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Abstract

Data traffic in networks has always been dominated by file transfers, an obser-
vation that has motivated previous work in scheduling file transfers. While these
previous research contributions address file transfers, they do not address the spe-
cial considerations required of packet-switched networks, in particular the issues of
routing and of simultaneous transmissions of files. In this paper, we generalize pre-
vious formulations of the problem to include routing and to allow for simultaneous
transmissions of several files. A few theoretical results are presented.
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applications, NP-Completeness, Algorithms.

1 Introduction

We consider the joint problem of scheduling and routing the transfers of very large files.
Our research is motivated by the increasing size and ambition of future networking appli-
cations, many of which will result in the movement of very large amounts of data across
networks. For example, scientific applications include the data movement requirements
of many grand challenge problems such as geophysical image data [?]. In education
and entertainment, multimedia files are expected to range in the thousands of gigabytes
[?, ?]. Another example is provided by the simple quotidian requirement of system back-
ups across networks [?]; many remote databases must be archived at some central site.
All these examples are characterized by large data transfers in which the sizes of individ-
ual data fragments are known. Furthermore, the resources needed for some cooperation
among network nodes in order to compute an efficient schedule of transfers will be small
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compared to the actual time taken in moving the files about, thus making the effort of
finding a good schedule appealing.

We formulate and analyze a file transfer scheduling problem that addresses many
shortcomings of previous formulations. Our formulation is constructed based on consid-
erations particular to what is expected to be the major domain of application, packet-
switched networks. Specifically, we augment previous models with a necessary practical
aspect, a routing component of the problem, and we consider link models more appro-
priate to the transfer of large files in packet-switched mode. We show that, true to the
difficult nature of the problem, many parametrically simplified versions of the general
problem are NP-complete. In addition, many standard approximation algorithms per-
form poorly in the worst case. Our results lead to the conclusion that the incorporation of
the slightest routing problem, and hence some added graph-theoretic complexity, vastly
increases the complexity of the general problem.

The problem of scheduling file transfers has surprisingly received limited attention in
the literature. We are aware only of a few publications on the subject [?, 7, 7, ?]. All
these seminal contributions study variations of the scheduling problem, but none tackle
the singularly special considerations of file transfers in packet-switched networks. For
example, they do not consider the fundamental problem of selecting routes and hence,
avoid the added graph-theoretic complexity imposed by routing. Their assumptions do
not allow links to be used simultaneously by several sessions, a key feature of packet-
switched networks. Finally, the above work is more suited to special-purpose networks
such as packet-radio networks [?, ?].

We organize this paper as follows. In Section 2, we present a formal description of our
problem. A survey of past research is then made possible in Section 3. Following this,
our complexity results are presented in Section 4, and a discussion of approximation
algorithms is found in Section 5. Concluding remarks appear in Section 6. Detailed
proofs of the theorems are included in the Appendix.

2 Problem formulation

Our problem of interest, the General File Transfer Scheduling problem (GFTS) has the
following components: a file transfer graph, a network graph, and a specification of a
link model.

The file transfer graph Gr = (Vr, Ar) describes the file transfer requirements. Each
arc a = (u,v) € Ar represents a file to be transferred from node u to node v; the weight
l(a) is the length of the file to be transferred. Nodes in VF are also called sources or
destinations of the transfers.

The network graph Gy = (Vn, EnN), VN D Vr, describes the network requirements.
Each edge e = (u,v) € En represents a full-duplex communication link between nodes
u and v; the weight s(e) is the speed of the link. Each node v € Vv has weight m(v),
denoting the amount of available memory at v. Since we are interested in problems with
very large files, we must consider the case in which network nodes may not be able to
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hold the entire file, thus defeating some potential parallelism in transferring files. For
each a = (u,v) € Ap, let Ry(a) denote the set of routes in Gy that file a may take
to accomplish the transfer. In this paper, we will assume that Ry is not restricted and
must itself be computed off-line, meaning that once a route is selected for a file transfer
it cannot be changed. Nodes in Vi — VF are called intermediate nodes.

The link model prescribes how contention among files for a link resource is resolved.
In previous studies, the serial model is used: at any given time, a link in Ey is used
by only one file. In our formulation of the problem we also consider the more practical
shared model, in which a link resource is packet-switched and hence, any number of files
may be using a link simultaneously, each rotating the use of the link on a packet-by-
packet basis rather than on a file-by-file basis (as in the serial model). For example, two
files, each of unit length sharing a unit speed link, take two time units each to get across
the link. Two files, where one has unit length and the other is of length two, require
three time units to complete (two time units while sharing the link, then one time unit
to service the remaining half of the second file).

The distinction between the serial and shared models may be made more precise via
the next example. Consider a two-node network with nodes 1 and 2 in which n files of
lengths I; <y <... <, are to be transferred from node 1 to node 2. Let s denote the
speed of the only link between the two nodes. In the serial model, the time to complete
transmission of file j depends on the order of transmission of the files. Thus, if files are
sent in the order 1,2, ..., n, then the transmission of file j is completed at time % z":l l;.
In the shared model, all files are simultaneously transferred and hence, initially, each file
is transferred at the shared speed of Z, until the smallest file is completed. Following
this, the remaining n — 1 files share the link, each encountering a speed of —*5. More
precisely, if we let C; denote the completion time of file 4 in the shared model in the above
example, then C; = C;_1 + "‘T’“ - (I; = li—1). Tt is easy to check that C),, = %Z?Zl l;
in this case. We will refer to the case with the serial model as GFT'S1 and to the case
with the shared model as GFT52.

Our problem is simply to arrange for the files to be transferred in the most efficient
manner. This arrangement involves determining for each file the route it will take from
source to destination and the times at which it begins transmission on various links. In
the serial model, we will use the conventional makespan of the schedule (the time required
to complete the transfers of all files) as the cost function, whereas for the shared model,
we will use the congestion factor (the worst delay across the most congested link) as
the cost function. A specific definition of the congestion factor will be given later. It
should be pointed out that the reason we choose congestion factor as the cost function
for GFTS2 is that in high-speed networks where the propagation delay is not very large
the cost of congestion usually dominates the transfer time. Figure 1 shows an example
of GFTS1, in which we assume that I(a) = 1 for a € Ap, s(e) = 1 for e € En, and
m(v) = oo for v € Viy. Note that link (ve,v7) € E is used by the transfers of files fs,
f1 and fg. Since the example is a serial model, this usage cannot be shared.

Since the cost function in the shared model is the congestion factor rather than
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Figure 1: An example of GFTS1

the makespan, we can interpret GFTS2 without using the notion of time. Let F' =
{f1,-.., fn} be the set of all files that need to be transferred, with lengths l1,ls,...,1,,
respectively. Next define the assignment variable d;c = 1 if and only if file f; is routed
over link e which has speed s(e). Finally, construct a weighted graph Gs = (Vs, Es)
where Vs = Vv, Es = EN and the weight of each edge e € Eg is defined as

Note that a proper schedule and selection of routes uniquely determines the assignment
variables d;.. We then define the congestion factor to be the maximum edge weight in Gs.
Therefore, minimizing the congestion factor in GFTS2 corresponds to minimizing the
maximum edge weight in Gg. We will refer to the weighted graph G's as the time-relazed
graph of the corresponding file transfer scheduling problem with shared model.

3 Previous work

The problem of scheduling file transfers was introduced by Coffman, Garey, Johnson and
LaPaugh in their seminal paper on the same subject [?]. In this and subsequent work
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on file transfers [?, 7, 7, ?], the problem formulation is a restricted version of the one we
have outlined in the following aspects:

e Routing. The additional complexity of routing is not considered.

e Memory. The memory problems associated with very large file sizes are not con-
sidered.

e Port constraints. The unsuitably restrictive constraint of limiting the number of
concurrent sessions to a small fixed number is characteristic of earlier formulations.

Note that the problem of forwarding is considered in [?], although single routes are
assumed (Va € Ap : |[Ry(a)| = 1).

In [?], the file transfer graph and network graph are the same, implying that sources
and destinations have a direct link between them. Preemption is not allowed. Coffman et
al show that their problem is NP-complete in general but also provide polynomial-time
algorithms for some special cases. They also analyze very thoroughly the well-known
list scheduling heuristic (which we also consider later), showing that in many cases, this
simple technique often performs within a factor of 2 or 3 of the optimal solution. The
paper mentions two open problems, both of which have been taken up in [?, ?].

We note that the original Coffman formulation restricted the network graph to the file
transfer graph and also introduced the notion of a port constraint with the motivation
that nodes represent machines with dialup modems. Home users would then have a
port constraint of one, whereas large systems would have higher port capacities. The
common graph would correspond to the telephone system. This model is also suited to
point-to-point networks such as those constructed to operate in packet-radio format [?].
Such a framework is also considered by Choi in [?], in which the additional complexity
of preemptive scheduling is allowed. Choi not only solves one of the open problems in
[?] (determining whether odd-cycles can be solved in polynomial time) but also presents
numerous useful results in the case that preemption is allowed. Again, some restrictions
are NP-complete and some have polynomial-time solutions. Some of the contributions
in [?] go beyond the file transfer problem to some general graph-theoretic results.

The other open problem mentioned in [?] is studied by Whitehead [?]: the case in
which forwarding is permitted. A fixed route is prescribed via directed arcs for some
source-destination pairs; the rest of the problem structure follows that in [?]. As one
might expect, the added complexity results in the NP-completeness of some of the polyno-
mially solvable versions of the original Coffman formulation. However, polynomial-time
solutions are given for the special cases of bounded-degree trees and single-edge cycles.

As the reader may have already inferred, our formulation differs from the ones above
both in structure as well as assumption. We explicitly allow for an arbitrary network
connecting the network nodes and hence, include the further complexity of selecting good
routes from sources to destinations. Note that a joint framework for routing and flow-
control was studied in [?]; however, the formulation in [?] is essentially a routing problem
modified to account for flow-control costs and does not have a scheduling component.
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Next, in the context of packet-switched networks, we reject the port constraint defined
in these earlier formulations; connections or sessions correspond to information streams
and logically, there is no reason to limit the number of such connections. Note that we
do not propose the use of preemption. We believe that preemption will very likely not be
an option in future networks just as it is not an option now. This is because even lower-
layer functions such as error control are expected to be performed end-to-end, leaving
no possibility for preemptive control inside the network at a higher level.

4 Complexity results

In this section, we present complexity results for GFTS1 and GFTS2. If there exists
an arc a = (s;,d;) € Ap such that there is no route between s; and d; in G, then file a
can never be transferred to its destination, and thus the cost of any schedule is co. We
therefore assume that for any a = (s;,d;) € Ar, there is at least one route between s;
and d; in Gy, i.e,, |[Ry(a)| > 1.

We say that a file transfer graph Gg is bipartite if Vi is partitioned into the set of
sources and that of destinations and each arc connects a source to a destination. We
say that a network graph is bipartite if there is no intermediate node, i.e., Vy = Vp,
the set of network nodes is partitioned into the set of sources and that of destinations,
and each edge (link) connects a source and a destination. For simplicity, in the following
discussion we assume that G r is always bipartite and that G is bipartite or of otherwise
specified graph structure. We would like to point out that although the bipartite struc-
ture only represents a small group of packet-switched networks, the NP-completeness of
the bipartite structure we shall establish below implies the NP-completeness of arbitrary
graph structures. Due to the page limit of this paper, we will put the detailed proofs of
the theorems presented in this section and the next section into the Appendix.

The first two theorems are about the complexity of GFT'S1 and GFTS2 when the
file lengths are arbitrary.

THEOREM 1 If GF and Gy are both bipartite, files have arbitrary lengths and links have
unit speeds, then GFTS1 is NP-complete.

THEOREM 2 If G and G are both bipartite, files have arbitrary lengths and links have
unit speeds, then GFTS2 is NP-complete.

The next two theorems are about special cases of GFTS1 and GFTS2, which are
solvable in polynomial time.

THEOREM 3 If Gp and Gy are both bipartite, then GFTS1 is polynomial when
1. G has no multi-arcs, or

2. Gn has no multi-edges, or

564



v \5 M \5
v A v 6
s Vi 5

<
<
E
o
<

File transfer graph Network graph

Figure 2: Extension of a bipartite graph

3. Gr and GN have multi-arcs and multi-edges, respectively, files have unit lengths
and links have arbitrary speeds.

THEOREM 4 If G and G are both bipartite, then GFTS2 is polynomial when
1. G has no multi-arcs, or
2. G has no multi-edges, or

3. Gr and GN have multi-arcs and multi-edges, respectively, files have unit lengths
and links have arbitrary speeds.

Our next two results are a little more surprising. We consider the case in which a
network graph differs only slightly from a bipartite graph by having an additional layer
of intermediate nodes between sources and destinations, as is shown in Figure 2. We call
this kind of graph 3-layered.

THEOREM 5 If G is bipartite with only single-arcs, Gy is 3-layered with only single-
edges, files have unit lengths and links have unit speeds, then GFTS1 is NP-complete.

THEOREM 6 If Gp is bipartite with only single-arcs, Gy is 3-layered with only single-
edges, files have unit lengths and links have unit speeds, then GFTS2 is NP-complete.

Finally, we show that even for a simple network graph like a ring, GFTS2 remains
to be NP-complete.

THEOREM 7 If GF is bipartite with only single-arcs, Gn is a ring without intermediate
nodes, files have arbitrary lengths and links have arbitrary speeds, then GFTS2 is NP-
complete.

5 Approximation algorithms

Since even the simplest versions of GFTS1 and GFTS2 are NP-complete, we next
consider the design of fast approximation algorithms. In particular, we wish to examine
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standard scheduling heuristics like list scheduling [?, ?] and its variations. In list schedul-
ing, a priority list of all files (f1, fa, ..., fr) is given and files are scheduled for transfer in
the order the files appear in the priority list. Since the algorithm handles a file without
knowing files following it in the list, list scheduling is in fact an on-line algorithm [?]. To
evaluate the worst-case performance of the algorithm, we use the conventional worst-case
performance ratio maxyr{ OLPS—J%}, where OPT(I) is the value of the cost function of the
optimal file transfer schedule of instance I, and LS(I) is the value of the cost function
of the schedule of I obtained by the list scheduling algorithm. For simplicity, we assume
that m(v) is arbitrarily large. This assumption implies that node v can hold any number
of files, and thus we do not have to consider the memory constraints while scheduling
file transfers. We also assume that files have unit lengths and links have unit speeds.
Consider the following method of creating a list schedule.

e List Scheduling 1 (LS1): For file f; = (s;,d;) € Ar (I =1,2,...,n), find any route
between s; and d; in G, and then schedule f; along this route.

In the serial model, a file stays at an intermediate node only when the link it chooses
to use in the next time step is busy transferring a higher priority file, while in the share
model, several files may share a link. We have the following theorem about the worst-case
performance of LS1.

THEOREM 8 In both GFTS1 and GFTS2, maXVI{(I)’g;T((?)} — 00 as M — 00.

We notice that LS1 chooses a route for a file arbitrarily. However, to minimize the
cost function of the scheduling, we should avoid using any link too many times. With
this goal in mind, we define the following modified list scheduling heuristic.

e List Scheduling 2 (LS2): For file f; = (s;,d;) € Ar (I =1,2,...,n), find a route
between s; and d; in G with the fewest links that have been used before, and
then schedule f; along this route.

THEOREM 9 In both GFTS1 and GFTS2, maxw{%} — 00 as N — 00.

We notice LS2 still cannot avoid heavy use of a certain link in some situations.
What we want is a load balancing scheme that ensures even use of all links in the
network. Let num(e) be the number of times link e € Ex has been used so far. Define
u = maxy.{num(e)}. We then present another variation of the list scheduling algorithm.

e List scheduling 3 (LS3): For file f; = (s;,d;) € Ar (I =1,2,...,n), find a route
between s; and d; in Gn with the smallest increase in y, and then schedule f;
along this route.

THEOREM 10 In both GFTS1 and GFTS2, maxw{é“%q%))} — 00 as N — 00.
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Thus, various versions of list scheduling ranging from the naive to the more complex
all perform rather poorly in the worst case. However, the worst-case analysis may be
overly pessimistic. A better performance measure is the average-case analysis. Although
we do not have any analytic results, preliminary simulation experiments show that in
practice both LS2 and LS3 outperform LS1 by a large margin while LS3 constructs file
transfer schedules just a little better than LS2 does.

6 Conclusions

We have presented a general file transfer scheduling problem motivated by the anticipated
large sizes of files in the applications of the future. We formulated an optimization prob-
lem that involves both scheduling as well as routing components. We have shown that
various simplified versions of the general problem are NP-complete. Furthermore, the
standard list scheduling algorithm performs poorly even when significantly augmented
to account for link overlaps. Our main conclusion is therefore, the introduction of the
slightest routing component vastly increases the complexity of the problem, even for
approximation algorithms. Several research directions are evident: one, there may be
better heuristics; two, there may be additional special cases which are solvable in polyno-
mial time; and finally, there are considerations driven by networking applications, such
as the need for a distributed approximation algorithm.
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Routing and Scheduling File Transfers in
Packet-Switched Networks
— Appendix

THEOREM 1 If Gr and G are both bipartite, files have arbitrary lengths and links have
unit speeds, then GFTS1 is NP-complete.

Proof This can be proved by a simple reduction from the NP-complete Multiprocessor
Scheduling (M S) problem.

In MS, we are given m > 2 identical processors, and n independent jobs of lengths
P1,D2, - -, Pn, respectively. Let us define an instance for GFTS1 as follows: Gr =
({s,d},{a1,a2,...,a,}), where a; = (s,d) and l(a;) = p;, for i = 1,2,...,n. Gy =
({s,d},{e1,e2,...,em}), wheree; = (s,d) and s(e;) = 1,fori =1,2,...,m. See Figure 3.
It is easy to prove that there is a nonpreemptive multiprocessor schedule with makespan
< B if and only if there is a file transfer schedule for the instance defined above with
makespan < B.
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Figure 3: An instance for GFTS1

Since the reduction can be performed in polynomial time, and the problem is clearly
in NP, the result follows. O

THEOREM 2 If GF and Gy are both bipartite, files have arbitrary lengths and links have
unit speeds, then GFTS2 is NP-complete.

Proof Although the cost function for GFT'S2 is the maximum edge weight in the cor-
responding time-relaxed graph Gg, the NP-completeness proof in Theorem 1 applies
identically to GFTS2. O

THEOREM 3 If Gp and Gy are both bipartite, then GFTS1 is polynomial when
1. G has no multi-arcs, or
2. G has no multi-edges, or

3. Gr and GN have multi-arcs and multi-edges, respectively, files have unit lengths
and links have arbitrary speeds.

Proof First, consider the case that Gr has no multi-arcs. Since there is a link (route)
in Gy for each file in G, all files can be transferred in parallel. If there is more than
one link for a file, choose the fastest one. Therefore, the minimum makespan is

{ l(a) }
max -
Va=(v1,v2)EAF maxVe:(vl,vg)EEN{s(e)}

It is not hard to see that it takes O(|Ar|+|En|) time to compute the minimum makespan
and construct the optimal schedule.

Next, consider the case that Gx has no multi-edges. Since Gr may have multi-arcs,
files having the same sources and the same destinations are transferred sequentially, and
files having different sources or different destinations are transferred in parallel. Define

= = (Vr, A%) to be Gr with each multi-arc replaced by a single-arc of weight being
the sum of those on the multi-arc. Therefore, the minimum makespan is

ax l(a)
Va=(vi,v2)ed,, | s(e) for e = (v1,v2) € En |~
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It is not hard to see that it takes O(|Ar|) time to compute the minimum makespan and
construct the optimal schedule.

Finally, consider the case that Gr and G have multi-arcs and multi-edges, respec-
tively, files have unit lengths and links have arbitrary speeds. Files having the same
sources and the same destinations make full use of the multiple links (routes) available
in G. Therefore, the minimum makespan is

%
w2y, M)}

where M*(v1,v2) is the minimum makespan to transfer n (the number of arcs from v; to
vy in G) files of unit length using m (the number of edges between vy, v2 in G) links of
arbitrary speeds. This is equivalent to the classical problem of scheduling n unit-length
jobs on m uniform machines, which according to [?, ?] can be solved in O(n?) time. It
is not hard to see that it takes O(]Ar|?) time to compute the minimum makespan and
construct the optimal schedule. O

THEOREM 4 If GF and Gy are both bipartite, then GFTS2 is polynomial when
1. G has no multi-arcs, or
2. G has no multi-edges, or

3. Gp and GN have multi-arcs and multi-edges, respectively, files have unit lengths
and links have arbitrary speeds.

Proof Although the cost function for GFTS2 is the maximum edge weight in the cor-
responding time-relaxed graph G, the algorithms described in the proof of Theorem 3
all work well for the corresponding cases of GFT'S2. O

THEOREM 5 If G is bipartite with only single-arcs, Gn is 3-layered with only single-
edges, files have unit lengths and links have unit speeds, then GFTS1 is NP-complete.

Proof Consider the NP-complete Timetable Design (T D) problem defined in [?]. Given
a set of three work hours H = {hq, ha, hs}, a set of craftsmen C = {c1,c2,..., ¢m}, and
a set of tasks T = {t1,t2,...,tn}. Let A(c) C H be the available hours for ¢ € C,
A(t) = H be the available hours for ¢t € T', and R(c,t) = 0,1 be the required work hour
for c € C ont € T. The problem asks to define a function f : C x H x T — {0,1}
such that (1) f(c,h,t) = 1 only if h € A(c); (2) Ve, h, there is at most one ¢ for which
fle,h,t) =1; (3) Vh,t, there is at most one ¢ for which f(c, h,t) = 1; and (4) Ve, t, there
are exactly R(c,t) values of h for which f(c, h,t) = 1.

Let us define an instance for GF'TS1 as follows: Gr = (CUT, {(c,t)|R(c,t) = 1}),
Gy = ((CUT)U{h1,ha,h3}, {(c,h)|h € A(c)}U{(h,t)|h € A(t)}), and the upper bound
B for makespan is 2. As we understand, l(a) =1 for a € Ap, and s(e) =1 for e € En.
For exa,mple, if H = {hl,hQ,h3}, C = {01,02,03,64}, T = {tl,tQ,t3}, A(Cl) = {hl,hz},
A(Cg) = {hl,hz,hg}, A(Cg) = {hz,hg}, A(C4) = {hg}, and R(C,t) is defined to be 1
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Figure 4: An instance for GFTS1 with one layer of intermediate nodes

except that R(ci,t2), R(c2,t1), R(cs,t1) and R(cs,t2) are 0, then the corresponding
instance for GFT'S1 is shown in Figure 4.

We claim that T'D has a timetable if and only if there is a file transfer schedule for
the instance defined above with makespan 2. Assume that T'D has a timetable, i.e., there
is f:Cx HxT — {0,1}. Consider all triples (¢, h,t) with f(c, h,t) = 1, each of which
corresponds to a route in Gy. Because of requirements (2) and (3) in the definition
of TD, these routes are all edge-disjoint. Furthermore, because of requirement (4), for
each file (¢,t) € A, there is exactly one route. This indicates that all files in Gr can
be transferred in parallel. Therefore the makespan is 2. Assume that the instance for
GFTS1 has a schedule of makespan 2, i.e., there are edge-disjoint routes in G, one for
each file in Grp. We define f such that f(c,h,t) = 1 if and only if route (¢, h,t) in Gy
is used to transfer file (c,t). It is obvious that requirement (1), (2), (3), and (4) are all
satisfied. Therefore, T'D has a timetable. We conclude that GFTS1 is NP-complete.
O

THEOREM 6 If Gp is bipartite with only single-arcs, Gy is 3-layered with only single-
edges, files have unit lengths and links have unit speeds, then GFTS2 is NP-complete.

Proof If we change the bound B to 1, the proof of Theorem 5 applies identically to
GFTS2. O

THEOREM 7 If GF is bipartite with only single-arcs, Gy is a ring without intermediate
nodes, files have arbitrary lengths and links have arbitrary speeds, then GFTS2 is NP-
complete.

Proof We show NP-completeness by a reduction from the following NP-complete prob-
lem: given a set of positive numbers A = {a1,...,a,} and a positive number a, is there
a partition Ay, Ay of A such that max{}_, .4 @i, ), c4,0i} < a?

Given an instance of the above problem, construct an instance of GFT'S2 as in Figure
5. The bipartite file transfer graph G simply consists of sending a file of length a; from
node i to node n + i, i.e., arc (i,n + 1) has weight a; for i = 1,2,...,n. The network
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Figure 5: An instance of GFTS2 when Gy is a ring
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Figure 6: An instance for LS1

graph is a ring of 2n nodes, where links (1,n + 1) and (n,2n) have unit speeds while
other links in the ring have arbitrarily high speeds.

Consider the time-relaxed graph Gg for the instance. We observe that in Gg either
edge (1,n+ 1) or edge (n, 2n) will have maximum weight among all edges in Gs because
all the delay will occur on these two slow links. We also observe that every file must use
exactly one of these two edges. Since the cost function in GFTS2 is the maximum edge
weight in G's, it will be less than or equal to a if and only if max{},. c 4, @i, D 4, ca, @i} <
a, which completes the proof. O

THEOREM 8 In both GFTS1 and GFTS2, maxw{%} — 00 a8 N — 00.

Proof Let us consider the instance I in Figure 6, where the network graph has k layers
of intermediate nodes.

Clearly, in the optimal schedule, all n files are transferred in parallel, i.e., file f; =
(si,d;) uses route s; — il — i2 — --- = ik = d;, for i = 1,2,...,n. In the serial
model, since it takes k + 1 steps to travel from a source to a destination in the network
graph, OPT(I) = k + 1, while in the shared model, since each link is used by at most
one file, OPT(I) = 1. Assume that the priority list is ((s1,d1},{s2,d2), ..., (Sn,dn)). In
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Figure 7: An instance for LS2

the worst case for LS1, which may be achieved by certain implementation of LS1, all n
files use the topmost route of intermediate nodes 11 — 12 — --- — 1k. Therefore, in the
serial model, LS1(I) = (k+ 1)+ (n—1) = k +n, while in the shared model, LS1(I) = n.
So maxw{gg;T((lI))} — 00 as n — oo in both models. O

THEOREM 9 In both GFTS1 and GFTS2, maxw{%} — 00 as M — 00.

Proof Let us consider the instance I in Figure 7, where the network graph has 4 layers
of intermediate nodes.

Clearly, in the optimal schedule, file f; = (s1,d;) uses route s1 — 11 — 12 — 13 —
14 — dy, and file f; = (s;,d;) uses route s; = (1 —1)1 = (i — 1)2 —» i3 = 4 — d;, for
i=2,3,...,n. Only link (11,12) in Gy is used twice. Therefore, OPT(I) =5+1=6
in the serial model, and OPT(I) = 2 in the shared model. Assume that the priority list
is ((s1,d1),(s2,da),...,{(sn,dy,)). In the worst case for LS2, file f; = (s1,d;) uses route
s1 > 11 - 12 - 13 — 14 — d4, and file f; = (s;,d;) uses route s; = il — i2 — 13 —
14 — d;, for i = 2,3,...,n. Therefore, in the serial model, LS2(I) =5+ (n—1) =n+4,
while in the shared model, LS2(I) = n. So maxw{%} — 00 as n — oo in both
models. O

THEOREM 10 In both GFTS1 and GFTS2, maxvf{é“}‘zg,((?)} — 00 as M — 00.

Proof Let us consider the instance I in Figure 8, where the network graph has 1 layer
of intermediate nodes and n=1+2+---+ h.

Clearly, in the optimal schedule, all n files are transferred in parallel, i.e., file (s;,d;;)
uses route s; — i(j+1) — d;; if i # j, and it uses route s; — i1 — d;; if i = j. Therefore,
OPT(I) = 2 in the serial model, and OPT(I) = 1 in the shared model. Assume that
the priority list is ((s1,d11), (s2,d21), (52,d22), .-, (Sh,drn)). In the worst case of LS3,
file (s;, dij) uses route s; — i1 — d;;. To better understand this, note that when all files
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whose sources have indices less than or equal to some constant k are completed, p = k.
To transfer the files with sources of index k + 1, we can choose any route as long as the
increase of y is minimal. Therefore we can use route sp1 — (k + 1)1 = d(p1); for file
(8k+1,d(k+1);) With j < k, keeping p unchanged. However, when it comes to transfer
(8k+1,d(k+1)(k+1))> We have no choice but to use route sp11 = (kK + 1)1 = dgq1)(k+1)s
thus increasing p by 1 to k + 1. Therefore, LS3(I) = 2+ (h — 1) = h + 1 in the serial
model, and LS3(I) = h in the shared model. So maxvf{%} — 00 asn — oo in
both models. O
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