
Pergamon 
09668349(9qoooo9-7 

Locutw~~ Snn~cr, Vol. 3. No. 2. PP. 107~ 124. 1995 
Elswer Science Ltd. Printed m Great Bntam 

0966-8349’95 $9.50 + 0.00 

AN ANALYSIS OF SERVICE SCHEDULES FOR THE MOBILE 
k-SERVER PROBLEM 

WEIZHEN MAO* 
Department of Computer Science, The College of William and Mary, Williamsburg, VA 23187-8795, U.S.A. 

and 

REX K. KINCAIDt 
Department of Mathematics, The College of William and Mary, Williamsburg, VA 23187-8795. U.S.A. 

(Received March 1994; in revisedform June 1995) 

Abstract-In the mobile k-server problem, servers with fixed home locations travel to locations of 
requests to provide service and then return to their home locations. Given the home locations of 
the k-servers, the service times, release times and locations of the n requests, we seek to determine 
a service schedule so that the total waiting time of all requests is minimized. In this paper, we 
exploit the strong connection between the mobile k-server problem and job scheduling. We present 
optimal algorithms for a few special cases of the problem and provide worst-case performance 
analysis of some heuristics for the general case. For the special cases it is possible to rank order 
competing sets of home locations with respect to total (or average) waiting time. 

Keywords: Mobile server, scheduling, complexity, algorithms. 

1. INTRODUCTION 

Mobile servers arise in both the public and private sectors. Examples are widespread and 
include automated guided vehicles, elevators, heads on a disk drive, firetrucks, repair services 
for utilities, and taxicabs. The most often cited example is a public service system such as 
an emergency medical system, in which ambulances are sent to accident sites, perform 
on-site care, and return with the patients to hospitals. In each of these examples some 
metric must be imposed to quantify the level of service provided by the mobile servers. 
Although effectiveness and equity can be important measures of service, we focus on 
efficiency as measured by the total waiting time of the requests. Savas (1978) provides a 
discussion of appropriate performance measures for public service systems. 

In the standard multi-server model of the traditional queueing theory, mobile requests 
(jobs or customers) travel to the stationary servers (machines or processors) seeking service. 
An interesting variant of the traditional multi-server model is the mobile k-server model. 
Here the travel component is reversed with respect to the requests and the servers. The 
servers are mobile and travel on a network to service stationary requests at the network 
nodes. A wealth of locational research has focused on the problem of determining the home 
locations of the servers and, surprisingly, almost no analytical results have been obtained 
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for the case where the home locations of the servers are known a priori. One of the potential 
uses of our analysis is in the evaluation of sets of competing home locations. In some cases 
the analytical results we present determine the optimal queue discipline given a set of home 
server locations and, consequently, the minimum total waiting time is known. In these 
cases competing sets of home locations can be compared with respect to the performance 
measure of total (or average) waiting time. We begin by reviewing some of the work on 
the home location problem, with particular emphasis on the efforts to include stochastic 
elements. 

Finding good home locations for the k servers is difficult, even in a deterministic 
environment. For example, the goal in the NP-complete p-median problem is to determine 
the set of p server home locations that minimizes the sum of the distances from each request 
to its closest server home location. In a stochastic environment, if the congestion is low then 
it is intuitive that the k server home locations should be the p-median solution. For more 
details on the p-median problem and location analysis, the interested reader is referred to 
Hakimi (1964), the seminal reference, or Brandeau and Chiu (1989), who provide an excellent 
survey of fifty representative problems in location analysis. The desire to include stochastic 
components in the mobile k-server home location problem has led to two broad analytic 
approaches. Although many interdependencies exist, one approach can be categorized as 
queueing theory based and the other approach as integer programming based. 

The queueing theory based approach can be traced to the seminal paper of Larson 
(1974), which introduces the hypercube model. In hypercube models the steady state 
behavior of the queue is exploited to develop efficient algorithms. Berman et al. (1990) 
provide a recent summary of the research efforts associated with this approach. There are 
two main assumptions placed on the queue of requests for service. The queue is conservative 
(if a request for service arrives and a server is available then a server responds immediately 
to the request), and the queue discipline is first-come-jut-serve (FCFS). Much of the work 
in this area assumes that only one request is serviced per trip and that the server must 
return to its home location before the servicing of another request can begin. 

The integer programming based approach has its roots in the seminal papers of Toregas 
et al. (1971) and Church and ReVelle (1974). Both employ integer programming models of 
covering problems as a mechanism for generating good solutions to the k-server home 
location problem. Extensions of these covering models have included constraints for backup 
coverage, expected coverage, and probabilistic coverage. These models typically assume 
that the probability of “busyness” of one server is independent of any other server. Shilling 
et al. (1993) provide a comprehensive summary of the literature related to covering models 
and the siting of facilities. With respect to probabilistic covering and backup models the 
reader is referred to Daskin et al. (1988) and Marianov and ReVelle (1992). 

In addition to these analytical approaches there are several simulation-based mobile 
server models. Uyeno and Seeberg (1984) develop a detailed simulation model to find 
ambulance home locations in British Columbia while Lubicz and Mielczarek (1987) 
determine the number of ambulances needed to service a rural emergency medical system 
in Poland. In addition to the siting problem, Fujiwara et al. (1987) examine the effects of 
a demand increase on current ambulance deployment in Bangkok, Thailand. Park et al. 
(1992) use a simulation model to study the effect of the transient behavior of the queue 
and to examine the performance of both traditional (first available and districting) server 
disciplines as well as non-traditional (look ahead) server disciplines that include knowledge 
of when the next server will become available. 
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One final category of literature related to the mobile k-server problem is the on-line 
k-server problem studied by Manasse et al. (1990) and Chrobak et al. (1990). In the on-line 
models, requests have no service times and release times (the time a request for service is 
made) and are generated randomly in some underlying metric space; home locations for 
the servers are not prescribed and congestion is not considered as part of the performance 
measure of the system. The objective is to determine a strategy which minimizes the sum 
of the distances traveled by each of the k servers to service all requests. A typical algorithm 
moves all servers towards a request until one server covers it. 

Our statement of the mobile k-server problem most closely follows Berman er al. (1990) 
with the following exceptions. First, we assume that the home locations of the servers are 
given a priori and that it is not necessary to have a conservative FCFS queue discipline. 
Second, the problem we study makes no assumptions about the underlying distribution 
associated with the requests for service. The servers S,, S,, . . . , S, are mobile and travel 
on a network, usually a two-dimensional metric space, to serve the stationary requests R,, 
R 2, , . . , R,. Each server Si has a fixed home location (X(Si), y(S,)), and after traveling to a 
request at speed ui and providing service to the request, a server always returns home to 
wait for another service request. Each request Rj requires service time pj and is released 
at time rj at location (x(Rj), y(Rj)). When a request arrives at its designated location in the 
network, the scheduler either assignes an idle server to it or lets the request wait. The 
waiting time or response time wj of request Rj is the difference between the time when the 
request is given service, i.e. the starting time sj, and the time when the request is available, 
i.e. the release time rj. So we have 

wj = sj - rj. 

Let dij be the Euclidean distance (or the shortest path distance if an underlying graph is 
specified) between the home location of Si and the location of Rj, i.e. 

dij = J(X(Si) - .~(Rj))’ + (Y(Si) - Y(Rj))2. 

Note that even if a server Si is assigned to a request Rj immediately after Rj is released, 
Rj still has to wait dij/vi ‘time units before it is serviced. So wj 2 dij/ui if R, is served by Si. 
We wish to design a service schedule such that the total waiting time of the requests, Zjwj, 
is minimized. Note that an equivalent measure that is often used is the average waiting 
time iXjwj. It is clear that minimizing Zjwj also minimizes $ Zjwj and vice versa. 

In this paper we view the mobile k-server problem as a job scheduling problem and use 
this approach to design optimal algorithms for a few special cases and analyze the worst-case 
performance of some heuristics for the general case. We organize the paper as follows. In 
Section 2, we consider the case when all requests have equal release times and present 
efficient optimal algorithms for the mobile k-server problem when k = 1 and when k 2 2. 
In Section 3, we consider the case when requests have arbitrary release times. First, we 
show that when release times are arbitrary the mobile k-server problem is NP-complete, 
even when there is only one server. We then analyze the worst-case performance of two 
heuristics for the queue disciplines--first-come-Jrrst-seroe (FCFS) and shortest-available- 
request-jrst (SARF)---when there is only one server. For the multi-server version, we define 
earliest-request-closest-server (ERCS) and shortest-request-closest-server (SRCS), which are 
the generalizations of FCFS and SARF, respectively, and establish some worst-case 
performance bounds. In Section 4, we conclude with a summary of our contributions. 
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s2 

Fig. 1. A schedule. 

s8 

2. EQUAL RELEASE TIMES 

In this section, we consider the case when rj = r forj = 1,2, . . . , n and some fixed constant 
r. Without loss of generality, let rj = 0 forj = 1,2 . . . , n, i.e. all requests are available at time 0. 

2.1. Single mobile server 

When there is only one server, i.e. k = 1, the mobile l-server problem is in fact equivalent 
to a job scheduling problem, where n jobs are to be scheduled on a single machine in such 
a way that the total completion time of all jobs, CjCj, is minimized. Using the a1 fl[ y 
notation introduced by Lawler et al. (1990), this scheduling problem is denoted as 1 11 IZjCj. 
To be more specific, let the single machine M, correspond to the single server S, with 
speed ul and the n jobs J,, J,, . . . , .I, to the n requests R,, R,, . . ., R,. Let the execution 
time of Jj be Pj + 2dlj/v, and the release time of Jj be 0. 

Note that wj = sj - rj = sj - 0 = sj. From Fig. 1, we then have that the completion time 
Cj of job Jj is 

cj = sj + Pj + dlj/U, = Wj + pj + dlj/Ul 

and the total completion time CjCj is 

nCj=nwj+nPj+ndljlvl* 
j j j i 

Since Cjpj and Cjdlj/vl have nothing to do with the schedule and are solely determined 
by the input parameters, they can be treated as constants. Therefore, minimizing ~jCj in 
1 /I CjCj is equivalent to minimizing ~jWj in the mobile l-server problem with ri = 0 for 

j= 1,2,..., n. According to Smith (1956), the shortest-job-Jirst (SJF) queue discipline gives 
the optimal solution for 1 11 CjCj. The algorithm first sorts the jobs by nondecreasing 
execution time pj + 2d, j/u1, and then schedules the jobs on the machine in that order. We 
then have the following theorem. 

Theorem 1. The mobile k-server problem is solvable in O(n log n) when k = 1 and rj = 0 
forj = 1, 2, . . . . n. 

2.2. Multiple mobile servers 

When there are two or more servers, i.e. k > 2, the mobile k-server problem is related 
(but not equivalent) to the scheduling problem R )I ZjCj, where n jobs are to be scheduled 
on k unrelated machines in such a way that the total completion time of all jobs, CjCj, is 
minimized. To be more specific, let the k machines M,, M,, . . ., M, correspond to the k 
servers S,, S,, . . . . S, and the n jobs J,, J,, . . . , J, to the n requests R,, R,, . . . . R,. Let 



An analysis of service schedules for the mobile k-server problem 111 

the execution time of Jj be pj + 2dij/ui if Jj is scheduled on Mi and the release time of Jj 
be 0. See Table 1 for the definition of the jobs’ execution times. 

Table 1. Execution times 

J, J, J” 

Ml 
M2 

~2 f 24,h 
~2 + %,lv, 

... 
“’ 

P,, f %,lv, 
P. f -%lv, 

~2 f W,lv, ..’ P. + &Iv, 

Note that wj = sj - rj = sj - 0 = sj. Assume that Jj is scheduled on MicjJ, where i(j) is 
a function determined by the job-machine assignment, we then have that the completion 
time Cj of job Jj is 

Cj = Sj + Pj + di(j)j/ui(j) = wj + Pj + dicj,j/uicj, 

and that the total completion time EjCj is 

n Cj = n Wj + fl Pj + n di(j)jlui(j). 
j j j j 

Since CjPj has nothing to do with the schedule and is solely determined by the input 
parameters, it can be treated as a constant. However, ZjdiCijj/uicjj is related to the schedule, 
in the sense that i(j) is the index of the machine that executes Jj in the schedule. Therefore, 
minimizing CjCj in R 11 ZjCj is not equivalent to minimizing Xjwj in the mobile k-server 
problemwithk>2andrj=Oforj=1,2,...,n. 

We observe that despite their differences, R 11 IZjCj and the mobile k-server problem with 
ka2andrj=Oforj= 1,2,..., n are similar in many aspects. These similarities allow us 
to use the same idea as in the algorithm that solves R 11 CjCj, which is given by Bruno 
et al. (1974), to solve the mobile k-server problem. In their algorithm, the scheduling problem 
R II CjCj is formulated as an integer program. The structure of this integer program is such 
that it can be converted to an equivalent problem of finding a minimum weight matching 
of a weighted bipartite graph, which can then be solved efficiently. Here, to solve the mobile 
k-server problem with k 3 2 and rj = 0 for j = 1, 2, . . . , n, we use a similar idea. 

We first observe that since all requests are available at time 0, a server never has to wait 
before serving the next request. This means that for any server, there is no idle period 
between the services of two requests, otherwise, we can always obtain a shorter total waiting 
time by removing the idle period. Given any instance of the mobile k-server problem with 
k32andrj=Oforj= 1,2,..., n, a feasible assignment of the servers to the requests can 
be described by a set of O-l variables xi+ j, I, where xi, j, 1 = 1 if R, is the Ith last request 
served by Si and Xi, j, 1 = 0 otherwise. Since rj = 0, then wj = sj - rj = sj - 0 = sj. Now 
consider the total waiting time Xjwj, which is also the C, y, where @ is the sum of the 
waiting times (starting times) of all requests served by Si. To compute K, let us consider 
the example in Fig. 1. For this example let k 2 2 and let server S, first provide service to 
R 5, then to R,, and finally to R,. It is obvious that WI = w5 + w2 + w8 = 
sg + sz + sg = (d1&1) + (~5 + 2d,,lu, + d,,lu,) + (ps + 2d,,lu, + ~2 + 2d,,lu, +4,/d = 

(2p, + Sd,,/u,)x,, 5, 3 + (p2 + 3d,21u,)x,, 2. 2 + (d,,/u,)x,, 8. 1. To generalize the formula, 
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we have 

and 

F = n ((l - l)pj + (21 - l)dij/UJxi, j, [ 

j, I 

fl wj = y W = JIl ((I - l)Pj + C21 -.lVijlvJxi, j, I* 
j 

The mobile k-server problem then becomes the following O-l integer program: 

subject to 

min fl ((l- l)pj + (21- l)dij/OJxi,j,l 

i, j, 1 

Ex~,~,[= 1 forj= 1,2 ,..., n 

n xi, j,, < 1 for i = 1, 2, . . . , k, I = 1, 2, . . . , n (2) 

‘i. j, 1 = 0, 1 for i = 1, 2, . . . , k, j = 1, 2, . . , , n, 1 = 1, 2, . . . , n. (3) 

Constraint (1) ensures that each request is served exactly once and constraint (2) ensures 
that each position on each server is occupied by at most one request. 

To solve this integer program, we define a weighted complete bipartite graph 
G = W,uV,,Q,whereVl = {R1,R1,...,R,},T/z = {Sll,S12, . . ..Sl.,,SZ1,&, . . ..SZn...., 
&I, SkZ, ..', Sk”}, and the weight w(Rj, S,J on edge (Rj, Sil) is (I - l)pj + (21 - l)dij/ui for 
i=l,2 9 *a*, k, j = 1, 2, . . . , n and 1 = 1, 2, . . . , n. Figure 2(a) shows a complete bipartite 
graph with k = 2 and n = 3. We see that any definition of Xi, j, l for i = 1, 2, . . . , k, j = 1, 
2 , . . . , n and 1 = 1, 2, . . . , n which satisfies constraints (l), (2) and (3) defines a matching in 
G, i.e. xi, j, l = 1 if and only if edge (Rj, S,,) is in the matching. Constraint (1) implies that 
for each Rj~ VI there is exactly one edge with Rj as one endpoint in the matching and 
constraint (2) implies that for each S, E V, there is at most one edge with S, as one endpoint 

Sll 

s12 
4 

s13 

R2 x Y 
s21 

R3 

s22 

Fig. 2. (a) A complete bipartite graph G; (b) A network G’ with source X and sink Y; 



An analysis of service schedules for the mobile k-server problem 113 

in the matching. The integer program is then equivalent to finding a matching in G with 
the minimum total weight. 

As pointed out by Tarjan (1983), the above minimum weight matching problem can 
further be reduced to a minimum cost maximum flow problem. Let G = (V,u V,, E) be 
the complete bipartite graph defined earlier. Let X and Y be two new vertices. Construct 
a directed graph G’ with vertex set Vi u I’, u {X, Y}, source X, sink I: arcs (X, Rj) of 
cost 0 for every Rjc VI, arcs (Rj, Sir) of cost w(Rj, SiI) for every (Rj, S&E,?, and arcs 
(Sir, Y) of cost 0 for every Si, E V,. Finally, we assume that the flow capacity of each arc 
in G’ is 1. See Fig. 2(b). Therefore, finding the minimum weight matching in G is equivalent 
to finding the minimum cost maximum flow from source X to sink Yin network G’. By 
Tarjan (1983), if a unit-capacity network has u vertices and a arcs, then the minimum cost 
maximum flow can be found in O(u * a. log, +a,v~). Since u = n + kn + 2 and 
a = n + n * kn + kn, the mobile k-server problem can therefore be solved in O((n + kn + 2) 
(n + kn2 + kn)log 2 + (n + kn* + kn)/(n + kn + 2)(n + kn + 2)) = W 2n3 log kn). We have the following 
theorem. 

Theorem 2. The mobile k-server problem is solvable in 0(k2n3 log kn) when k > 2 and 
ri=Oforj= 1,2 ,..., n. 

3. ARBITRARY RELEASE TIMES 

In this section, we consider the case when rj is arbitrary. Since requests arrive at arbitrary 
times, it becomes difficult to determine a service schedule that minimizes the total waiting 
time. We shall see that whether k = 1 or k > 2, the mobile k-server problem with arbitrary 
release times is intractable. 

3.1. Single mobile server 

The mobile k-server problem with k = 1 is equivalent to the scheduling problem 
11 rj 1 ZjCj, where n jobs with arbitrary release times are to be scheduled on a single machine 
in such a way that the total completion time of all jobs, EjCj, is minimized. The equivalence 
is achieved by defining the execution time of job Jj to be pj + 2dlj/u, and the release time 
of Jj to be rj. 

Since wj = sj - rj, we have that the completion time Cj of job Jj is 

Cj = ~j + Pj + d,j/Uj = Wj + rj + pj + d,jJv, 

and that the total completion time ZjC, is 

n Cj = n Wj + n rj + n Pj + n dlj/U,. 
j i i i j 

Since Cjrj, C,p, and ~jdlj/vl have nothing to do with the schedule and are solely 
determined by the input parameters, they can be treated as constants. Therefore, minimizing 
C,C, in 11 rj 1 EjCj is equivalent to minimizing Zjwj in the mobile l-server problem. Since 
11 rj 1 C,C, is proved to be NP-complete by Lenstra et al. (1977), the mobile l-server problem 
is also NP-complete. This is stated in the following theorem. 
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Theorem 3. The mobile k-server problem with k = 1 and arbitrary rj is NP-complete. 

Because of the equivalence between 11 rj 1 EjCj and the mobile l-server problem, the 
heuristics designed for 11 rj 1 zjCj are also suitable to the mobile l-server problem. The 
two most common heuristics are first-come-first-serve (FCFS) and shortest-available- 
request-first (SARF). Let S, be the only server, and QR be a queue containing all requests 
that were released but have not been served. In FCFS, the requests in QR are ordered by 
nondecreasing rj, while in SARF, the requests in QR are ordered by nondecreasing 
pi + 2dlj/u,. Both FCFS and SARF can be described by actions at the requests’ end, i.e. 
the queue (request) discipline, and by actions at the server’s end, i.e. the server discipline. 

FCFS and SARF: 

?? Queue (request) discipline: When a new request Rj arrives, it is inserted in the correct 
position in QR using rj in FCFS and pi + 2dlj/u1 in SARF, as the key for insertion. 

?? Server discipline: When S, is idle at home and QR is not empty, S, leaves home 
immediately to serve the first request in QR. 

Mao et al. (1995) give a rigorous analysis of the performance of FCFS and SARF when 
they are applied to 1 1 rj 1 XjCj. They show that in the worst case the total completion times 
of these two heuristics are both within n times that of the optimal solution, where n is the 
number of jobs in 1 1 rj 1 CjCj. This result cannot be applied directly to the mobile l-server 
problem, because in the mobile l-server problem the cost function is no longer the total 
completion time, but instead the total waiting time. Since 

n wj = n Cj - n rj - fl Pj - JJ d,jlvl 
i j j i j 

and Cjrj, Ejpj and Ejdlj/u, are all treated as constants, our first guess is that in the worst 
case the total waiting times of FCFS and SARF are withinf(n) times that of the optimal 
solution, wheref(n) is perhaps in the form of an + b. To our surprise, the result has nothing 
to do with n. We present the following theorem. 

Theorem 4. For any instance Z of the mobile l-server problem, define Cjwj[FCFS(Z)], 
zjwj[SARF(Z)] and Ejwj[OPT(Z)] to be the total waiting times of all requests in the service 
schedules obtained by the FCFS algorithm, the SARF algorithm and the optimal (OPT) 
algorithm, respectively. Then we have 

and 

7 Wj CFCFS(~)l <g * n wj[OPT(Z)] + 
m i 

7 Wj CSARF(I)l < g * n wj[OPT(Z)] + v n rj, 
i j 

where A4 = maxj{pj + 2dlj/u,} and m = minj{pj + 2dlj/v,}. Furthermore, there exist 
instances for which the equalities hold asymptotically. 

ProoJ We will only prove the result for FCFS. The proof for SARF is almost identical 
and is therefore omitted. Consider any instance Z of the mobile l-server problem with 
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s(4) 4B2) S(b) 

B2 . . . . . . B, 

Fig. 3. A FCFS service schedule. 

server S, and requests R, , R,, . . . , R,. Assume Rj requires service time pj and is available 
at release time rj. Let the distance between S, and R, be d, j and the traveling speed of S, be or, 

Consider the service schedule for I obtained by FCFS, which is denoted as FCFS(Z). It 
must have a block structure as shown in Fig. 3: B,, B,, . . . , B,, where in each block there 
is no idle time, and between two consecutive blocks there is an idle period. Let s(Bi) be 
the starting time of block Bi. Obviously, rj 2 s(Bi) for any Rje Bi. 

We define a new instance I’ as follows. Let I’ contain server S; and requests R;, R;, . . . , 
Rb, where the service time pi of Ri is pj, the distance dij between S; and R; is dIj, the 
traveling speed vi of S; is oi, and finally, the release time ri of RJ is s(B,) if Rj~ Bi in 
FCFS(Z). The optimal schedule for I’, denoted as OPT(Z’), obviously has the same block 
structure as FCFS(Z). Each block Bi in OPT(Z’) contains the same requests as the 
corresponding block B, in FCFS(Z). Furthermore, the requests in each B: are ordered by 
nondecreasing pi + 2d, j/uI. For notational simplicity, let qj = pj + 2d, j/u, throughout the 
rest of the proof. 

Let zjwj[OPT(Z)] and Xjwj[OPT(Z’)] be the total waiting times of requests in OPT(Z) 
and OPT(Z), respectively. Because Z and I’ are the same in all parameters except that 
requests in I’ arrive at least as early as those in I, the total starting time of all requests in 
OPT(Z) is at least as large as that in OPT(Z). We then have 

v SjCOPT(Ol = n wjCOPT(41 + n j r’ ~ n wj[OPT(Z’)] + n rli = n Sj[OPT(Z’)]. 
j j j j j 

Now, let Cjwj[FCFS(Z), Bi] and zjwj[OPT(Z’), BI] be the total waiting times of requests 
in block Bi of FCFS(Z) and block Bi of OPT(Z’), respectively. Assume Mi = maxR,E&(qj) 
and m, = minRj.si{qj}. N ex we prove that Ejwj[FCFS(Z), Bi] < 2 . ~jWj[OPT(Z’), Bi] t 
+C R*&T; - c r. 

Wifhout loss Rdf :eierality, we prove the above inequality for blocks B, and B;. We 
assume that B, contains R,, R,, . .., R, and that B; contains R;, R;, . . ., R;. Moreover, 
let q1 g q2 < ... <ql. Obviously, M, = Q and m1 = ql. We first have 

g WjCOPT(I’), B’,l 

i= CsW + 4,/o, - s(B,)l + C@,) + 41 + 4,/q - @,)I + ..* 

+ Cs(B,) + 41 + 42 + *** + 41-1 + 4,/u, - @,)I 
= (4,/q + ~~.+d,,/u,)+(I-l)~q,+(1-2)~q2+~~~+2~q,_,+l~q,_,. 

We then have the following upper bound on the start times for FCFS by servicing the 
requests from the longest (qJ to the shortest (qr): 1 
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JJ sjCFCFS(z), B,l 

G csw + 4,lhl + C@,) + 41 + 4~I-,J~,l + *** 

+ Ce4) + 41 + qr- 1 + ... + q2 + 4 t/d 

=RvB r-5 + (dll/ul + ... + dlllol) 
,’ I’ 

The following claim simplifies the proof of the theorem. 

Claim 1. 4’*1.q,_, +% * 2.q,-2 + . . . + 2 . (1 - 3) . q3 + ; . (I - 2) ’ q2 >, (I - 2) . 4I- 1 
+(I-3)~‘q,_,+~~~+4’2~q,+l~q2. 

Proof. See Appendix. 

Therefore, after some algebra and involving Claim 1, we have 

fl WjCFCFS(‘h ‘11 
j 

= n sj[FCFS(I), B,] - n rj 
j R,E4 

< n ri + (d,,lu, + .I* + d,Ju,) + (I - l).q, 

f[(1-2)*q,_,+(I-3)~q,_2+~*~+2~q~+l~q21- fl rj 
RjsB, 

G (d,llu, + ... + d&J + (1 - l)*q, 

+ !$l.q*_~+$2-q,-,+ 
[ 

...+%(&3).q +%(I-2).q 3 2 
41 41 1 

+ fl r; - jJ rj 

R;E B,’ R,ER, 

< 2 . [(d,,/u, + 
41 

... + d&J + (I - l).q, -I- (I - 2).q, + a.. + 2.q,_, + 1 .q,_J 

+ n r; - jJ rj 

R;EB,’ RiEBl 

= 2 * n w,[OPT(Z’), B’J + n ri - fl rj. 
j R; E B,’ R,eB, 

Since the above holds for any block Bi, we then have 
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= n Wj[FCFS(Z), B,] + ... + n wj[FCFS(Z), Bb] 
j j 

d ~ . n Wj[OPT(Z’), B;] + . . . + 2 * n wj[OPT(Z’), B;] + n rJ - n rj 
i j i j 

< g . 
[ 

n wj[OPT(Z’), B;] + . . . + n wj[OPT(Z’), Bb] + n r> - n rj 
j j 1 i i 

= E . n wj[OPT(Z’)] + n r(i - ~ rj 
j j j 

< t . (I! wj[OPT(Z)] + fl rj - fl r;) + fl ri - n rj 
j j j j 

= x . n wj[OPT(Z)] + y . (fl rj - n ri) 
j j j 

< f + n wj[OPT(Z)] + 
j 

y.nrj. 
j 

The instance I* 
$a Ej wj[OPT(Z*)] + 

for which zjwj[FCFS(Z*)] is asymptotically equal to 
y Xjrj can be constructed as follows. Let n = 2 and d,, = d,, = 0. 

Let rI = 0, r2 = E and p1 - p2 > 2.5. Obviously, M = p1 and m = p2. In FCFS(Z*), S, goes 
to serve R, and then R,. So 

n wj[FCFS(Z*)] = 0 + (pl - E) = p1 - E 

In OPT(Z*), S, waits E time units, goes to serve R, and then R,. So 

Therefore, 

‘]I WjCOPT(z*)l = (p2 + E) + 0 = p2 + E. 

g . n wj[OPT(Z*)] + F fl rj - n wjCFCW’*)l 
j i i 

= 2 . (p2 + E) + v E - (PI - 4 

2P1 =--‘c 
P2 

+O 

as E + 0. 
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We see that in Theorem 4, when M = m, i.e. pj + 2dIj/v1 = q for some constant q, FCFS 
and SARF give the optimal service schedule. That is, when pi + 2dlj/v, = q for all j, it 
makes no difference which available request is served first. In fact, any conservative queue 
discipline gives a service schedule with the minimum total completion time and, therefore, 
the total waiting time Cjwj is minimized as well. We then have the following corollary. 

Corollary 1. For any instance of the mobile l-server problem, where pj + 2dlj/v, = q for 
j= 1,2 , . . . , n and some constant q, both FCFS and SARF give the optimal service schedule 
that minimizes the total waiting time. 

Another heuristic of interest is called look-ahead (LA), in which a look-ahead queue QZ 
is used to keep the next arriving request. After server S, returns home, it checks both QR 
and Qk and then decides whether to go ahead to serve the first request in QR or wait for 
a while until the request in QZ is released. This strategy is useful especially when the first 
request in QR asks for long service at a location far away and the request in Qi that will 
be released soon asks for short service at a location close to S,. We note that LA is not 
a conservative queue discipline. Mao and Kincaid (1994) introduce this heuristic and apply 
it to 11 rj 1 XjCj. They also prove that in the worst case the total completion time of jobs 
in a LA schedule is about 67% better than that of FCFS and SARF. However, we do not 
know the worst-case behavior of LA when applied to the mobile l-server problem with 
minimizing total waiting time as its performance measure. 

3.2. Multiple mobile servers 

Now let us consider the mobile k-server problem with k > 2 and arbitrary rj. We claim 
that this problem is also NP-complete since the NP-complete 11 rj 1 CjCj is a special case of 
it. To see this, for any instance of 1 1 rj 1 ZjCj, in which job Jj has execution time pj and 
release time rj, we construct an instance of the mobile k-server problem with k = 2 as follows. 
Let request Rj correspond to job Jj, with service time pj and release time rj. Assume that 
servers S, and S, are very far apart and that all requests appear at the home location of 
S,, i.e. dIj = 0 and d,, = + 00 for j = 1, 2, . .., n. Since S, is too far away, all requests will 
have to be served by S,. It is clear that XjCj is minimized in 11 rj 1 CjCj if and only if Zjwj 
is minimized in the mobile k-server problem constructed. We then have the following theorem. 

7heorem 5. The mobile k-server problem with k > 2 and arbitrary rj is NP-complete. 

We can generalize the heuristics for the mobile l-server problem, FCFS and SARF, to 
heuristics for the mobile k-server problem with k > 2. We still use QR for the queue of 
requests that were released but have not been served. In addition, we use Qs for the queue 
of servers idle at their home locations. We begin with a generalization of FCFS, in which 
the requests in QR are ordered by nondecreasing rj. When two or more idle servers in Qs 
are available to provide service for a request R,, the server Si with the smallest dij/vi is 
assigned to Rj. We call this algorithm earliest-request-closest-server (ERCS). It can be 
described by the following queue and server disciplines. 

ERCS 

?? Queue (request) discipline: When a new request Rj arrives, it is inserted in the correct 
position in QR using rj as the key for insertion. 
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?? Server discipline: When both Qs and QR are not empty, server Si with the smallest dij/ui 
in Qs is assigned to the first request Rj in QR. 

The generalization of SARF is not as obvious as that of FCFS. This is because the key 
pj + 2dij/ui that is used to sort QR is determined not only by the request, but also by the 
server-request assignment. Thus, QR can no longer be sorted since the server assignment 
cannot, in general, be made when a request is released. When, both Qs and QR are not 
empty, the algorithm chooses Si E Qs and Rj E QR with the smallest pj + 2dij/vi and assigns 
Si to Rj. Note that Rj may not be the first request in QR. We call this algorithm 
shortest-request-closest-server (SRCS). It can be described by the following queue and server 
disciplines. 

SRCS 

?? Queue (request) discipline: When a new request Rj arrives, it is added to QR. 
?? Server discipline: When both Qs and QR are not empty, server S,EQ, is assigned to 

request Rj E QR with the smallest pj + 2dij/vi. 

Studying the worst-case performance of ERCS and SRCS in comparison with the optimal 
schedule OPT, we have the following two theorems. Each theorem establishes a lower 
bound on the worst-case performances of ERCS and SRCS. 

Theorem 6. For any instance I of the mobile k-server problem, define Xjwj[ERCS(Z)], 
Xjwj[SRCS(Z)] and zjwj[OPT(Z)] to be the total waiting times of all requests in the service 
schedules obtained by ERCS, SRCS and OPT, respectively. Then there exists an instance 
I, such that 

~jWjCERCS(‘~)I ~ M 
Cjwj[OPT(Z,)] m 

and an instance I, such that 

~jwjlIsRcs(~~)l --f M 
Xjwj[OPT(Z,)] m ’ 

where M = maxi, j{pj + 2dij/ui} and m = mini, j{Pj + 2dij/Ui}. 

Proof. The instance Z we construct works for the proofs of both ERCS and SRCS. Let 
n = 2k, dij = 0 for i = 1, 2, . . . , k and j = 1, 2, . . . , n. Hence, the home locations of the 
servers and the location of all requests for service are coincident. The service times and 
release times of the requests are defined in Table 2, where a >> b > 0 and E > 0. Obviously, 
M = a and m = b. 

Table 2. An instance I with n = 2k and dij = 0 for all i 
and j 

R, ‘.. R, R or+, ... R” 

Pj ;f ;f 
h b 

r; c E 
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It is easy to see that in both ERCS and SRCS schedules, all k servers provide service 
to the k long requests R,, . . . , R, first, and then provide service to the k short requests 
R k+lr . ..> R,. So 

v wj[ERCS(Z)] = 7 w,[SRCS(Z)] = k.0 + k.(a - E) = k.(a - 8). 

In the OPT schedule, all k servers wait E time units, provide service to the k short requests 
first, and then provide service to the k long requests. So 

~ Wj[OPT(Z)] = k’(b + E) + k.0 = k.(b + E). 

Therefore, 

Cjwj[ERCS(Z)] = zjwj[SRCS(Z)] = k.(a - E) M - E M =-+- 
Xjwj[OPT(Z)] Cj wj[OPT(Z)] k*(b + E) m + E in 

as E + 0. 0 

Theorem 7. Let Xjwj[ERCS(Z)], Xjwj[SRCS(Z)] and Xjwj[OPT(Z)] be as defined before. 
Then there exists an instance I, such that 

~jWjCERCS(Zl)l~ zn _ k 

~jwjCOPT(zl )I 
and there exists an instance I, such that 

~jWj[SRWzJl ~ 2,, _  k 

Cjwj[OPT(Z,)] ’ 

Proof: The instance Z we construct works for the proofs of both ERCS and SRCS. 
Let n = hk + 1 for some h, ui = 1 for i = 1, 2, . . . , k and pi = 1 forj = 1, 2, . . . , n. The home 
locations of the servers and the release times and locations of the requests are depicted in 
Fig. 4. 

The network topology is a line of k + 1 nodes, 0, 1, 2, . . . , k, where the distance between 
any two adjacent nodes is L. The home location of Si is node i for i = 1, 2, . . . , k. Request 

R(h-l)k+2 : Ek R(h_,)k+, : Ek . . . . . . R(h-l)k+(k+l) : &k 

Rk+2 : Ek Rk+3 : Ek . . . . . . Rk+(k+l) : Ek 

RI:0 R2:Ek R, : Ek . . . . . . Rk+l: Ek 

0 _________________________O 

0 -L- 1 2 k 

Sl s2 . . . . . . sk 

Fig. 4. An instance I with n = hk + 1, vi = 1 and pj = 1 for all i and j. 
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Sl L jlj L k+2 . . . , . (h$k 

s2 L ! 2 : L k+3 . . . . . . ch;:p 

. . . . . . . . . . . . 

sk L jkj L . . . . . th-llk t(kt1) ktl 

(a) 

Sl 2 kt2 . . . . , . w;w L j 1 i L 
1 

s2 3 kt3 . . . . . ‘h;:F 

. . . . . . . . . . . . 

sk ktl k+ (h-l)k 
(ktl) “. ‘. ’ t(ktl) 

Fig. 5. (a) The ERCS and SRCS schedules for I; (b) The OPT schedule for I. 

R, arrives at the node 0 at time 0, Rj arrives at node j - 1 at time Ej- 1 for j = 2, 3, . . . , 
k + 1. Furthermore, Rj, + j, arrives at node j2 - 1 at time clr for j, = k, 2k, . . . , (h - 1)k 
and j, = 2, 3, . . . . k+1.AssumethatO<.z1<.z2<~~~<~k<1. 

In both ERCS and SRCS schedules, after R, arrives at node 0 at time 0, S, leaves its 
home immediately to serve R,. At time Ed, R, arrives at node 1. Then, S, is assigned to 
R,. We dan see that in ERCS(Z) and SRCS(Z), Sj travels the distance L to serve R, for 
j = 1,2, . . . . k and, after returning home, each server then provides service to the remaining 
requests that are at its home location. This service schedule is illustrated in Fig. 5(a). For 
simplicity, the expressions in Fig. 5 other than L are indices of requests. We then have 

y wj[ERCS(Z)] = n wj[SRCS(Z)] 
j 

=kL -+ (k - l)(h - 1).2L+ h.2L+f, 

= (2hk - k + 2)L +_I-1, 

where f, is an expression of all parameters of Z except L. 
In the OPT schedule, however, each server first serves the requests that are at its home 

location and then S 1 travels to node 0 to serve R 1. The service schedule is illustrated in 
Fig. 5(b). We then have 

n wjCOPT(OI = L +fz, 

wheref, is an expression of all parameters of Z except L. 
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Therefore, 

cjWj[ERCS(Z)] = Cjwj[SRCS(Z)] 
Cjwj[OPT(Z)] lZjwj[OPT(Z)] 

(2hk - k + 2)L + fi = 
L +fi 

(2n - k)L +fi = 
L +_fi 

+2n-k 

asL+03. cl 

From Theorem 6, we know that there exists at least one instance of the mobile k-server 
problem for which the total waiting times in both ERCS and SRCS schedules are at least 
E times that in the OPT schedule. From Theorem 7, we know that there exists at least 
one instance of the mobile k-server problem for which the total waiting times in both ERCS 
and SRCS schedules are at least 2n - k times that in the OPT schedule. We see that E 
and 2n - k are both lower bounds. At present, we are unable to determine any nontrivial 
upper bound for ERCS and SRCS as we have done for FCFS and SARF. 

4. CONCLUSION 

In this paper we presented an analysis of service schedules for the mobile k-server problem 
with total waiting time as the performance measure to be optimized. In particular, we gave 
efficient optimal algorithms for the case when all requests have equal release times. We 
then considered the case when requests have arbitrary release times. We showed that for 
the single server problem, both FCFS and SARF construct service schedules with total 
waiting times within approximately f times that of the optimal schedule. For the multiple 
server problem, the total waiting times of the service schedules constructed by ERCS and 
SRCS are bounded below by max{$, 2n - k} times that of the optimal schedules. Together 
these results provide the first analytical results of service schedules for the mobile k-server 
problem. The limiting assumptions are that the mobile servers must return to their home 
locations before servicing another request, and that these home locations are known 
a priori. Otherwise, the model is completely general. There are no restrictions placed upon 
where the requests for service must originate, or what distribution describes these requests 
for service. 

An additional feature of our approach is that it provides a means by which competing 
home location schemes (p-median problem, probabilistic covering model, or the hypercube 
model) can be evaluated and compared for the case when all the release times are identical 
(Section 2). For this case we presented polynomial time algorithms which find the optimal 
service schedules with respect to minimizing total waiting time. Hence, competing sets of 
home locations can be ranked according to the total waiting times resulting from the 
corresponding optimal service schedules. For the case when release times are not identical 
we showed (Section 3) that the resulting mobile k-server problems were NP-complete. 
Hence, it is not possible (in general) to rank order competing sets of home locations since 
the optimal service schedule is typically not known. 
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APPENDIX 

Proofof Claim 1. Consider two cases: (1) the even case, when 1 = 2h for some h, and (2) 
the odd case, when I = 2h + 1 for some h. When 1= 2h, then 

IL.1 .4r_1+F.2y_,+ . . . +F. (I - 3) . q3 + + . (1 - 2) q, 
Yl Yl Yl Yl 
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= 1 . ql_ 1 +:. (1 _ 2)*q, 

1 [ 
+ ... + z ’ (h - l) ’ qh+l +: ’ ’ * qh 

1 

2 cq, + (1 - 2) . 411 + .** + [(h - 1) . 41 + h . 411 

2 Cl . q2 + (1 - %-,I + **’ + [@ - l) ’ qh + h ’ qh+ 11 
= (I - 2) * q*_1 + (I - 3) . q,_2 + ..a + 2 . q3 + 1 * 42. 

The first inequality follows since t >, 1 for i = 2,3, . . . , I - 1. The second inequality follows 

since ql 2 qi for i = 2, 3, . . . , 1 - 1. 
When I = 2h + 1, the proof follows much as before, and we have 

5!L+q,_,+;.2.q~_,+ 
41 

...+!$(i-3).q3+~*(I-2)*q2 

= z.l.q,_, +$(I-2).q2 1 [ + .'. + z'(h - I)*&.+2 +z'(h + I)'$, 1 +~+q,,+, 2 [q1 +(I - 2) . 411 + **. + [(h - 1) . qr + (h + 1) . qrl + h . 41 

> [(l - 2)&l + 1 . qz] + ‘.* + [(h + 1) ’ $,+2 + @ - l) ’ qhl + ’ ’ qhil 

= (I - 2). ql_1 + (I - 3) * q1_2 + ‘*. + 2 * q3 + 1 . q2. 
0 


