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Abstract — Zusammenfassung

Best-k-Fit Bin Packing. The bin packing problem is to pack a list of reals in (0, 1] into unit-capacity
bins using the minimum number of bins. Let R*[ A] be the limiting worst value for the ratio A(L)/OPT(L)
as OPT(L) goes to oo, where 4(L) denotes the number of bins used when the approximation algorithm
A is applied to the list L, and OPT(L) denotes the minimum number of bins needed to pack L. For
Best-k-Fit (BkF for short, k > 1), we prove in this paper that R*[BkF] = 1.7 + 13;.

AMS Subject Classifications: 68Q25, 68R05
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Best-k-Fit Bin Packing. Das Bin-Packing-Problem besteht darin, eine Liste von reellen Zahlen aus (0, 1],
in Kiisten (*bins”) der Kapazitit 1 zu verpacken. Sei A(L) die Zahl der Kisten, die benétigt wird, wenn
der Approximationsalgorithmus A4 auf die Liste L angewandt wird und OPT(L) die Minimalzahl der
fiir das Packen von L benotigten Kisten. Sei weiter R°[A4] der Grenzwert des Verhiltnisses A(L)/
OPT(L) fir OPT (L) — o im ungiinstigsten Fall. Fiir Best-k-Fit (kurz BkF, k > 1) zeigen wir in diesem
Beitrag, daB R*[BkF] = 1.7 + 1.

1. Introduction

In the bin packing problem, we are given a list L = (a,,a,,...,qa,), where each
number q; is in (0,1], and are asked to find a packing of these numbers into a
minimum number of unit-capacity bins. Since the problem of finding an optimal
packing for any list L is NP-complete, research has focused on finding near-optimal
approximation algorithms.

Definition: For any approximation algorithm A and any list L, let A(L) be the
number of bins used when A is applied to L, and OPT(L) be the minimum number
of bins needed to pack L. R,[A] is defined to be max{A(L)/OPT(L): |L| = n}, and
the worst-case performance bound of A is defined to be R*[A] = lim sup, ., R,[4].

In [2], Csirik and Johnson give the following definition of what they call k-bounded
space on-line bin packing algorithm.

Definition: An on-line bin packing algorithm uses k-bounded space if for each
number g;, the choice for the bin to place it is restricted to a set of k or fewer active
bins, where each bin becomes active when it gets its first number, but once it is
declared closed, it can never be active again.
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Which bin among the k active bins to choose for packing a;, and which bin among
the k active bins to choose for closing when a new bin has to be created for a;? In
the most straightforward fashion, we always choose the first bin, i.c., the lowest
indexed or the oldest, among the k active bins into which g; can fit, and close the
first bin among the k bins when a new bin has to be created. This algorithm is called
Next-k-Fit (NkF). It is proved that R°[N1F] = 2, and R®[NkF] = 1.7 + 55
for k > 2 [1]1[4][5]. However, in the other extremal case, we can choose the fullest
bin, (with the maximum current capacity) among the k active bins into which q; can
fit, and close the fullest bin among the k bins when a new bin has to be created. This
algorithm is called k-Bounded Best Fit (BBF;). It is proved that R°[BBK,] = 2,
and R*[BBF, ] = 1.7fork > 2 [2].

In this paper, we study the algorithm, in which the fullest among the k active bins
is chosen for a;, and lowest-indexed active bin is closed when a new bin has to be
created. We call this algorithm Best-k-Fit (BkF). Intuition tells us that the perfor-
mance of BKF is better than NkF, but worse than BBF,. It is clear that R°[B1F] =
R®[N1F] = R*[BBF,] = 2. For k > 2, our result is that R°[BkF] = 1.7 + 13;.

In §2, we prove the lower bound of R*[BkF]. In §3, we prove the upper bound of
R*[BkF] by using the traditional weighting function method and a case study
similar to but much simpler than that in the NkF proof [5]. Finally, §4 gives the
conclusion.

2. Lower Bound of R*[BkF]

Usually, alower bound result can be obtained by creating a special list L, generating
its optimal packing and BkF packing, and computing its performance ratio BkF(L)/
OPT(L), whose limiting value is actually a lower bound of R®°[ BkF].

Theorem 1: For k > 2, R°[BkF] > 1.7 + 13z

Proof: The list given by Johnson et al. in the proof of R*[NkF] > 1.7 + 13; [3]
yields the same lower bound for R®[BkF]. O

3. Upper Bound of R*[BkF]
3.1 Upper Bound Proving Technique

Define a weighting function W as follows.
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With the weighting function, we define the weight of a number a inlist L to be W(a),
the weight of a bin B in a packing to be W(B) = ), .5 W(a), and the weight of a list
Ltobe W(L) =Y ... W(a).

In §3.2 and §3.3, we will prove that BkF(L)< W(L)+c and W(L)<
(1.7 + t3z) OPT(L) for any L, which together imply the 1.7 + 13z upper bound
of R°[BKF].

3.2 A Lemma

Lemma: Let B,, B,, ... be the BKF packing of any infinitely long list L. If B; < § for
some i, then there always exists j > 0 such that §B; + W(B.,) + - + W(B,y;—y) +
W(Bis) 2 j + $Birj.

Proof: If the sum of the numbers in B;, also denoted by B; without confusion, is no
greater than £, then bin B, must be followed by k bins with their bottommost num-
bers greater than 4. The lemma holds with j = k because $B, + W(B;,;) + - +
W(Biy) 2 4B + Bu) + 3+ + G x 3 +3+ )k — )+ $B + 3+ e 2
Ex1+k—16+8Bu,=k+8B,.

If B;,, has one number greater than 4, the lemma holds with j = 1 because £B; +
W(Bi) =8 x5+ 8B + 3+ 21+ 8B,

From now on, we assume that 1 < B; < 2 and that all numbers in B, are no greater
than 4. We introduce notation A, , for any bin B,, where 1 <t < k, to be the sum
of the numbers coming to B, when B, is the t™ youngest among the k active bins in
the BkF packing (Fig. 1). Clearly, A, ; + - + A, = B,.

t-th
oldest youngest youngest

B
J

k active bins

Figure 1. The formation of 4,,,

Casel: Ajyy, + "+ Ajyy 1 < 3.

If Ajyr.1 + " + Ay a-1 + Ais i < 3, then By, is followed by k bins with their
bottommost numbers greater than 1. Since in B;,, the bottommost number
biyy >1— B, and § <b,,, <3, then $B, + W(b,,) — €biyy 2 §B, + min{3(1 — B,) -
&,15) 2 min{ x $ + 75, % x 3 + %5} = 15. Therefore, $B; + W(Byyy) + =+ +
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W(Bitx+1) = $B; + W(bisy) — $bisy + $(Bisy + Biu) + § x 3k — 2) + (3 + 13k +
B =15+ Ex1+k— 75+ 8By 2k + 1+ ¢B;iy;. So the lemma holds
with j = k + 1.

A4y, + "+ Aiyy k-1 + Airrx > 3, then By, isfollowed by k — 1 bins with their
bottommost numbers greater than 4, and all the numbersin A4, 1,..., Aj4; 4~ ar€
greater than £ (otherwise they would go to the fuller B;in BkF). Let a be the smallest
number in A;,, , such that right before a is packed into B;,, the content of B,,, is
no greater than . Clearly, a + B;,, > 1 because of the nature of BkF. We claim
that W(B;,,) = $(bi4; + a) + 35. If B,+l has at least one number no less than §, then
W(Bis1) = $(biyy + a) + min{2 x 4 — 5,75} = &(bis: + a) + 5. Otherwise, if all
the numbers in B;,, are less than i, there are at least three numbers in B;,, since
By >3 If Ay iy ooy Al+1 «—1 together have more than one number, then
W(Biy1) = 8bsy + @) +§ x g2 s(b|+1 +a)+ 5. 1If Ai+1 15 -++» Ai41,6-1 have only
one number b;,, which is less than }, then 4;,, , > 7 and it contains a number d
other than a such that right before it is packed into B;,, the content of B;,, is no
greater than 3. So a <d, and Aiy x—a>4% x L Then W(B,,,) > by, +a) +
A1 — ) 2 $biy + a) + 75. Therefore, $B;+ W(Byy,) + - + W(Biysy) 2
$B,+ S8(biss + )+ 5+ By + Ex 3k -2+ 3+ 30k — 1) + $Byuy 2
B+ b)) +%a+Buy) +k—3+(Go— ) + B = Ex 1+ §x 1+ k—
14%B. sy =k + 1+ 8B ;4. So the lemma holds with j = k + 1.

Case2: Ay + "+ Ay -1 > 5. In Ay 15 -0y Ay 41, there are at least two
numbers since no number is greater than 4, and the two bottommost numbers are
greater than { since otherwise they would go to the fuller B;. In this case, we assume
that at least one of the two bottommost numbers in 4;,4, ... Al+1 k—1 18 in (6, 1.
The other one must be eitherin (4,47 or (3. 32 1].1tisclear that B; > . Therefore, ¢B; +
W(Biy;) 2 §B; + $Byy; + 3(1 — B) — 15 + min{3(1 — B) — 10,10} > $By, +
min{1,2B; + 3} > 1 + £B,,,. So the lemma holds with j = 1.

Case 3: 44y, + + Appy -1 >3 with the two bottommost numbers both in
(33),and A;p , + - + Al+2 1 <3 When B, 2 %, the lemma holds with j =
because £B; + W(B,ﬂ) >¢x2+ SB,+1 H5+i5=>1+%B,,. When B, < and
Bl+1 5,the lemma holds thh] = 2because $B; + W(B.,,) + W(B,;) =S x 1 +
xS+ +i5+8B., +% =2+ ¢B,,. When B, has a number greater than
%, the lemma holds with j= 2 because B, + W(B,,,) + W(BHZ) > % x %+% x
24+ +E8B,+E =2+ 5B,+2 Let us assume B; < %, B;,; < 2 and all
numbers in B;,, are no greater than 1. Comparing this case with case 1, we find
that the only difference is that in thls case there is a bin B, with W(B;,,) =1
between B; and By, ,, By, ...s By .2. Using the exactly same method as that in
case 1, we can prove that $B; + W(B, ;) + - + W(Bisss2) 2 k + 1 + £Biypsr-
Therefore, $B; + W(B;4;) + W(Biy2) + -+ + W(Bisssz) = k + 2 + £B;ys45. So the
lemma holds with j = k + 2.

Case 4: A4y, + "+ Ajyy 4y > 7 With the two bottommost numbers both in
(34)and Ay, , + - + Ajp 4 > 3. For the same reasons as in case 3, the lemma
holds with j = 1 when B; > %, j = 2when B, < 2 and Bi,; > 2,and j = 2when B, ,
has a number greater than §. Let us assume B; < %, B;,, < £ and all numbers in B;, ,
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are no greater than . If the two bottommost numbers in B;, , are both in (3,], then
$B;+ W(Bisy) + W(Bi12) =8 x (1 +4)+15 x4+£B,,,>2+¢B,,,.Sothelemma
holds with j = 2. If one of the two bottommost numbers in B, , is in (,1], then
$B, + W(Bis;) + W(Biy2) 2 $B;+ §Biyy + 75 + 10 + $Bius + 7o + 3(1 — Biyy) —
%5 >%B+2(1—B,+1—B)+%+%B,,>2+%B,,. So the lemma holds with
j=2

This completes the proof of the lemma. O

3.3 The Proof of the Upper Bound

Claim 1: For any list L, W (L) < (1.7 + 13;)OPT(L).

Proof: By a similar case analysis as in the proof of Claim 1 in [5], we can show that
W(B) < 1.7 + 3. For any list L, we apply the optimal algorithm. W(L)=
YU W(B) < Y.2ATW (1T + 1) = (1.7 + 13)OPT(L). O

Claim 2: For any list L, there is ¢ > 0 such that BkF(L) < W(L) + c.

Proof: For any list L, we get BkF(L) nonempty bins after BKF is applied to the list.
For each bin, the weight of the bin is computed. The following pseudo-pascal code
describes the checking procedure:

i:=1;
repeat
if W(B,)> 1theni:=i+ 1
else if B;, B;,,, ... matches any of the cases discussed above
then begin
By the lemma there exists j such that £B, + W(B,,,) + - +
W(B..;) — £B., ; = J, i, the average weight of each bin among
B, ..., B;y;_, is greater than or equal to 1 after borrowing weight
W(B,,;) — %BHJ from B, ;
W(By,,) = %Bﬂ-ﬁ
i=i4+j
end
else begin /*The packing ends without a complete maching.*/
The constant ¢ is used to make up the weight shortfall so that the
average weight of each bin among B,, ..., By, is larger than 1;
i:= BkF(L)
end
until i = BkF(L);

Following this procedure, we know there is always a way to distribute the total
weight W(L) such that each bin has an average weight of 1. Therefore, W(L) +
¢ > BkF(L). (]

Theorem 2: For k > 2, R°[BkF] < 1.7 + 13;.
Proof: The proof is straightforward using Claim 1 and Claim 2. d
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The worst-case performance bound of BKF is 1.7 + 13z since both the lower bound
and upper bound of R°[BkF] are 1.7 + 13;.

4. Conclusion

As indicated by Csirik and Johnson [2], in the k-bounded space on-line algorithms,
choosing the fullest bin for g; results in better performance than choosing the first
bin, and closing the fullest bin results in better performance than closing the first
bin. Compared with the other two well-studied k-bounded space algorithms, BkF
performs better than NkF but worse than BBF, in the worst case, which further
justifies the statement made by Csirik and Johnson that best is better than first.
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