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Abstract

Consider the problem of scheduling n tasks with
precedence constraint ≺ on m parallel processors
so as to minimize the makespan. Let ω and ω′ be
the makespans of the optimal nonpreemptive and
optimal preemptive schedules, respectively. Liu’s
conjecture states that ω

ω′ ≤ 2m
m+1 . In this paper, we

present a simple proof of the conjecture for ≺= ∅,
and give an improved bound closer to that in the
conjecture than the previously proved bound for
arbitrary ≺.

Keywords: Scheduling, preemption, nonpreemp-
tion, analysis of algorithms

1 Introduction

In a multi-processor system, scheduling tasks on
the processors can be done with two different
strategies. A scheduling strategy is said to be non-
preemptive if once the execution of a task begins on
a processor, it must continue until its total comple-
tion. A scheduling strategy is said to be preemptive
if the execution of a task can be interrupted at any
time and be resumed later on. Because nonpre-
emption is a special case of preemption, preemption
generates schedules at least as good as nonpreemp-
tion. However, determining when to preempt dur-
ing the execution of a task may require extra time
complexity in the algorithm. We therefore ask the
following questions: How good is preemption ver-
sus nonpreemption? Is it worthwhile to spend a lot
of time to have a preemptive schedule?
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Let us define the scheduling problem more formally.
Given a task system T of n tasks T1, T2, . . . , Tn,
which are to be scheduled on m parallel and identi-
cal processors P1, P2, . . . , Pm. The processing time
of task Tj is pj for j = 1, 2, . . . , n. Moreover, a
precedence constraint relation ≺ exists among tasks
in T , i.e., by Ti ≺ Tj , we mean that the execution of
Tj will not begin until the completion of the execu-
tion of Ti. The precedence constraint among tasks
can be depicted by a directed acyclic graph (DAG),
where each node corresponds to a task and there is
an arc from Ti to Tj iff Ti ≺ Tj . The goal of the
problem is to minimize the makespan, or the max-
imum completion time Cmax of the schedule. As
pointed out earlier, there are two ways to sched-
ule the tasks: nonpreemption and preemption. We
therefore have two variations of the problem. Using
the α|β|γ notation introduced by Lawler, Lenstra,
Rinnooy Kan and Shmoys [?], they can be denoted
as P | ≺ |Cmax and P | ≺, pmtn|Cmax, respectively.
FIG. 1 shows the optimal preemptive and optimal
nonpreemptive schedules of a task system on two
processors.

Given any instance I specified by m, n, pj ’s and ≺,
let ω denote the makespan of its optimal nonpre-
emptive schedule, and ω′ denote the makespan of
its optimal preemptive schedule. To be more spe-
cific, let NPS(I) and PS(I) be the sets of all non-
preemptive and preemptive schedules for instance
I, respectively. Then

ω = min
∀S∈NPS(I)

{Cmax(S)}

and

ω′ = min
∀S∈PS(I)

{Cmax(S)}.

To compare preemption with nonpreemption, we
are interested in determining the maximum value
of ω

ω′ over all instances. In the early seventies, Liu
[?] studied this problem and made the following
conjecture.
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FIG. 1 (a)A task system; (b)The optimal pre-

emptive schedule; (c)The optimal nonpreemptive

schedule.

CONJECTURE 1

ω

ω′
≤ 2m
m+ 1

and there exists an instance for which “=” holds.

Liu’s conjecture has remained open for twenty
years. It is believed to be one of the most diffi-
cult to prove or disprove. Only recently have there
been some new developments. Hong and Leung [?]
first showed that the conjecture holds true when
the precedence constraint graph is a tree. Soon
after then, Coffman and Garey [?] proved the con-
jecture for m = 2. We notice that the proofs for
these two results are extremely complicated and
that they can not be generalized to arbitrary prece-
dence constraint and arbitrary m, respectively. In
this paper, we give a proof of the conjecture for
≺= ∅. Even though Hong and Leung’s result also
covers the case, our proof is much simpler. Further-
more, we consider the conjecture for both arbitrary
≺ and arbitrary m, which Hong and Leung, Coff-
man and Garey failed to do, and prove a bound
closer to that in Liu’s conjecture than the previous
one given by Muntz [?]. Some of our proofs can be
found in preliminary form in Mao’s thesis [?].

We organize this paper as follows. In §2, we review
some preliminary results useful to our research. In

§3, we present a simple proof of the conjecture for
≺= ∅. In §4, we give a bound for ω

ω′ better than
the previous one for arbitrary ≺ and arbitrary m.
Finally, we conclude in §5.

2 Preliminary Results

Let us first review some results, which were derived
prior to Liu’s conjecture. The following lemma is
due to Graham [?].

LEMMA 1 Let φ be the total idle time in the op-
timal nonpreemptive schedule. Let C be the path,
also called the chain, in the precedence constraint
graph with the maximum total processing time, and
|C| be the total processing time of tasks on the
chain. Then we have

φ ≤ (m− 1)|C|.

Proof We define the list scheduling algorithm
as follows. Given a priority list of tasks L =
(Tr1 , Tr2 , . . . , Trn

). Whenever a processor becomes
idle, assign the first unexecuted executable task in
L to the processor. A task is executable if all its
predecessors in ≺ have been completed. If there is
no executable task in the list, the processor remains
idle until there is one. We then call the schedule
obtained the list schedule with priority list L. Since
the optimal nonpreemptive schedule is in fact a list
schedule for some priority list, it is also called the
optimal list schedule.

Consider the optimal list schedule. Let φi = (si, ti)
for i = 1, 2, . . . , l be the time periods such that
there is at least one processor idle at any time in
each period and that no processor is idle at any
time in periods (0, s1), (ti, si+1) for i = 1, 2, . . . , l−
1 and (tl, Cmax). Furthermore, to ensure that each
φi is the longest possible time period, we assume
that ti 6= si+1 for i = 1, 2, . . . , l − 1.

For φi = (si, ti), there must be a task Ti0 with
starting time ti. Ti0 must have a predecessor Ti1
finishing at time ti, otherwise Ti0 would have been
scheduled earlier. For Ti1 , if its starting time is
in period φi, then Ti1 must have a predecessor
Ti2 finishing at the starting time of Ti1 . This
construction continues until we have a subchain
Tili ≺ · · · ≺ Ti1 such that the sum of their pro-
cessing times is greater than or equal to the length
of φi. We also see that the last task in the subchain
for φi is a predecessor of the first task in the sub-
chain for φi+1. Therefore, we have constructed a
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chain C, which is the combination of all l subchains,
such that |C| ≥

∑
φi. So, φ ≤ (m − 1)

∑
φi ≤

(m− 1)|C| ≤ (m− 1)|C|.
Using Lemma 1, Muntz [?] proved the following
bound for ω

ω′ .

LEMMA 2
ω

ω′
≤ 2m− 1

m
.

Proof It is obvious that ω = 1
m (

∑
pj + φ). Thus

by Lemma 1, we have ω = 1
m (

∑
pj+φ) ≤ 1

m

∑
pj+

m−1
m |C|. On the other hand, the makespan in the

optimal preemptive schedule ω′ must be no less
than 1

m

∑
pj since the best possibility is to let all

processors busy all the time. ω′ must also be no
less than the length of the chain |C| since all the
tasks in the chain have to be executed sequentially.
Thus, we have ω′ ≥ max{ 1

m

∑
pj , |C|}. So,

ω

ω′
≤

1
m

∑
pj + m−1

m |C|
max{ 1

m

∑
pj , |C|}

=
1
m

∑
pj

max{ 1
m

∑
pj , |C|}

+
m−1
m |C|

max{ 1
m

∑
pj , |C|}

≤ 1 +
m− 1
m

=
2m− 1
m

.

The bound in Lemma 2 may not be the tight-
est because no instance that achieves bound 2m−1

m
has ever been found. On the contrary, the largest
achievable bound found so far is 2m

m+1 . So the fol-
lowing question arises: Is there a possibility that
the tight bound for the ratio is exactly 2m

m+1? We
will prove in §3 that this is indeed the case when
≺= ∅.

3 Independent Tasks

THEOREM 1 When the precedence constraint ≺ is
empty,

ω

ω′
≤ 2m
m+ 1

and there exists an instance for which “=” holds.

Proof Let us consider the optimal nonpreemp-
tive schedule. Let LPT stand for the longest-
processing-time-first list scheduling, which is in fact
list scheduling with the tasks in the priority list or-
dered by decreasing pj ’s. Since there is no prece-
dence constraint among the tasks, there is no idle

time period during the entire execution of all tasks.
See FIG. 2.
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FIG. 2 The longest-processing-time-first list
scheduling.

Let Tk be the task that finishes last. Let sk be
the starting time of Tk. Let LPT (Cmax) be the
makespan of the LPT schedule for the instance.
We then have ω ≤ LPT (Cmax) = sk + pk ≤
1
m (

∑
pj − pk) + pk = 1

m

∑
pj + m−1

m pk ≤ ω′ +
m−1
m pk. Let us consider the following two cases.

Case 1. sk > 0

Every task Tj starting at time 0 has pj ≥ pk since
it is LPT . And there are at least m such tasks.
Let X be the sum of the processing times of these
tasks. So,

m− 1
m

pk =
m− 1
m+ 1

(pk +
1
m
pk)

≤ m− 1
m+ 1

(
1
m
X +

1
m
pk)

≤ m− 1
m+ 1

(
1
m

(
∑

pj − pk) +
1
m
pk)

=
m− 1
m+ 1

(
1
m

∑
pj)

≤ m− 1
m+ 1

ω′.

We then have

ω

ω′
≤

ω′ + m−1
m pk

ω′

≤
ω′ + m−1

m+1ω
′

ω′

=
2m
m+ 1

.

Case 2. sk = 0

In this case, LPT is in fact the optimal nonpre-
emptive schedule. Thus ω = pk and ω′ = pk. So,

ω

ω′
= 1 ≤ 2m

m+ 1
.

The bound 2m
m+1 is the best possible because it can

be achieved by the instance in FIG. 3.
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FIG. 3 (a)A task system; (b)The optimal pre-
emptive schedule; (c)The optimal nonpreemptive
schedule.

4 Tasks with Precedence Con-
straint

In §3, we show that Liu’s conjecture is true when
the precedence constraint ≺ is empty. In this sec-
tion, we look at the situation when ≺ is nonempty.
Let φ and φ′ be the total idle times of the opti-
mal nonpreemptive and optimal preemptive sched-
ules, respectively. Obviously, ω = 1

m (
∑
pj + φ)

and ω′ = 1
m (

∑
pj + φ′). We will consider the

following three possible cases:
∑
pj ≥ m+1

2 ω,∑
pj ≤ m2+1

m+1 ω
′, and m2+1

m+1 ω
′ <

∑
pj <

m+1
2 ω.

CLAIM 1 If
∑
pj ≥ m+1

2 ω, then

ω

ω′
≤ 2m
m+ 1

.

Proof Since the best we can do in any schedule
(nonpreemptive as well as preemptive) is never to
leave any processor idle,

ω

ω′
=

ω
1
m (

∑
pj + φ′)

≤ ω
1
m

∑
pj

≤ ω
m+1
2m ω

=
2m
m+ 1

.

CLAIM 2 If
∑
pj ≤ m2+1

m+1 ω
′, then

ω

ω′
≤ 2m
m+ 1

.

Proof Because
∑
pj ≤ m2+1

m+1 ω
′, then φ′ = mω′ −∑

pj ≥ mω′− m2+1
m+1 ω

′ = m−1
m+1ω

′. Lemma 1 tells us
that φ ≤ (m− 1)|C|. So,

mω −mω′ = φ− φ′

≤ (m− 1)|C| − φ′

≤ (m− 1)ω′ − m− 1
m+ 1

ω′

=
m(m− 1)
m+ 1

ω′.

We then have

ω

ω′
≤ 2m
m+ 1

.

CLAIM 3 If m2+1
m+1 ω

′ <
∑
pj <

m+1
2 ω, then

ω

ω′
≤ 2m− 1

m
− 1
m
α,

where α = φ′

ω′ .

Proof Because m2+1
m+1 ω

′ <
∑
pj < m+1

2 ω, then

φ′ = mω′ −
∑
pj < mω′ − m2+1

m+1 ω
′ = m−1

m+1ω
′. So

0 ≤ α < m−1
m+1 . Our approach is simple. We want

to increase the idle time of the optimal preemptive
schedule by adding a new task so that this case will
become the case in Claim 2. We can then use the
result in Claim 2.

Suppose that the original task system is T =
{T1, T2, . . . , Tn}. Now let Tn+1 with processing
time pn+1 = 1

m2

∑
pj − m2+1

m2(m−1)φ
′ be added to

the task system T . Assume that for any task Tj ,
1 ≤ j ≤ n, we have Tj ≺ Tn+1. It is easy to see
that the new optimal schedule with Tn+1 added
is in fact the old optimal schedule with Tn+1 ap-
pended at the end. See FIG. 4.
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FIG. 4 (a)T ∪ Tn+1; (b)The optimal preemptive
schedule; (c)The optimal nonpreemptive sched-
ule.

Since φ′new = φ′ + (m− 1)pn+1 = φ′ + m−1
m2

∑
pj −

m2+1
m2 φ′ = m−1

m2

∑
pj− 1

m2φ
′ = m−1

m2+1 (
∑
pj +pn+1),

the new schedule actually falls into the case in
Claim 2. Hence we have

ωnew
ω′new

=
ω + pn+1

ω′ + pn+1
≤ 2m
m+ 1

.

So,

(m+ 1)ω ≤ 2mω′ + (m− 1)pn+1

= 2mω′ + (m− 1)(
1
m2

∑
pj

− m2 + 1
m2(m− 1)

φ′)

= 2mω′ +
m− 1
m2

(
∑

pj + φ′)

−m+ 1
m

φ′

= 2mω′ +
m− 1
m

ω′ − m+ 1
m

φ′

=
(m+ 1)(2m− 1)

m
ω′ − m+ 1

m
φ′

=
(m+ 1)(2m− 1)

m
ω′ − m+ 1

m
αω′.

We then have
ω

ω′
≤ 2m− 1

m
− 1
m
α.

In Claim 3, the bound for the ratio ω
ω′ depends on

the value of α, as can be seen from FIG. 5. The
larger α is, the closer the ratio is to the one in Liu’s
conjecture. If α is 0, the ratio becomes the one in
Lemma 2 given by Muntz.

α

ω/ω’

Muntz’s bound

Liu’s conjecture

Improved bound

(2m−1)/m

2m/(m+1)

(m−1)/(m+1)0

FIG. 5 The improved bound for the case
m2+1
m+1

ω′ <
∑

pj < m+1
2

ω.

Combining the results in the above three claims,
we have the following theorem.

THEOREM 2 For arbitrary ≺ and arbitrary m,

ω

ω′
≤



2m
m+1 if

∑
pj ≥ m+1

2 ω

or
∑
pj ≤ m2+1

m+1 ω
′;

2m−1
m − 1

mα else, for α = φ′

ω′ ∈ [0, m−1
m+1 ).

5 Conclusion

Liu’s conjecture states that the makespan ω of the
optimal nonpreemptive schedule is always within
2m
m+1 times of the makespan ω′ of the optimal pre-
emptive schedule. In this paper, we have pre-
sented two new results on the conjecture. First,
we have shown that when there is no precedence
constraint among tasks, the conjecture holds. Sec-
ondly, when there exists precedence constraint, the
upper bound for ω

ω′ can be improved. We have con-
sidered three cases and proved that for two cases
the conjecture is true while in the third case the
upper bound is improved by 1

mα for some nonneg-
ative α.
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