time for jobs to arrive. Rather
than considering some average position of ¢, assume
that jobs can arrive at any time between ¢° and t', as
though ¢t = ¢'. Let X be the number of jobs that ar-
rive between t° and ¢'. Also, assume these jobs must
have processing time smaller than ¢’ — t°, as though
t = t°. These assumptions include at least as many
jobs as those in A’. Therefore,

E[|AY]| < Pr{p; <t -} - E[X]

Recall that pop = ¢’ —t°. Any job could be Jy,
and therefore the average size of pg is pp. Since the
inter-arrival times are on average ., we have

E[J 4] < Pr{p; < )} - 2

Now consider J;4; and the original set of interest,
A. Note that if aj11 +pje1 > t', Ji11 completes after
t" and |A| = 0. Otherwise, we have at most 1+ |A'|
jobs that will fit in the time span ¢’ — t. Therefore,
E[|A]] < Pri{ass + pi <t} 1+ Prip; < pp} - 3E

Note that p = pp/ g is the traffic intensity of the
system. In a realistic two-processor system we ex-
pect p < 2, otherwise jobs arrive faster than they
can be executed. Therefore, the average size of A is
less than the probability J;1; will a fit in the time
span t' — t0 plus a fraction of the traffic intensity. It
follows that E[|A|] < 3. O

Because |A| is relatively small, the condition in
Lemma 4 can be checked in near-constant time.
Since this is the most time consuming case in the
algorithm, we conclude that any scheduling decision
can be made in near-constant time.

5 Simulation Results

With the goal of gaining quantitative information



about the performance of a lookahead algorithm, we
modeled our two-processor system using next-event
simulation. The two algorithms used in the simula-
tions were SJF (or equivalently, LAO), as a bench-
mark for comparison, and LA1. The SJF algorithm
maintains the wait queue sorted by processing time
with the shortest job at the head of the queue. When
a processor becomes idle, the first job in the queue
is scheduled on that processor. The LA1 algorithm
is as described earlier.

For all simulations, inter-arrival times were as-
sumed to be Exponentially distributed. Results were
gathered when the processing times were taken from
Uniform, Triangle, Erlang, Exponential and Hyper-
Exponential distributions. For most results, n = 25
but we also considered cases where n was as large as
200. Finally, the traffic intensity, or ratio between
the arrival rate and the service rate, was varied be-
tween 1.5 and 2.5 (with a traffic intensity of 2 repre-
senting system saturation).
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Figure 6

Figure 6 shows the percent improvement of the
LA1 algorithm over the SJF algorithm when service
times were taken from a Hyper-Exponential distri-
bution. When p = 10 the traffic intensity is 1.5 and
when p = 22 the traffic intensity is 2.5. Thus the
simulation considers conditions from under utiliza-
tion to overly saturated.

Percent Improvement

Coefficient of
Variation

Figure 7

In order to meaningfully compare the various ser-
vice time distributions, we use the unit-less coeffi-
cient of variation, the standard deviation over the
mean. In the context of job lengths, larger values of
the coefficient imply an increase in the likelihood that
a long job is followed by a short job. Figure 7 sum-
marizes our simulation results. From left to right,
the service time distributions are Erlang, Triangle,
Uniform, Exponential and Hyper-Exponential. For
all runs, the lookahead algorithm produced better
schedules, but when the variation of job sizes was
the largest, the most improved schedules were pro-
duced. This implies that the greatest improvement
occurs when long jobs are delayed by short jobs.
We also studied the state of the system when
lookahead occurred. We found that
e The number of times lookahead is utilized is di-
rectly proportional to the percent improvement.
e Traffic intensity affects the average queue size
which in turn determines the frequency that looka-
head is utilized.

e The longer the algorithm is willing to wait, the
better the improvement.

e Long jobs followed by short jobs create opportu-
nities for lookahead to be utilized.

e In general, larger coefficients of variation produce
larger percent improvements.

6 Future Research

For future research, we are interested in proving
the tight competitive ratio for LAk, applying looka-
head to other resource assignment problems, and
developing alternative performance analysis meth-
ods suitable for lookahead algorithms.
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