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Abstract

This paper considers a graph theoretic problem motivated by a telecommunications application. When a
private organization wishes to connect two sites by leasing physical lines from a public telecommunications
network, it is often the case that several categories of lines are available, at different costs. Typically, a
faster (low delay) line costs more than a slower (high delay) line. In addition, a bound on the end-to-end
delay is also often desired, thereby preventing the exclusive use of low cost lines. Overlaying a path on the
public network therefore involves two diametrically opposing factors: cost and delay. The following variation
of the standard shortest path problem is thus of interest: what is the shortest (cheapest) route between
the two sites that meets a given bound on the end-to-end delay. We formulate a graph-theoretic problem
that has both a shortest path and a coloring component. The general problem is shown to be NP-complete.
Polynomial-time algorithms and approximations are given for some special cases.

Keywords: telecommunications network design, graph theory, shortest paths, routing, overlay networks.



1 Introduction

Today, several private organizations operate wide-area networks that connect various geographically dis-
persed sites. These sites are typically linked in a point-to-point fashion using physical links rented or leased
from long-distance telecommunications carriers. A private wide-area network is thus owverlaid on a public
network. In the future, the availability of physical links for lease from various carriers is expected to increase
significantly both because the number of carriers are thought to increase but also, within a single carrier’s
menu of physical links, an organization can pay for various levels of service. As might be expected, a low
delay line costs more than a high delay line. It is not always possible to use low cost (high delay) lines
exclusively, since a bound on the end-to-end delay is often desired. With this tradeoff, a natural question
thus arises: given certain an end-to-end performance requirement, which physical links should be used to
minimize leasing costs while meeting the stipulated performance? For example, if it is desired to maintain
an end-to-end delay of one second between sites A and B and if these sites are two nodes in a large net-
work consisting of traditional 64 Kbit and T1 lines (with different leasing costs), what is the cheapest route
between A and B that meets the delay constraint?

In this paper, we formulate a graph theoretic problem to address the question raised above — namely,
how does one find low cost routes that meet performance constraints? We consider two types of links with
attendant costs and performance: high cost links with low delays, and low cost links with higher delays than
the high cost links. Our formulation is presented as a combination of a two-color graph coloring problem
and a shortest path problem. The general problem is shown to be NP-complete even when the graph is a
simple line; it is also NP-complete when the costs and delays have a simple structure. Optimal algorithms
are presented for some special cases of interest.

In graph theoretic terminology, we are given a graph G = (V, E) with |V| vertices and |E| edges and
two designated vertices s and t between which a path is to be constructed using edges in E. Each edge
can be colored either red (r) or black (b). The choice of color determines the cost of the edge and the delay
across the edge. For example, if edge e is colored red, it has delay d(r,e) and cost ¢(r,e). Thus, a set of
four weights for each edge e, w(e) = (d(r, e),c(r, e),d(b,e),c(b,e)) describes the edge completely. Finally, an
end-to-end delay bound D is also given as input to the problem. We wish to find a path and a coloring of
edges on the path such that the total delay along the path is less than D, and the cost of the path is the
least among paths that meet the delay constraint. This problem turns out to be NP-complete even when
the graph is a simple line, or for general graphs, even when both colorings of an edge result in the same cost
and delay. An O(|V| + |E|) algorithm is presented for the case in which all edges are identical. Sometimes,
the colorings of some edges are fixed (no choice is available for the physical lines) even with identical edges;
for this instance, we provide an O(|E|? + |E||V|log|V|) algorithm. For the special case when G is a tree,
we show how our problem can be translated into an equivalent 0/1 knapsack problem [2], for which several
approximation algorithms are known.

A vast literature exists on the shortest path problem, with several varieties of the general problem [6],
but to the best of our knowledge, the particular problem we study has not been previously considered. Our
problem is generally related to other problems involving paths or subgraphs in weighted graphs, such as the
Steiner tree and minimum spanning tree problems. Our work also appears to be related to the problem of
finding graph spanners [1]: a subgraph G’ of graph G is a D-spanner of G, if for every u,v € V, the distance
from u to v in G’ is at most D times the distance in G. Thus, loosely speaking, spanner problems also have
a delay bound, although there is no notion of choice or costs. Another related subgraph problem appears



in [12] in which a spanning tree of minimal weight is desired that satisfies end-to-end delay bounds from
a source to all destinations. Our application lies in the area of topological design of telecommunications
networks (see [3, 4, 11] and references therein). In particular, there has been related work on constrained
spanning trees [11, Chapter 5]. Finally, a special case of our problem can be reduced to a 0/1 knapsack

problem [13]. Indeed, our problem may be considered a graph-generalization of a knapsack problem.

The rest of this paper is structured as follows. A precise formulation is given in Section 2 and complexity
results are presented in Section 3. Following this, exact algorithms for some special cases are given in
sections 4 and 5. Approximation algorithms for trees based on heuristics for the knapsack problem are given
in Section 6, before concluding in Section 7.

2 Problem definition

Our graph problem of interest may be formally defined using the following notation.

e G = (V,E) is a connected undirected graph.
e s and ¢ are two designated vertices. We wish to find a path (route) between s and ¢ in G.

e F'is a set of edge colors. We will only be interested in the case F' = {r, b} (r=red, b=Dblack).

f: E — Fis a coloring that assigns a color to each edge.

W(E) is a collection of 4-tuples, each element of which represents four non-negative edge weights
associated with an edge in E. For each e € E, w(e) = (d(r,e),c(r, e),d(b,e), c(b, e)) denotes the 4-tuple
associated with e. Here, if edge e is colored red, the delay associated with the edge (link) is d(r,e)
and the cost incurred in using the link is ¢(r, e). The case when e is colored black is similarly defined.
Typically, d(b,e) < d(r,e) and ¢(b, e) > c(r, e), a condition that will be assumed throughout the paper.
Intuitively, if e = (u,v) lies on a path from s to t, then we are considering two choices: use a line from
u to v with a low delay d(b, e) and a high cost ¢(d, e) or use a line with a higher delay d(r, e) and lower
cost ¢(r,e). Thus, a coloring of edges along a path from s to ¢ completely determines the cost and

performance of the connection from s to ¢.
e Let P = P(s,t) C E denote a path from s to ¢ in G.
e D is a desired bound on the overall delay between s and ¢.
e For a coloring f and path P, define C(f, P) =) .pc(f(e),e) and D(f,P)=>..pd(f(e),e).
We are now in a position to formally define the problem: find a path P* between s and ¢ and a coloring
f* such that (i) D(f*, P*) < D and (ii) C(f*, P*) < C(f, P) for any other path P (between s and ¢) and

coloring f satisfying the constraint D(f, P) < D. Observe that we only need to color the path and not the
entire set of edges; however, we retain the general notation for convenience of description.



Figure 1: The graph for n =4

3 Complexity results

We now address the complexity of our Bicolored Shortest Path Problem (henceforth BSSP), the decision
version of which can be stated as follows: given a graph G = (V| E), weights W (FE), with two designated
vertices s,t € V, and integers D and C, is there a path P between s and t and a coloring f such that
D(f,P) <D and C(f,P) < C? For a general graph, we have the following result.

THEOREM 1 BSPP is NP-complete even when d(r,e) = d(b,e) = d(e), c(r,e) = c(b,e) = c(e) for anye € E.

(Coloring can be ignored in this case.)

Proof. BSPP is obviously in NP since any solution can be verified in polynomial time. Let us consider
the NP-complete Subset Sum (SS) [8, 10], in which given a set of positive numbers A = {a1,...,a,} and a
bound K > 0, the problem asks whether there is a subset A’ C A with Za car @i = K. We next prove that

SS is polynomially reducible to BSPP with d(r, e) = d(b,e) = d(e), c(r,e) = ¢(b,e) = c(e) for any e € E.

We construct the following instance for BSPP. Let C' > K and D > na, where a > max;{a;}. Define the
graph G = (V, E), where V = {s,t} U{v;; : i =1,...,n,i <j<n} and F = E; U Ey U E5 with

E; = {(s,v1;) with delay a — a; and cost a; : i =1,...,n},

Ey = {(vij, v(i41y) with delay a —a; and cost a;:i=1,...,n—1,i <j<n—1,j+1<1<n},

Es = {(v5,t) with delay D+ K —ia and cost C — K :i=1,...,n,i < j <n}.
See Figure 1 for an example of G when n = 4 (The delay and cost weights are not shown in the figure).
Since |V| =2+ 3" i=2+in(n+1)and |[E] =n+ Y17 Y07 j+ 31 i = tn(n® + 3n+8), the graph

can be constructed in polynomial time. We next prove that there is A’ C A with Zaie 4 a; = K if and only
if there is a path P = P(s,t) such that ) __,d(e) < D and )  pc(e) < C.

Assume that A’ = {a;,,...,a;, } with Z;;l a;, = K. Without loss of generality, assume that i; < --- <
in. We define the path P to be s—wv1;,—v2i,— - ~— Vs, —t. Obviously,

Y d(e) = (a—ay,) + (a—ay,) +--+(a—a;,) + (D+ K —ha) = D
ecP



and

Zc(e):ail+ai2+~--+aih+C—K:C.
eeP

Assume that there is a path P between s and t that satisfies the delay (D) and cost (C) constraints.
Because of the special structure of G, P must be s—vy;,—v2i,— - +—Vns, —t With 43 < .-+ < 4;. Since
Yoecpdle) =(a—ay)+(a—ay,)+ -+ (a—a;)+D+K—ha<D, then

h
Zaij Z K.
j=1

Since ) c.pcle) = ai, +ai, +---+ a4, +C — K < C, then

h
Z ai]. S K.
j=1

We must have Z?:l a;; = K. Let A" = {a;,,...,a;,}. This is clearly the subset in SS. |

Unfortunately, as the following theorem shows, the problem remains NP-complete even if the graph
structure is simple.

THEOREM 2 BSPP is NP-complete even when G is a line and d(b,e) = ¢(r,e) =0 for any e € E.

Proof. Since it is not difficult to see that BSPP belongs to NP, we will only give a polynomial reduction
from a known NP-complete problem, the 0/1 Knapsack Problem [8], in which given U = {1,...,n}, a size
w; € ZT and a value p; € Z% for each i € U, and positive integers M and K, the problem asks whether
there is X = {z1,...,x,} with z; € {0,1} such that > . z;w; <M and Y., z;p; > K.

From a given instance of the 0/1 Knapsack problem, we construct an instance of BSPP in the following
way. Let G = (V, E) be a graph such that V' = {vg,...,v,} and E = {e; = (v;_1,v;) : 1 <1i < n}. Let
s =wvg and t = v,. For each i, 1 < i < n, let d(b,e;) = 0,d(r,e;) = w;,c(b,e;) = p;, and ¢(r,e;) = 0. Set
D=MandC=%_  p —K.

We now claim that there exists a solution X = {x1,...,2,} with z; € {0,1} for the 0/1 Knapsack such
that >0, z;w; < M and Y, x;p; > K if and only if there exists a coloring f : E — {r,b} such that
ZZ‘L:1 d(f(ei),e;) <D and Z?:1 c(flei),e) < C.

Suppose there exists such a solution X for the 0/1 Knapsack problem. Let f(e;) = r if z; = 1 and
f(e;) = b otherwise. We then note that

id(f(ei)7ei) = zn:xlwz <M=D
=1

=1

and

n n

c(f(ei),e) = Z(l —z)pi = Zpi - Z%‘pi < Zpi -K=C.
i=1 i=1 i=1

i=1 i=1



Hence, f is a desired solution for the instance of BSPP.

Conversely, let f : E — {r,b} be a coloring such that > I  d(f(e;),e;) < D and Y., c(f(ei),e;) < C.
Set x; = 1if f(e;) = r and x; = 0 otherwise. Then, observe that

ixiwz Zd y<D=M
=1

and
n n
inpz sz Z 1_371 Di sz Z ez)ﬂfi)Zzpi—C:ff
i=1 i=1 i=1 i=1
This gives the desired solution to the 0/1 Knapsack problem. [ |

The two results above provide some insight into the structure of BSPP. The complexity of the problem
arises from both the underlying graph structure as well as the weights: keeping the weights identical does
not help (with arbitrary graph structure) and using a simple graph is not sufficient either (with arbitrary
weights). This complexity stands in sharp contrast to that of the weighted shortest path problem, which is
polynomial with arbitrary graph structure and weights [15]. However, some special cases of practical interest
are polynomially solvable exactly or solvable approximately with a low constant bound. We turn to these
cases next.

4 Graphs with identical edges

We say that a graph G = (V, E) in BSPP has identical edges if for any e € E, d(r,e) = d,, c(r,e) = ¢,
d(b,e) = dy, and c(b,e) = ¢, where d,, ¢, dp and ¢, are non-negative constants. We observe that if there
exists an optimal solution it must be the path between s and ¢ with the fewest edges. ;From our assumptions
on the weights, dp < d, and ¢, > ¢,.. The following algorithm finds the optimal solution.

Algorithm 1 IDENTICAL-EDGE

Input: A graph G = (V, E) and weights W (E).
Output: Optimal path P* and coloring f*.
Find P* = P*(s,t) = (e1,...,en) with fewest edges by Breadth-First-Search;
if dp|P*| > D then there is no feasible solution;
elseif d,.|P*| < D then Ve; € P*: f*(e;) < r;
else

ko [dlP7I=D LLP_\dbDL

Vi € {1 ]{7}  fr (6l> —b;

Vi € {k—!—l,...,m} Cff(es) — 1
endif
return (P*, f*);
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It is clear that if dp|P*| > D, there is no solution for the instance, and that if d,|P*| < D, coloring
all edges red gives an optimal solution with cost ¢.|P*|. To explain the rest of the algorithm, we first
show that k is a positive integer no larger than |P*|. Executing line 5, we must have dy|P*| < D and

d.|P*| > D, which implies that k is a positive integer. To prove k < |P*|, assume the contrary. We then

have [%] > |P*|. So dr!lf:Ll:D > [drc\lfjd:D] — 1> |P*|. Therefore, dy|P*| > D, which is impossible.

Obviously, k is the smallest number of black edges needed to satisfy the delay constraint. Since ¢, < ¢,

coloring k edges black and the rest red induces the minimum total cost, which is ¢, (|P*| — k) + cpk.

The time complexity of the algorithm, dominated by the Breadth-First-Search in line 1, is O(|V| + | E|).
Thus, we have

THEOREM 3 BSPP is solvable in O(|V| + |E|) time when G has identical edges.

5 Identical edges with restricted colorings

In our application of interest, it is often the case that some physical links do not come with a choice
between high performance and low performance lines. Motivated by these instances, we consider the
special case when edges have identical weights but the coloring for some edges is fixed (some are im-
mutably colored red and some are immutably colored black). More precisely, for each edge e € E,
w(e) € {(dr, cr,dp, ), (dy, ¢, 00,00), (00,00, dp, cp) }. The first type of edge cost indicates a colorable edge,
the second an edge which is necessarily colored red and the last, an edge which is colored black. In this
special case, a path from s to ¢ will typically use some red and black edges that are already colored and
colors other edges in the path to meet the performance constraint with minimal cost.

We will use a vertex-labeling algorithm to compute the optimal path and coloring. For each vertex v,
define the following two-component label: a(v) = (a1(v), a2(v)) to be used in the sequel. We adapt Dijkstra’s
shortest path algorithm (written as a “relaxation” algorithm [5]) to allow computation of shortest paths that
meet the delay constraint. For any fixed coloring of all edges, the algorithm FIND-SHORTEST finds the
least-cost path from s to ¢t which also meets the performance constraint. Whenever each edge is relaxed,
the label at each node v at the end of the edge accurately reflects the least cost from s to that node (in
a1 (v)) and total delay (performance) from s to that node (in az(v)). We start with an all black coloring (for
colorable edges) and successively color edges red (to make them cheaper); for each such edge colored red,
we execute the shortest path algorithm in order to find the least cost path that meets the constraint. If the
constraint can no longer be met by any path, we have colored too many edges red and searched past the
optimal solution.



Algorithm 2 RELAX (e, f)

Input: An edge e = (u,v) and a coloring f.
Output: New label for vertex v.

1. if (a1(u) +c(f(e),e) < a1(v)) and (az(u) + d(f(e),e) < D) then
2 ar(v) — ay(u) +c(f(e), e);
3 az(v) «— az(u) +d(f(e), e);
4. decrease-key(v,a1(v));
5 endif
Algorithm 3 FIND-SHORTEST (f)

Input: Coloring f.
Output: Cost of least cost path that meets performance bound under f.
ay(s) < 0; as(s) < 0;
Yo # s a1(v) «— 00; az(v) « oo;
Priority-queue Q «— {(v,a1(v)) :v € V};
U — 8;
while Q not empty and as(u) # oo do
(u,a1(w)) «— extract-min(Q);
if as(u) # oo then
for each adjacent edge e = (u,v)
RELAX (e, f);
endwhile
return a4 (t);

T B R RS S
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Algorithm 4 FIND-OPTIMAL

Input: A graph G = (V, E) and edge weights W (E).
Output: The cost of the optimal path.
Let E « {e:w(e) = (d,,c,,dy, cp)};
Vec E: fe) «r;
min <— oo;
while |E| > 0 do
cost < FIND-SHORTEST(f);
if cost < min then min < cost;
Pick an edge e € E and set f(e) < b;
E — E —{e};
endwhile
return min;

2O % RSO o~
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Let P* be an optimal path from s to ¢t and f* be its optimal coloring. Suppose P* = e;...e; has k
edges. Next, define the following sets for coloring f:

Pl S {6 € P*: ’U.)(e) = (drvcrvdlncb)}
P, = P'-P
Py(f) = {eePri:f(e)=0b}

Then,

cost(P) = N e(f(e)e) + Y e(f*(e)e)

ecPs ech;
= Y cfr(@)e) + el P(f) + el P = Bo(f7)]
e€ Py

Now, if f’ is any other coloring such that |P,(f)| = |P»(f*)], then the cost with f’ is also optimal. Next,
observe that during the iterations of FIND-OPTIMAL, the colorable edges are colored black one at a time.
Thus, at some iteration, the path P* will have P,(f*) black edges. The cost is recorded in the variable
main. With the addition of each black edge in the loop, the cost can only increase monotonically. Hence,
the algorithm finds the optimal cost. Note that the algorithm is easily modified to record the actual paths
and colorings in order to output the optimal path and coloring. Note that the loop in FIND-OPTIMAL is
executed at most O(]E|) times. For each iteration, each edge is relaxed once and there are O(|V]log|V])

operations made with the priority queue (using a Fibonacci heap [7], say). Thus, we have

THEOREM 4 BSPP with identical edges and partially fived coloring can be optimally solved in O(|E|* +
|E||V]1og |V|) time.

6 Approximation algorithms for trees

In this subsection, we will first show that BSPP can be reduced to the 0/1 Knapsack problem when the
input graph G = (V, E) is a tree with arbitrary values of d(b,e),d(r,e), c(b,e) and c(r,e) for each e € E.
Using existing heuristics for the 0/1 Knapsack, we then discuss performance bounds for BSPP. First note
that we need only consider line graphs, since the non-negativity of the weights implies the optimal path is
simply the set of edges connecting s to ¢ in the tree. In this case, it is only the coloring that needs to be
worked out.



Algorithm 5 BSPP-T0-0/1 KNAPSACK

Input: A graph G = (V, E) with V = {vg,..., v} and E = {e; = (vi—1,v;) : 1 <i < n},
s =wy and t = v,, and weights W(E).
Output: An instance to the 0/1 Knapsack problem: (w1,...,wy), (p1,---,Pn), and M.

1. Let fo: E — {r,b} such that fo(e;) =b for alle; € E.
2. Compute Dy =0 d(b,e;).

3. if Dy > D then there is no feasible solution;

4. else

5. DO — D — Db;

6. w; «— d(r,e;) — d(b,e;) Ve; € E;

7. pi — c(b,e;) —c(r,e;) Ve; € E;

8. M «— Dy;

9. endif

10.  return ((wi,...,wp), (P1,---,pn), M);

Observe that the initial coloring fy defined in line 1 assigns b to each e; giving larger cost than the
optimum. Thus, the problem is to select an edge set Ey C F such that by changing the color of selected
edges to 7, the sum > pi of the reduced cost is maximized while the sum ), _p w; of the increased
time does not exceed Dy. Such a selection is equivalent to solving the 0/1 Knapsack problem using the output
of the above algorithm as an input. Let X = {z1,...,2,} be an optimum solution to the 0/1 Knapsack
problem. Then, e; € Ey if and only if z; = 1. Therefore, an optimal coloring f* : E — {r, b} can be defined
by setting f*(e;) = r if z; = 1 and f*(e;) = b otherwise.

In the following we will summarize the results of existing heuristics for the 0/1 Knapsack problem which
give various bounds on our BSPP. Given an instance (w1, ..., wy), (p1,-..,pn), and M to the 0/1 Knapsack,
it is known that (1) there exists an O(nM) time dynamic programming algorithm which finds an optimal
solution [15]; (2) there exists an O(n) time greedy algorithm for which the ratio of the optimal solution to
the algorithm’s output is bounded by 2 [2]; and (3) there exists an O(kn¥*1) [14] or O(n + k?n) [9] time
algorithm for which the ratio of the optimal solution to the algorithm’s output is 1 4+ 1/k. Here, k is a
constant that controls accuracy. These results together with Algorithm 5 establish the following theorem.

THEOREM 5 BSPP when the graph G = (V, E) is a line can be

(1) optimally solved in O(|E|Dy) time, where Do = D — 3 . d(b,e);

(2) solved in O(|E|) time for which the ratio of the optimal solution to the algorithm’s output is bounded
by 2; and

(3) solved in O(k|E|**1) or O(|E|+k?|E|) time for which the ratio of the optimal solution to the algorithm’s
output is 1+ 1/k.
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Summary

We have considered a graph-theoretic problem motivated by a telecommunications network design applica-

tion.

The problem was seen to be a mixture of a two-color coloring problem and a weighted shortest path

problem. The complexity of the general problem was found to depend on both the graph structure as well

as the collection of 4-tuple edge weights. Polynomial-time algorithms were given for some special cases and

approximations based on known knapsack heuristics were identified. Future extensions include generalizing

the problem definition to consider connecting multiple sets of nodes and heuristics for the general graph.
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